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Abstract

In this paper the interface crack growth associated with the inter-fibre failure under biaxial tension is
studied by means of a two-fibore BEM model. A secondary transverse load, perpendicular to the
transverse tension nominally responsible for the failure, is applied. The influence of the presence of an
undamaged secondary fibre on the evolution of the interface crack at a primary one is analysed using
Interfacial Fracture Mechanics concepts. When the secondary load is lower than or equal to one half of
the principal load, the presence of the nearby fibre (for most of its positions) intensifies the inhibition
of the mechanism of failure for biaxial tensile loads explained by the authors in previous studies. This
tendency is not maintained when the nearby fibre is approximately aligned with the direction of the
principal load, the presence of the fibre involving an accelerative effect versus failure. Nevertheless,
for higher levels of the secondary load, the intensification of the inhibition of failure is detected for the
whole range of positions of the secondary fibre under consideration.

1. Introduction

The analysis of the damage mechanism known as matrix/inter-fibre failure (occurring in fibrous
composite materials submitted to loads perpendicular to the direction of the fibres) has already been
the object of several studies conducted by the authors for the single-fibre [1-5] and the two-fibre cases
[6, 7], considering different external loads.

In previous studies concerning uniaxial tension [1-5], the hypothesis that transverse failure starts with
small debonds along the fibre-matrix interface was assumed. The position of these initial debonds is
aligned with the direction of the external load, where the maximum values of the radial stress are
detected. Then, the crack grows unstably along the interfaces until a certain crack length (60°-70°),
coinciding with the appearance of a physically relevant contact zone at the crack tip. From that
moment onwards, the interface crack grows in a stable way, favouring the kinking towards the matrix.
The coalescence between different cracks in the matrix will eventually lead to the final macro-failure.

In this paper, the two-fibre BEM model employed in [6] is revisited to analyse the biaxial tensile
problem. The influence of an undamaged secondary fibre on the interface crack that grows at a
primary one is analysed, following the approach previously employed by the authors for uniaxial load
[6]. While considering different positions of the undamaged fibre and different values of the secondary
tensile load, the alterations brought about by the nearby fibre on the second stage of the matrix/inter-
fibre failure are compared with respect to the results of a single-fibre model. The study is focused on
crack morphology and propagation, and the results obtained are analysed by using Interfacial Fracture
Mechanics concepts [8].
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2. Numerical model

The numerical study was carried out using a tool based on BEM [9], and developed in [10]. This BEM
code allows the numerical analysis of plane elastic problems for contact and interface cracks to be
performed. The model employed is shown in Fig. 1 and represents the case of a crack which, under the
plane strain hypothesis, grows along the interface in the presence of a nearby fibre. The appearance of
the first debond is assumed to be associated with the direction of the principal load for all cases under
consideration. In order to ensure the symmetry of crack growth with reference to the x-axis and for the
purpose of making a comparison with the biaxial single-fibre case [5] and the uniaxial two-fibre case
[6], a symmetrical model is established. Thus, the presence of the secondary fibre does not produce
different effects at both crack tips. Notice that now the entire model consists of three fibres.
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Figure 1. Model including a primary fibre with interface crack and an undamaged secondary fibre.
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Solid 1 represents the matrix and Solids 2 and 3 the primary and secondary fibres respectively. The
fibres’ size is defined by the radius r; (r;=7.5-10°m) whereas the matrix is large enough in order to
avoid the border effect (b=100-r, and a=b). The position of the secondary fibre, defined by parameters
r, and 6,, is changed in order to generate the cases under consideration. For this study, the initial
distance employed between the fibres is r,=r,’=2.416-r;.

The materials chosen for the analysis correspond to a glass fibre-epoxy matrix system, whose elastic
properties are included in Table 1.

Table 1. Elastic properties of the bi-material system.

Material Young modulus, E (Pa) Poisson coefficient, v
Matrix (epoxy) E"=2.79-10° v"=0.33
Fibre (glass) E'=7.08-10" v'=0.22

With regard to the loads applied, the different cases follow the notation T-nT, where the first T
represents the transverse tension nominally responsible for the failure (oo, aligned with x-axis) and the
term nT corresponds to the secondary load (aligned with y-axis). The n values considered in this study
are n=0, 0.25, 0.5, 0.75, 1.

To describe the problem from the Fracture Mechanics point of view the Energy Release Rate, G, is
used. The expression employed, based on [11], for a circular crack that propagates from a certain
debonding angle, 6y, Fig. 1, to 83+A8y (ABy<<By), is:

1
G(6,.00,)= S Ld
d

0y + 404

[6,.(0, +0) du, (6, — 40, + O Wo,,(0, +0) 4u, (0, — 40, +0)do (1)

where 6 is the circumferential coordinate with reference to the x-axis. o, and o, represent,
respectively, radial and shear stresses along the interface, and Au, and Au, represent the relative
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displacements of the crack faces. Both modes of fracture, | (associated with o) and Il (associated with
oy), are obviously considered in Eq. (1). For this study the value of Ag; employed is 0.5°.

Dimensionless results for G will be presented. These values are obtained, following [12, 13], by
dividing the values of G by Gq:

G, = ((1+ K" )/8,um )O'Ozrlﬂ' (2
where ¥"=3-4y" and 4" is the shear modulus of the matrix.
3. Energy Release Rate

The Energy Release Rate, G, of a growing interface crack is calculated from Eq. (1) in order to
characterise the problem from the Interface Fracture Mechanics point of view. Assuming an initial
debond of 6;=10°, G was obtained for the single-fibre and the two-fibre cases, a debonding angle
interval 10°<64<150° and all the T-nT cases under consideration. With regard to the two-fibre case, it
is important to remark that, for n=0, 0.25, 0.5 and all positions of the secondary fibre, the analysis of
the radial stresses along the interface guaranteed the appearance of the initial debond at a similar
position to that of the single-fibre case. For n=0.75, 1, the initial debond was not guaranteed to appear
at that position for all 8, values. Nevertheless, in this study, the cases n=0.75, 1 were also analysed in
order to obtain a better understanding of the effects of a growing secondary transverse load.

The results obtained for the single-fibre case, presented in Fig. 2, obviously agree with those presented
in [5] and were employed as a reference for all cases reproduced with the two-fibre case. As can be
observed in Fig. 2a, for the cases T-0.25T and T-0.5T, the G level increases with reference to the
uniaxial single-fibre case, whereas for T-0.75T and T-T (Fig. 2b), it tends to maintain the G level of
the uniaxial single-fibre case. While observing the results from a qualitative point of view, Mode |
contribution becomes more relevant as the level of the secondary transverse load increases, i.e. a
higher level of G, is found and the disappearance of mixed mode propagation is achieved at greater
debonding angles, which produces a translation of the G maxima for T-0.75T and T-T. On the contrary
and with regard to the G value associated to the first debond considered (6,=10°), it decreases as the
secondary load increases, therefore the propagation of the initial damage requires a higher level of
external load to be applied, involving a protecting effect versus failure with reference to the uniaxial
single-fibre case [5].
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Figure 2. G/Gy, G/Gq and G,,/G, versus 6y (single-fibre case): a) n=0, 0.25, 0.5; b) n=0.5, 0.75, 1.
The same approach was employed for the two-fibre case, calculating the G evolution for all the T-nT

cases under consideration and a moving position of the secondary fibre (r,=r,° and 25°<6,<155°). Fig.
3 represents these results for a selection of 8, values.
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Figure 3. G/Gy versus 64 for n=0, 0.25, 0.5, 0.75, 1: a) #,=25°, b) 6,=60°, c) #,=120°, d) 6,=155°.

As can be observed in Figs. 3a and 3d, the G evolution for 6,=25° and #,=155° (relative positions of
the fibres approximately aligned with the direction of the principal load) presents the same tendency as
the secondary load increases: G level decreases until the interface crack reaches 64~80°-100° and
increases from that debonding angle onwards. The intermediate positions present a difference
tendency, as can be observed in Figs. 3b and 3c (6,=60° and #,=120°): G level remains almost
unaltered for n=0, 0.25, 0.5 and increases considerably for n=0.75, 1. In general, it is observed that as
the secondary load increases, G evolutions for all positions of the secondary fibre tend to approach the
G level of its corresponding single-fibre case (not represented in the figure), the effect of biaxial load
becoming more important than the alterations brought about by the secondary fibre.

In order to evaluate the effect of the secondary fibre for the same value of the coefficient n and
choosing n=0.5 as a representative case, Fig. 4 represents the evolution of G, G, and G,, for a selection
of positions of the secondary fibre, also including the curves associated with the n=0 and n=0.5 single-
fibre cases. It can be observed that, when the relative positions of the fibres are approximately aligned
with the direction of the principal load (25°<6,<40° and 140°<#,<155°), G values are total or partially
above the single-fibre case evolution, whereas for the rest of the positions, G reaches lower values
than the single-fibre case. This issue was also observed and explained in [6] for uniaxial tension, but
the differences between the G evolutions with reference to the single-fibre case are less remarkable for
the T-0.5T case.

Still observing Fig. 4 and regarding the G value associated with the first debond considered (64=10°),
it can be checked that it is lower than the single-fibre case value for most of the positions of the
secondary fibre, intensifying the inhibition of the mechanism of failure provoked by the biaxial
loading (previously commented in this section). This behaviour is not maintained for 140°<6,<155°
G(64=10°) is even above the uniaxial single-fibre case value (reference in this study), needing a lower
level of load to initiate the propagation and, consequently, the presence of the fibre involving an
accelerative effect versus failure. This tendency is also observed for the rest of the cases associated
with n<0.5, whereas for n>0.5 the intensification of the inhibition of failure is detected for the whole
range of positions of the secondary fibre under consideration.

Returning to the n=0.5 case, G, evolutions present significant differences for 25°<6,<50° with
reference to the single-fibre case, both in the level of the curves and the position of their maxima,
which occur when 84=6,. For 50°<6,<120°, G, remains below the single-fibre case evolution, whereas
for 130°<6,<155° G, stays above. In regards to the disappearance of G,, it occurs for greater 94 values
than in the single-fibre case for 40°<0,<60°, all G, evolutions vanishing for higher 6, values than the
uniaxial single-fibre case.
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With reference to the G, distributions, the maximum is reached at 8,=70° for the single-fibre case.
Nevertheless, for 40°<6,<70°, the maximum takes places at a larger 6y value than the single-fibre case
and for 80°<0,<140° the maximum occurs at a smaller 64 value.
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Figure 4. G/Gg, G/Gq and G,,/Gq versus 64 for n=0.5 and a selection of 6, values.
4. Propagation of the interface crack

The end of the unstable crack growth can be predicted as explained in [5], using the estimation of the
critical value of the Energy Release Rate, G, based on [14], and comparing it with the corresponding
G evolution:

G. (v ) =G [1+ tan® [(l_ l)ﬂ”k ]] ®)

where Gy, is the critical value of G, for Mode | and A is the fracture mode sensitivity parameter (in this
study, 1=0.25, a typical value for the bi-material system under consideration). v is the local phase
angle and represents the evolution of the fracture mode mixity. It can be calculated following [15]. In
the absence of direct experimental data, G;. has been adjusted as detailed in [5], making the G, value
associated with the first debond considered to coincide with the initial G value and establishing the
uniaxial single-fibre G, value as the reference for all the cases under consideration. As a consequence,
all G evolutions start at the same G level, and therefore, a different level of load is needed to initiate
the propagation for each case.
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Figure 5. G/Gy and G./Gq versus 84 for the single-fibre case and n=0, 0.25, 0.5
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Fig. 5 shows the comparison between the G and G, evolutions obtained for the single-fibre case and
the biaxial cases corresponding to n=0, 0.25, 0.5. The n>0.5 cases are not included in Fig. 5 for the
sake of clarity and simplicity, these cases following the same tendency shown in the figure. The
comparison between G and G, determines a length of unstable growth of 64~55° for T-0, 84~60° for T-
0.25T and 64~70° for T-0.5T, coinciding with the appearance of a finite size contact zone at the crack
tip. Therefore, as the secondary load increases, the interface crack achieves greater lengths of unstable
growth. This result was already found in [5].

The same approach is employed for the two-fibre case. Fig. 6 shows G and G, evolutions for a
selection of &, values and the same biaxial cases. It is observed that, for 8,=25° and #,=40° (Figs. 5a-
b), there are not considerable differences between the lengths of unstable growth obtained for the
biaxial cases under consideration (6;~70° and 64=100° respectively). Nevertheless, for #,=60° and
6,=80° (Figs. 5¢c-d), as the secondary load increases, the unstable growth achieves greater debonding
angles: for 6,=60° and n=0, 0.25, 0.5, the unstable growth stops at 64~40°, 64~55° and 64~90°,
respectively, and for 8,=80° and n=0, 0.25, 0.5, 6;~50°, 64~55° and 6~65°.
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Figure 6. G/Gg and G,/Gq versus 84 for n=0, 0.25, 0.5: a) 6,=25°, b) 6,=40°, ¢) 6,=60°, d) 6,=80°.

Finally, to sum up and visualise the previous results, a scheme of the final deformed situation at the
end of the unstable growth is represented in Fig. 7, both for the single-fibre case and a selection of 6,
values, and for all biaxial cases taken under consideration in this study (n=0, 0.25, 0.5, 0.75, 1). For
n=0, 0.25, the crack achieves greater lengths of unstable growth than the single-fibre case for the
range 25°<#,<50° and for n=0.5, the range of greater lengths of unstable growth is 25°<6,<60.
Nevertheless, this 6, range becomes wider as the level of the secondary load increases (40°<8,<100°
for n=0.75 and 50°<6,<120° for n=1). The positions where the lengths of unstable growth are smaller
than those corresponding to the single-fibre case are 60°<6,<90° for n=0, 60°<0,<80° for n=0.25,
80°<6,<90° for n=0.5, 6,=130° and 150°<6,<155° for n=0.75 and 25°<6,<30 and 140°<f,<155°
(positions aligned with the principal load) for n=1. Moreover, the end of the unstable growth is related
to the appearance of a finite size contact zone at the crack tip for all cases under consideration, except
for the positions 30°<8,<50° for n=0, 0.25, since the crack stops growing after a considerable length of
contact zone has been achieved.

It can also be observed in Fig.7 that, as the level of the secondary load increases, the lengths of
unstable growth become larger but the differences between all 8, cases and their corresponding single-
fibre case are smaller. This fact suggests that, as the level of the secondary load increases, the effects
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produced by the biaxial loading predominate over the alterations provoked by the presence of the
secondary fibre. This issue is similar to that previously observed in Section 3 in relation to the
differences between the level of G evolutions with reference to the single-fibre case.
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Figure 7. Scheme of the final deformed situation at the end of the unstable growth.
5. Effect of the distance between the fibres

The variation of the distance between the fibres allows an r, value, from which the influence of the
secondary fibre could be ignored, to be established. For that purpose, the analysis carried out in the
previous sections is implemented for increasing values of r,. The results presented in [6] for the
uniaxial tensile case established that the effects of the presence of the secondary fibre remained until
the ratio r,/r,’=7 was achieved. Nevertheless, the results obtained with the present two-fibre model
show that, as the level of the secondary load increases, the distance needed to ignore the effects
produced by the secondary fibre decreases. In particular, for n=0.5, this ratio decreases until r/r =5
and finally, it decreases until r,/r,’=3 for n=1.

6. Conclusions

With regard to the propagation of the interface crack, it is observed that, as the secondary load
increases: 1) the end of the unstable growth is produced at greater debonding angles for a fixed 6,
value (this effect was already detected by the authors for uniaxial tension in [5]); 2) the differences
between the 0, cases and their corresponding single-fibre case become smaller, and 3) the &, ranges for
which the length of unstable growth is greater than its corresponding single-fibre case are wider.

According to the initial G value, when the secondary load is lower than or equal to the principal load
(n=0.25, 0.5), the presence of the nearby fibre (for most of its positions) intensifies the inhibition of
the mechanism of failure observed in the single-fibre case for biaxial tensile loads [5]. This tendency is
not maintained when the nearby fibre is approximately aligned with the direction of the principal load,
the presence of the fibre involving an accelerative effect versus failure. For higher levels of the
secondary load (n=0.75, 1), the undamaged fibre reverses this accelerative effect and maintains the
protective effect due to the biaxial tensile loads (previously observed with reference to the single-fibre
case) for all relative positions between the two fibres.
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With reference to the distance between the fibres, the total disappearance of the effects produced by
the presence of the secondary fibre is achieved at =7, 1,/r,’=5 and r./r,’=3 for n=0, 0.5, 1
respectively. Consequently, as the level of the secondary load increases, the distance needed to ignore
the alterations brought about by the undamaged fibre decreases considerably.

On a final note, it is important to remark that the results obtained with the two-fibre model (in relation
to the evolution of the Energy Release Rate, the propagation of the interface crack and the influence of
the distance between the fibres) suggest that, as the level of the secondary load increases, the effects of
the biaxial loading predominate over the alterations brought about by the presence of the undamaged
secondary fibre, with reference to the uniaxial single-fibre case.
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