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Retired from industry, MAN-Technologie, and later from Composites United

Engineer and hobby scientist:

application-oriented with a touch for material modelling
and with the hope to be some bridge-builder between
mechanical and civil engineering (construction).

Hobbies: exploring the world, nature photography,
gardening, mountaineering, cyclamen breeding, etc.

This was my LIFE.

1939 born Sept 8 in Erfurt. Survived bombing at Erfurt and a machine gun fire at the war’s end

1964: Dipl.-Ing. Civil Engineering CE (construction, TU Hannover). 1968: Dr.-Ing. in Structural
Dynamics (CE). 1978: Dr.-Ing. habil. Venia Legendi in Mechanics of Lightweight Structures (TU-
Munich)

1980-1983: Lecturer at Universitdt der Bundeswehr Miinchen: on ‘Fracture Mechanics® in the
construction faculty and 1990-2002 on ‘Composite Lightweight Design‘ in aerospace faculty

1987: Full professorship ‘Lightweight Construction®, not started in favor of industry

1998: Honorary professorship at Universitdt der Bundeswehr Miinchen

1968-1970: FEA-programming (DFVLR at the airport Essen/Miihlheim)

1970-2004: to MAN - Neue Technologie (Miinchen, Augsburg) instead of being DLR-Postdoc at
Stanford University. Headed the Main Department ‘Structural and Thermal Analysis’. Thereby
facing 50 years of life with Fibers: CarbonF, AramidF, GlassF, BF (bor), Bs(basalt)F.

*Theoretical fields of work: structural dynamics, finite element analysis, rotor dynamics, structural
reliability, partial/deterministic safety concepts, material modeling and model validation, fatigue,
fracture mechanics, design development ‘philosophy’ & design verification

*Mechanical Engineering applications at MAN: ARIANE 1-5 launcher family (design of different parts
of the launcher stages, inclusively Booster) Cryogenic Tanks, High Pressure Vessels, Heat Exchanger
in Solar Towers (GAST Almeria) and Solar Field, Wind Energy Rotors (GROWIAN @103 m, WKA
60, AEROMAN. Probably the first world-wide wind energy conferences organized in 1979, 1980
with Dr. Windheim), Space Antennas, Automated Transfer Vehicle (Jules Verne, supplying the space
station ISS), Crew Rescue Vehicle (CMC application) for ISS, Carbon and Steel Gas-Ultra-
Centrifuges for Uranium enrichment. Filament Winding theory, Material Databank etc.

*Civil Engineering applications: Supermarket statics, armoring plans, pile foundation, 5th German
climbing garden (1980 designed, concreted and natural stone-bricked)

1971-2010: Co-author of ESA/ESTEC-Structural Materials Handbook, Co-author and first convener of
the ESA-Buckling Handbook and co-author in Working Groups WGs for ESA-Standards ‘Structural
Analysis’, ‘High Pressure Vessels’ (metals and composites) and ‘Safety Factors’

1972-2015, IASB: Luftfahrt-Technisches Handbuch HSB ‘Fundamentals and Methods for Aeronautical
Design and Analyses’. Author and Co-author of numerous HSB sheets and about 2006-2008 co-
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transfer with co-translation of the HSB aerospace structural handbook into its present English
version.

1980-2011: Surveyor/Advisor for German BMFT (MATFO, MATEC), BMBF (LuFo) and DFG

1980-2006: VDI Guideline 2014, co-author of Parts 1 and 2, Beuth Verlag ‘Development of Fiber-
reinforced Plastic Components’; Part 3 ‘Analysis‘, editor/convener/co-author

1986 and 1889: One week FRP-lecture on composite design in Pretoria, SA

2000-2013: World-Wide-Failure-Exercises WWFE on Uni-directional fiber-reinforced materials (UD)
strength: WWFE-I (2D stress states) non-funded winner against institutes of the world, WWFE-II
(3D states) top-ranked

2009-2021 linked to Carbon Composites e.V. at Augsburg, later Composites United CU e.V. and to
TUDALIT Dresden. Since 2011 working on the light weight material Fiber-reinforced (polymer)
Carbon Concrete. Founded and headed the working groups: (1) 2009: 'Engineering' linked to the
WG Non-Destructive Testing and the WG Connection Technologies, mechanical engineering. (2)
2010: 'Composite Fatigue'. In 2010 the author held an event that was excellently attended by
international speakers. (3) 2011: 'Design Dimensioning (Auslegung, Bemessung) and Design
Verification (Nachweis)' mainly for carbon concrete. This working group was the foundation stone
for the later specialist network CU Construction, aiming at “Fiber-based lightweight construction”.
(4) 2017: 'Automated fabrication in construction including serial production' (“3D-Print”). (5) 2020,
2021: Forum ‘Carbon concrete for practice’ at the ‘Ulm Concrete Days’

2010: Founder of the Germany-wide Working Group BeNa to base fatigue life prediction ‘embedded
lamina-wise’ in order to become more general in future fatigue life design

2019: *GLOSSAR. ”Fachbegriffe fir Kompositbauteile - technical terms for composite parts®.
Springer2019. Edited at suggestion of carbon concrete colleagues to improve mutual understanding

2022: *Life-Work Cuntze - a compilation from the author’s papers, presentations, published and non-
published design sheets and project works in industry (850 Pages, more design work-related)

2023: *Design of Composites using Failure-Mode-Concept-based tools - from Failure Model Validation
to Design Verification. Mechanics of Composite Materials, Vol. 59, No. 2, May, 2023, pp. 263-282.
*“Minimum Test Effort-based Derivation of Constant-Fatigue-Life curves, displayed for the brittle UD
composite materials. Mechanics of Composite Materials, Springer, Advanced Structured Materials,
Vol.199, 107-146, draft. “Cuntze R and Kappel E: Benefits, applying Tsai’s Ideas ‘Trace’, ‘Double-
Double’ and ‘Omni Failure Envelope’to Multiply UD-ply composed Laminates?

2024/2025: * UD-Strength Failure criteria: Which one should I take? (Springer). Elaboration on Finite
Fracture Mechanics in §8.

* such marked preprints, drafts are fully open for the public and downloadable from
https://www.carbon-connected.de/Group/Prof.Ralf.Cuntze or from Research Gate

1) The presented novel scientific ideas invite for discussion.
2) The author asks for forgiveness in advance for inaccuracies, due to missing proofreaders.

Replaces a part in Research Gate, Technical report: Curriculum Vitae of Ralf Cuntze
comprising Career, Scientific Findings & some Personal Pictures.

The document comprises results of the author’s never funded, non-supported research work
performed in his vacant time at industry and as retired person.
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22 Full UD-Mohr Envelope tn(on), Derivation of @y (c,) and of Cohesive shear Strength ..., 143
23  Replacing fictitious UD Model Parameters a  ,a , by measurable Friction Values f........c.coooviviiininnn. 150
24 Fracture Envelopes and Bodies of Grey Cast Iron, Glass C90, Normal Concrete, UHPC, Foam ..........ccccccoueneee. 154
25 Improved Mohr-Coulomb Curve and Cohesive shear Strength R* of Isotropic materials...........ccccoveoerirrencrine. 171
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31 References, Cuntze since 2000 and ACKNOWIEAGEMENT .........oiiiiiiriiieierie et sae e 224

Of course, the text content in the scientific chapters would have deserved a revision and harmonization,
but the author hopes to become 86 this year.
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Foreword

This work is also widely AI-based,
but here with the meaning
based on hopefully some
Astonishing Ideas.

Generative Deep Learning was always necessary.

Findings of the author during his long-lasting Private Research Activities

Novel simulation-driven product development shifts the role of physical testing to virtual testing, to

simulation, respectively. This requires High Fidelity and therefore the use of reliable material models.
Simulation means: Imitation of the operation of a real-world process and model adaption due to test
information by performing many analyses.
Basic desire of the macro-scopically working structural engineer is a material model linked to an ideally
homogeneous material which might be isotropic or anisotropic. Connecting desire is: Be provided with a
clear Strength Mechanics Building in order to get a cost-saving basis due to only analyze and test what
is really physically necessary.

For the 3D-Demonstration of Strength are required - nowadays practically a must regarding the usual
3D FEA stress output — validated 3D Strength Failure Criteria (SFC) rendered by 3D failure bodies to
firstly perform Design Dimensioning and to finally achieve Design Verification. All this is targeted in
the following elaboration.

Pre-information on the basic focus here, UD material:

* The following figure displays some of the different strengthening fibers applied in construction, and
a comparison of a standard Carbon Fiber with a human hair.

A\ Aramid A (Kevlar)
\\ thick

hair

GF - ]
/
, 7pm
Carbon
e fiber
AF

Carbon CF
Glass GF (AR glass= alcali-resistant in concrete) Basalt BsF (alcali-resistant in concrete by ZrO2)

* And the next figure shall provide for the applied stringent failure mode thinking the observed 5
failure modes faced with Uni-directional fiber-reinforced materials.
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In the above context:

Two basic features are faced by the structure-designing engineers, three types of surfaces

Ly [
- — — —
=P I

smooth notched cracked

and the behavior of the material, whether it is brittle (about R® > =~ 3-R") or ductile.

DUCTILE

Ductile Fracture =

type of failure in a material or
a structure generally
preceded by a large amount
of plastic deformation

BRITTLE =Y

One feels good until
Sudden fracture occurs - ¢

[Courtesy: Prof. C. Mattheck]

» Basic focus here: Smooth type structural parts.
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1 Creation of the ‘Failure Mode Concept’ (FMC, 1995)

Aim: Creation of a Static & Cyclic Strength Mechanics Building as basis for all material and of practical,
physically-based SFCs.

Being since 1970 in the industrial composite business the author tried to firstly sort out in regular
discussions with Alfred Puck applicable SFCs for UD materials. Puck developed in 1990 his Hashin-
based Action-plane Inter-Failure-Failure SFC which was included in 2006 into the VDI 2014 guideline,
sheet 3 (editor R. Cuntze).

Working with practically all material types the author was encouraged to find a Concept for all the
material families isotropic, UD and further orthotropic ones including dense with porous materials.

The finally developed so-called Failure-Mode-Concept (FMC) incorporates a rigorous thinking in
failure modes and can be briefly described by the FMC features, derived about 1995, which were the
basis for the development of Cuntze’s macro-mechanical SFCs:

» Each failure mode represents 1 independent failure mechanism and thereby represents 1 piece
of the complete failure surface.

« A failure mechanism at the lower micro-scopic mode level shall be considered in the applied
desired macro-scopic SFC
* Each failure mechanism or mode is governed by 1 basic strength R, only (witnessed!)

« Each failure mode can be represented by 1 SFC.

This further includes:

* Failure mode-wise mapping,

* Stress invariant’s-based formulation,

* Equivalent stress generation,

* Each neat failure mode is governed by just one strength R
brittle materials, and

* All SFC model parameters are measurable entities! Each SFC represents a failure
surface, therefore for the originator the FMC will be the foundation upon which he
physically based SFCs generated.

mode \vitnessed for ductile and

Hencky-Mises-Huber
(HMH)

Henri Tresca Richard von Mises  Eugenio Beltrami Otto Mohr Charles de Coulomb
1814-1885 1883-1953 1835-1900 1835-1918 1736-1806
Engineer Mathematician Mathematician Civil Engineer Physician
‘Onset of Yielding' ‘Onset of Cracking (fracture)

Fig.1-1: Some pioneers which set up strength failure hypotheses (ductile, brittle)
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In the case of brittle materials the failure surface is the surface of a fracture failure body. Such a
surface is determined by the peaks or ends of all failure stress vectors. The surface is mathematically
defined by a Failure function F, which becomes 1 at ‘Onset-of-Failure’. F' =1 is the formulation of the
SFC (mathematically, we write a condition). Fig. /-1 above presents the pioneers in the isotropic SFC field.

The author’s idea was to create physically-based SFCs and to note his Lessons Learned LL during the
elaboration. The FMC was originally derived for UD materials because there was the big demand at that
time. The employed stress invariants shall be presented via isotropic knowledge:

Beltrami, Schleicher et al. assumed at initiation of yield that the strain energy (denoted by W) in a solid
cubic element of a material will consist of two portions:

W= /{0'} {erd{e} = Wy + Wshape with {0'}2(0'1’0'270'3’723’7137T12)T-

Including Hooke's law in the case of a transversely-isotropic (UD solid) the expression will take the
form, using sy := compliance coefficients, E:=elasticity modulus, v:=Poisson’s ratio,

W =[S1; 1012 + Spp 02 + S33 1032 + Sgy *Tp3? + S55°(T15? + 1139)] / 2+ 515:(01 6 + 01 03) + S50,

2 2
Oa = l; L 1, '(1_‘/u)_ vyl X 15 L - (L+v,)
3=
2-F 4-E E 2:G, 4-E,
volume volume  volume shape shape

with the invariants Il = Gl, |2 =0y + O3 ; |3 = T312 + T212 ; |4 = (62'63)2 + 4T232 ;

5 = (0, - 03) (1312 - T91?) - 4753 Tgp Ty

In the isotropic case analogously follows, however simpler,

W :|:1_2V|;-502+2+2V3J£501|/2E
3 3
volume shape

with 11* = (o) = SIRASTRECTTE 63, =1(z) = (0,-0,)2+ (0, - 0> + (0}, - 52

It is known, both portions in the bracket above are used to formulate a failure function

_ Q-2 1> (2+2v)-33°
= . = + CZ . = .
3R 3R
volume shape

F

Cited, for us, for me especially :
: “All things are difficult before they are easy”. Tomas Fuller (1608-1661)

Fig. 1-2 below displays for the 2 material families a physically-based choice of invariants:

CV Cuntze_Research Findings_7jul25 * carbon-connected.de/Group/Prof.Ralf.Cuntze 7



http://www.carbon-connected.de/Group/Prof.Ralf.Cuntze

From Beltrami, Mises (HMH), and Mohr / Coulomb (friction) can be concluded:

Below invariant terms - used in a FMC-based failure function F-canbe dedicated to
a physical mechanism in the solid = cubic material element:

- volume change : Ilz ... (dilatational energy) relevant if porous Ijz \ 122
- shape change : J, (‘Mises’) ... (distortional energy) relevant if ductile .14
- friction I . ... (friction energy)  relevant if britrle//,/’/ I, igg:;er,
I siress a"n*i';f\;fx_:mnrs.' isotropic materials /,,/’?;-:’}d UD materials
.\"\_ /
Mohr-Coulomb '\ o

These I, are different !

Fig.1-2: Reasons for choosing invariants when creating FMC-based SFCs

Exemplarily, the isotropic SFC model, spanning up the fracture body in the compression domain, shall
be used for demonstration. The complete SFC reads:

2
I I
Shear Fracture SF, I, <0: F* =F° =c¢ O +¢, =+, (_—1j _
R® R
Herein, the first part of the SFC represents the shape change, the second the friction effect, the third the

volume change and the non-circularity parameter ®° describing the inherent, nevertheless often not
known 120°-symmetry of the failure bodies of isotropic brittle and ductile material, too (see a later
chapter).

Above invariants can be formulated in 3D structural component stresses, in principal stresses and in
Mohr stresses, which will become essential when deriving a stress state-caused fracture angle and the
so-called cohesive strength.

Note, please: Strength notations

R means strength (resistance) in general and further Strength Design Allowable used for Design Verification. R means
average strength used for modelling, mapping of the course of test data.

LL: Similarly behaving materials possess the same shape of a fracture body, when using the same SFC!

Dr. Reinhart (Uni Bw): zur FMC.-Idee am 16.8.1995:
., Besser als andere Kriterien, man muss den Invariantenweg nur richtig gehen .

Someone said:
“Research =Transformation of Money to Knowledge and Innovation =Transformation of Knowledge to Money ”.

This is hopefully valid for non-finded research, too!
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2 Interaction of Stresses by the application of Strength Failure Criteria
Aim: Provision of a failure mode-based stress-interaction (“Modal’) and not a mathematical global one.

The derivation of the FMC-based SFCs builds up on the hypotheses of Beltrami, Hencky-Mises-Huber
(HMH) and Mohr-Coulomb. Therefore the depicted SFC approaches consider, that the solid material
element may experience, generated from different energy portions, a shape change (HMH), a volume
change and friction. FMC-based SFCs will be given for a large variety of isotropic brittle structural
materials such as porous Concrete Stone, Normal Concrete, UHPC sandstone, monolithic ceramics and
for the transversely-isotropic fiber-reinforced polymers Lamina (ply, lamella) and finally orthotropic
fabrics inclusively fabric ceramics, see [CUN22, Cun23a,24b].

Since two decades the author believes in a macroscopically-phenomenological ‘complete classification’
system, where all strength failure types are included, see the figure below. In his assumed system several
relationships may be recognized: (1) Shear stress yielding SY, followed by Shear fracture SF
considering ‘dense’ materials. For porous materials under compression, the SF for dense materials is
replaced by Crushing Fracture CrF. (2) In order to complete a mechanical system beside SY also NY
should exist. This could be demonstrated by PMMA (plexiglass) with its chain-based texture showing
NY due to crazing failure under tension and SY in the compression domain, [see subsection 9.1 or
CUN22,§4.1]. The right side of the scheme outlines that a full similarity of the ‘simpler’ isotropic
materials with the transversely-isotropic UD materials exists.

macro-scopic © &

PR\
[ [ [ R o
‘ Stability ‘ ‘ Strength ‘ ‘ Deformation | . 3o
Lamina (ply)

strength ‘ Jailure modes
p— |
oo e | o
‘ e CT Ny Onset of Fracture onset of matrix yielding
l l I I | Onset of Fracture | is generally not applied
Shear Normal Shear Normal | |Crushing — ]
Stress Stress || Fracture| Fracture |Fracture Crashi
&7ie1ding Yielding Normal Shear rushing
i ; : : NF SF CrF
Sy NY i SF NF CrF
: N : ) " r brittle, brittle, brittle,
ducijle, dhctile, b”’_’/f or b”m‘" b”"”“ Aense dense porous
dense dense ductile , dense or porous
(PMMA4) e porous FF1,IFF1,  FF2, IFF2, IFF3

% 1 TJ

+ delamination failure of laminate

Fig.2-1.: Scheme of macro-scopic strength failure types and modes of isotropic materials and
transversely-isotropic UD-materials (Cuntzel998)
LL:
* Failure behavior of Fiber-Reinforced materials is similar to isotropic ones
* Principally, instead of stress-based SFC, strain-based SFC might be applied if the full stress-
strain history is accurately considered. However, just limit strain conditions are used in pre-
dimensioning (822), because the certification process is stress-based.

Gottstein, RWTH-Aachen; Die Dehnung ist keine das Werkstoffverhalten beschreibende Grofie
In application to the interaction equation “The whole is more than the sum of its single parts”. Aristoteles
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3 Material Symmetry and ‘Generic’ Number (material inherent?)
Aim: Consideration of the available material knowledge.

During the derivation of the FMC a closer look at material symmetry facts was taken whereby the
question arose: “Does a material symmetry—linked Generic Number exist with a number 2 for isotropic
and 5 for UD materials?

Under the design-simplifying presumption “Homogeneity is a permitted assessment for the material

concerned” and regarding the respective material tensors, it follows from material symmetry that the
number of strengths equals the number of elasticity properties!
Fracture morphology gives further evidence: Each strength property corresponds to a distinct strength
failure mode and to a distinct strength failure type, to Normal Fracture (NF) or to Shear Fracture (SF).
This seems to mean, that a characteristic number of quantities is fixed: 2 for isotropic material and 5 for
the transversely-isotropic UD lamina (= lamellas in civil engineering). Hence, the applicability of
material symmetry involves that in general just a minimum number of properties needs to be measured
(benefits:& test cost + time) which is helpful when setting up strength test programs. = Witnessed
material symmetry knowledge seems to tell: “There might exist a ‘generic’ (term was chosen by the
author) material inherent number for”:

Isotropic Material: of 2
- 2 elastic ‘constants’, 2 strengths, 2 strength failure modes fracture + Yielding (NF with
SF) and 2 fracture mechanics modes (defined as modes, where the crack plane does not turn)
- [ physical parameter (such as the coefficient of thermal expansion CTE, the coefficient of
moisture expansion CME, and the friction value u, etc.)
Transversely-Isotropic Material: of 5  for these basically brittle materials
- Selastic ‘constants’, 5 strengths, 5 strength failure modes fracture (NFs with SFs)
- 2 physical parameters (CTE, CME, uyy, u) etc.).
Orthotropic Material: of 9 (6).

This looks to be proven by the investigation of Normal Yielding NY of plexiglass and (theoretically) by
a compressive fracture toughness Ky, for a brittle material with an ideally homogeneous state at the
crack tip [see section 9 or CUN22¢4].

[+ % el
X31_1_ “3 L X3l 03
'tSI-/'.'-* 32. 3, 3F
Z 7 ke o TF3
sz T A =
7 R e W | e ¢
0‘  — t21 | ~
12 S asale 0‘\/{ tFW
o" 2 WF XF"
X T T.. mT
! 3 21 Lu
Z Aw
isotropic transversely-isotropic rhombically-anisotropic
- - ¢ i T T
{O-}_ (O'_\.,O'J,,O'__,TJ.:,T_‘:,T_‘J.) {O'}— (6190-230-3:7‘-2391—13:1-21) {O'}: (o-ﬂ'aaF:Gs:T;;FaTBﬂ":TFTF)

Fig.3-1: Presentation of the stresses faced with the envisaged three material families

LL: A ‘generic’ number seems to be inherent for the different material families, as the author found.
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4  Direct use of a Friction Value p in the SFCs of Isotropic and UD materials
Aim: Direct use of the measurable p instead of applying a p-hiding friction model parameter.

Mohr-Coulomb acts. Therefore, in the case of compressed brittle materials the effect of friction is to
capture, which usually is performed by ‘fictitious’ friction-linked model parameters. Such a model
parameter for friction, here the a or the b in the SFC, can be replaced by the measured u.

In order to achieve this, the very challenging task to transform an SFC in structural stresses into a SFC
in Mohr stresses had to be successfully to be performed [§23 here, Cun23c, Annex2]. Ultimately, an
engineer prefers the application of a measurable and physically understandable value p, especially,
because it does not scatter that much which is essential in design.

For isotropic materials this direct use is depicted in Table 4-1.

Table 4-1, Isotropic materials: Simple 2D formulation

Assumption: Fracture failure body is rotationally symmetric like Mises yield failure body.
|, =(o, +o,+0) = f(o), 6J,=(c,—0,) +(c, -0 +(0-0,) = f(7)
* Normal Fracture NF, 1, >0 <> * Shear Fracture SF, 1, <0
The Strength Failure Criteria (SFC), mode interaction exponent m =2.7, x4 =0.2, read:

Eff NF o\,4J2 - |12 /3+1, _ ng': o i CsF 1, +\j(C28F - |1)2 +12_ClSF .3, GeSqF
2-R R' 2-R° R®
ClSF =1+C25F, CZSF =1+3-u)/(1-3-p) from u = cos (2-(9]fp°-7r/180 ).
Mode interaction equation and the always required Reserve Factor RF are determined from:

Eff =[(Eff ") + (EFf )" — f. =1/ Eff.

For UD material, the process is executed within the full SFC set in the 7able 4-2:

Table 4-2, UD materials: 3D SFC formulations for FF1, FF2, and IFF1, IFF2, IFF3

FF1: Eff” = o/ R = og /R with o = & - E, (matrix neglected)

EfflF — _GDl/F_QHC = +a£;/ Iillc with GDl = glc'E“

IFF1: Eff *° = [(0, +03) + \/0'22 ~20,-0,+0, +4r,,°1/12R] = o ! R!

IFF2: Eff** = [a,, (0, +03) + bn\/az2 —20,0,+0," +41,,° ] IR =0, IR}

IFF3: Eff ! :{[bJ_H Mg + (\/bJ_||2 ) I23—52 +4- Iinz '(73?1 + 2'221)2 1/(2- §l||3)}0_5 = O';] / F_QJ_[

del _ [ __llo Il Lo Lz IL\T _ 2 2
{Uergo e} = (Geq 1 Ogqr Ogq v Ogq s Oy ) v g5 =20, 75 + 205 75 + 47,757,
Inserting the compressive strength point (0, -R) — a,, =, /(L-u,,), b, =a, +1
from a measured fracture angle — 4, = cos (2-6;°-7/180 ), for 50° — u = 0.174.

b, =2-u, . Typical friction value ranges: 0 <z, <0.25, 0<x,, <0.2.
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Fracture body = Surface of all
fracture stress vectorpins

1 v, =04,
« by, =03

— M, =02,

M. =02

2D {6}=(0..5,,0,0,0, 7,,)"

X3 il 3= G.L

T3

3D {O’ =(0,,0,,0, :733:731:721)T {E} =(Eiir‘ﬁac*ki*ﬁi'§m)r

R = general strength and also the statistically reduced 'strength design allowable
R = bar over R: means average strength, applied when mapping

Fig.4-2: From a 2D failure body to a 3D failure body by replacing stresses by equivalent stresses

The upper figure displays the UD failure body as the visualization of the associated SFC set. The lower

figure documents that if moving from the ply stresses to the mode-linked equivalent ply stresses one
keeps the same UD failure body, usable now as 3D failure body!

S s

3

meftal

Fig.4-3,Friction driven shear fracture planes at extreme length scales.anes : Facture angles of the brittle
materials Rock material, Carbon fiber [K. Schulte, TU Hamburg-Harburg], Ductile metal compression cut from a
single crystal (deformed pillar after compression testing. Monnet, G. & Pouchon, M. A. (2013), Determination of the

so-called critical resolved shear stress and the friction stress in austenitic stainless steels by compression of pillars extracted
from single grains', Mater. Letters 98, 128-130) and laterally compressed UD-CFRP
LL:

* Often, SFCs employ just strengths and no friction value. This is physically not accurate and the
undesired consequence in Design Verification is: The Reserve Factor may be not on the safe side..

* [n contrast to the ‘doing’. Friction must and can now be directly considered by the measured p
* Friction occurs similarly over the scales.
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5 Material stressing effort Eff

Aim: Generation of a physical basis for the interaction of failure modes and for an excellent understanding of a
failure body (Eff = 100% , being the failure surface) with multi-axial strength (capacity) values.

If several failure modes are activated by the stress state then the application of the so-called material
stressing effort Eff is very helpful (in German termed Werkstoffanstrengung). The artificial name had to
be created in the World Wide Failure Exercise (WWFE) on UD-SFCs, together with its UK-organizers,
because an equivalent term to the excellent German term is not known in English.

The full Eff consists of all mode portions Eff ™. It works analogous to ‘Mises’

Eff yield mode _ O_el\éllses / RO.Z - Eff fracture mode _ O_;‘;acture mode /R .

The contribution of each single Eff ™% informs the designing engineer about the importance of the
single portions in the SFC and thereby about the critical failure driving mode and thereby outlining the
design-driving mode.

Whereas the structural engineer is more familiar with the equivalent stress the material engineer prefers
above ‘material stressing effort” Eff. The terms are linked by of®® = Eff ™% . R™*,

The use of Eff supports ‘Understanding the multi-axial strength capacity of materials’ (s. Fig.13-4):
For instance, 3D-compression stress states have a higher bearing capacity, but the value of Eff
nevertheless stays at 100%. Consequently, this has nothing to do with an increase of a (uniaxial)
technical strength R which is a fixed result of a Standard!

The following fracture test result of a brittle concrete impressively shows how a slight hydrostatic
pressure of 6 MPa increases the strength capacity in the longitudinal axis from 160 MPa up to 230 MPa
- 6 MPa = 224 MPa. Thereby, the benefit of 3D-SFCs—application could be proven as the fracture stress
states below depict both the Effs are 100% :

o =(oy, oy, oy k' =(-160, 0, 0)" MPa < (-224-6, -6, —6)" MPa.

Because both the Effs are 100% for (-160, 0, 0)' and for (—224—6, -6, —6)" [Cun22, §5.5] !
This can be transferred to the quasi-isotropic plane of the transversely-isotropic UD-materials, o, — o3,
see [Cun23c], and to the orthotropic CMC fabric, when beside shearz,, the compressive stress oy,

acts together with O',C: and both activate friction on the sides [Cun24b].

LL:
The physically clear-based quantity Eff gives an impressive interpretation of what 100% strength
capacity in 1D- 2D- and 3D stress states physically really means.

__ _ 1
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6 So-called ‘Global’ SFCs and (failure mode-linked) ‘Modal’ SFCs, Mode-interaction
Aim: Shortly explaining the difference of ‘Global” and ‘Modal’ SFCs.

There are a lot of possibilities to generate SFCs. Fig.6-1 presents a survey:

Failure Criteria

macro —damage
stress or strain-based fracture mechanics-based

damage-based

micro— damage
non-interactive interactive single mode  mixed mode
Ky =Kp. Kp. Ky (1,>0)
interpolation Cuntze's basic fracture toughnesses
max stress ~Global” K., (1, >0, Kp,°d; < 0)
max strain physically based

"Modal"

Fig.6-1: Possibilities to generate SFCs when following Klaus Rohwer [Rohwer K.: Predicting Fiber Composite
Damage and Failure. Journal of Composite Materials, published online 26 Sept. 2014 (online version of this article can be
found at: http://jcm.sagepub.com/content/early/2014/09/26/0021998314553885]

Present so-called interacting SFCs are a sub-part, which can be basically separated into two groups,
‘global’ and ‘modal’ ones. The HMH vyield failure condition is a modal SFC that captures just one
failure mode. The author choose the term global as a ”play on words” to modal and to being self-
explaining. Global SFCs describe the full failure surface by one single mathematical equation. This
means that for instance a change of the UD tensile strength ﬁi affects the failure curve in the
compression domain, where no physical impact can be. Global SFCs couple physically different failure

modes whereas modal SFCs describe each single failure mode and therefore will better map the course
of test data and not lead to a wrong Reserve Factor in any mode domain:

1 Global SFC F({o}.{R})=1  mathematically ‘married’ modes
Set of Modal SFCs  F({o} ,{Rm"de}) =1 single mode formulations.

In the case of modal SFCs (such as the FMC-based ones) also equivalent stresses can be computed, like

‘isotropic Mises’, {cg?fde} = (O'(ng , aﬁg, O';G, Gé(‘f, G'“)T
and this is advantageous for design decisions. Within a ‘global’ SFC formulation all modes are
mathematically married. This has a very bad impact: Each change, coming from a new test information
for any pure mode, has an effect on all other independent failure modes and might include some
redesign, see the full change of the ZTL-curve in Fig.6-2. Such a bad impact is never faced using a
‘modal’ formulation, like the FMC one.
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150 T 4
MPa
FMC
100 721 72
i AR 71 intialy ally 4
5t FMC
/ initially T12 r
4 FA Ty \ T4 ¢~—
finally
IFF2
MPa IFF1 .
m‘ﬁi -200 -150 -100 -50 0 50 Rt 100
ZTL: global FMC: modal

2 2 o m m
it TRy b A (‘i] {:"z] {_ A J .
Lo T T Ll R] R R, =@ 90,)
Fig.6-2: Modelling example, impact of a novel test information in the mode IFF1 considering a global (ZTL-
SFC, still used in the HSB) and a modal SFC,

Considering the shortcomings of ‘global’ UD SFCs, my research friend John Hart-Smith cited two decades ago:

“It is scientifically incorrect to employ polynomial interaction failure models (the ‘global’ ones),
if the mechanism of failure changes”!

Of course, a modal FMC-approach requires an interaction in all the mode transition zones. This is
performed by a probabilistic approach, using a ‘series failure system’ in the transition zone of the
adjacent modes NF with SF, reading

Eff = T/(Eff mEDT ¢ (Eff™* )" 4+ ..=1=100%  for Onset-of-Failure

applying a ‘mode interaction exponent’ m, also termed rounding-off exponent, the size of which is high
in case of low scatter and vice versa. The value of m is obtained by curve fitting of test data in the
transition zone of the interacting modes. Experience delivered that 2.5 <m < 2.9.

With the FMC-based SFCs for the three ‘material families’ available multi-axial fracture test data were
mapped by the author to validate the SFCs being the mathematical descriptions of the envisaged fracture
failure models. For a large variety of materials the associated fracture bodies were displayed in later
chapters with distinct cross—sections of them, for instance for the isotropic applications: Principal stress
plane, octahedral stress plane and tensile and meridian planes. Various links or interrelationships
between the materials could be outlined.

LL:

* So-called ‘Global’ SFCs couple physically different failure modes whereas the Modal SFCs describe
each single failure mode and therefore will better map the course of test data and not lead to a wrong
Reserve Factor

* Here, global and modal have a similar level of abstraction, as in the case of stability the terms
‘global’ and ‘local’ have

* Similarities between the materials could be found

* The surface of the failure body reads: F = 1 for a ‘global’ SFC-formulation and Eff =1 = 100% for
a ‘modal’ formulation.

__ _ 1
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7 Collection of Derived SFCs, Interaction of Failure Modes and a Multi-fold Mode
7.1 Presentation of the derived Failure Mode Concept-based Strength Failure Criteria

Aim: Provision of SFCs which were derived on the same concept basis.

For the mentioned three material families the associate SFCs are tabled on the following pages:

I a : 3D-isotropic SFCs of dense Isotropic Materials for NF and SF, 120°-rotational symmetry

2 modes — 2 SFCs, is in line with ‘generic’ number according to the FMC.

Normal Fracture NF for 1, >0 < Shear Fracture SF for 1, <0

43, -0 —17/3+1 6J,-OF |
Fot_:FNF:CNF_@NF'\/ 2 z.ﬁtl 1:1 PEN FTCZFSF:Cfg.Zzli—CZ_'_Czs;_ﬁ_lC:l
Eff NF _ CNF . \/4‘]2 0" - Il2 13+ |1 _ O-e,\(‘]F < Eff SF_ CZSI(; : |1 +\/(Czsg . |1)2 +Clsg 12J2 -@s': _ UeSqF
2-R' R 2-R° R

If a failure body is rotationally symmetric, then ® =1 like for the neutral or shear meridian.
A two-fold acting mode makes the rotationally symmetric fracture body 120°-symmetric and is
modelled by ®(J,) using the invariant J, and ® as non-circularity function with
d as non-circularity parameter

O = gfi+d"™ sin39) = Y1+d" -15-3-3,-3,%°, 0% = 1+d* 15.43.3,.3,7°
Lode angle ¢, here set as sin(3-$) with ‘neutral shear meridian angle set 3 =0°;

Tensile Meridian angle 30° — ©"" = §/1+d* - (+1) ; Compr. Merid. angle -30° — @* = «3/1+ d* - (-1) .

Equation of the fracture failure body: Eff =[(Eff "F)" + (Eff F)"]" =1=100% total effort

e J( O LB ) el 120, 07
2-R' 2-R°

Curve parameter relationships obtained by inserting the compressive strength point (0, -R°¢, 0):

* Rotationally symmetric: ¢™ =1+c¢;", d* =0, friction parameters are equal C;" = c5o

cF =c5 ~(L+3- 1)/ (1-3-u) from u = cos (2-65,°- 71180 ) and for 50° — x =0.174.
* 120°-rotationally symmetric: ¢ =1+c5" -31+d* -(-1)  with
c"" , O from the two points (R', 0, 0) and (R",R", 0) or by a minimum error fit, if data,
¢ ,®% from the two points (—R°®, 0,0)and (-R*,-R®, 0) or by minimum error fit .
I1 :scap_(V2J2_.®NF )2+ maxll .
J3-R' R' J3-R'

l, =(0, +o, +o,) = f(0), 63,=(0,-0,) +(o, —0y) + (o} —0,)" = f(7)

A paraboloid serves as closing cap

271), = (20, -0, —0,) (20, ~0,-0,)- (20, —0, —0,) .
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1 b : 3D-isotropic SFCs of dense Isotropic Materials for NF and SF, 120°rotational symmetry

Table I b collects all information necessary to design dimension a porous isotropic material like a foam
or a concrete stone. These materials experience 120°-rotational symmetry.

‘Porous’ isotropic material: SFC formulations for NF and CrF, 120°-rotational symmetry

Normal Fracture NF for I, >0 > Crushing Fracture CrF for 1, <0
ENF _ oNF . @V\F .\/4‘]2 0" _|12 [3+1, _ 1> ECF _ OF . @CF .\/4‘J2 0" — |12 /3+ I11
2. R! 2-R°
. J43,-0" —1713+1, ol . J43,-0%F —17 /341, oSF
Eff " =c¢'*. — =—— < Eff®" =¢*". — = —=—.
2.R R 2-R R

If a failure body is rotationally symmetric, then ® =1 like for the neutral or shear meridian, respectively .
A 2-fold acting mode makes the rotationally symmetric fracture body 120°-symmetric and is modelled
by using the invariant J, and ® as non-circularity function with d as non-circularity parameter

O =i+ d" sin@g) = 1+d" 15433, o 0 ={1+d 15.43.3,.9,"
Lode angle 9 , here set as sin(3 - $) with ‘neutral® (shear meridian) angle $=0°(—> © =1) ;

tensile meridian angle 30° — ©" = /1+d"" - (+1) ; compr. mer. angle -30° — ©°" = 31+d°" - (-1) .

Mode interaction — Equation of the fracture body: Eff =[(Eff "¥)" + (Eff ¥)"]" =1=100%

Eff — n\]/(CNF .\/4‘]2 0" - I12 /3+ I1)m n (CCrF _\/4‘]2 0" — |12 /3+ I1)m =1

2R 2-R°
Curve parameter relationships obtained by inserting the compressive strength point (0, -R°, 0):
* Rotationally symmetric ® =1 d* =0, ¢ =1+c¢;"
* 120°-rotat. symmetric © =1 ¢ =1+¢5 -31+d% -(-1) , with
¢ ,®" from the two points (ﬁt, 0, 0) and (F\_’“, R" 0) or by minimum error fit, if data available,
¢ @ from the two points (~R°®, 0,0) and (-R“,-R®,0) or by minimum error fit.
The failure surface is closed at both the ends: A paraboloid serves as closing cap and bottom
g ( “ZJZ_'G)NF )’ + max 1, b _gm ( /232 o )’ + minl,
J3-R' R J3-R ’ J3-R' R J3-R'
Slope parameters s are determined connecting the respective hydrostatic strength point with the
associated point on the tensile and compressive meridian, max |, must be assessed whereas min |,

can be measured. R' is normalization strength.
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II a : 3D-SFCs of (quasi-)Brittle Dense UD Materials

5 modes — 5 SFCs, is in line with ‘generic’ number according to the FMC. IFF1 generates a straight
line in the stress plane!

FE1: Efflc = al/Rt = aL'&’/F?Ht with aul = & -E, (matrix neglected)
Effl" = —o-llR” = +oli | RS with 5 = & -E

IFF1: Eff 7 = [(0, +0,) + \/(72 ~20,-0,+0 +4r,° 1/ 2R = GM/Rt

IFF2: Eff " = [a,, (0, +0,) + b, \J0,’ ~ 20,0, + 0,2 +47,7] IR =0t IR
IFF3: Eff " :{[bJ_H Mg + (\/ban ) |23 s T4 R¢||2 (73?1 + 7221)2]/(2' F\_)J_HS)}O‘S = l“ / RJ_||

mod o T o T T

{Geqo e} =(62q , Ggq, qu , G; , G‘qul) v e =20, T2 + 20, T2 +4T,,1,T,,

Inserting the compressive strength point (0, -R%) —» a,, =, /(l—u,, ), b, =a, +1

from a measured fracture angle — 4, = cos (2-6;°-7 /180 ), for 50° — u = 0.174.
by, =24, . Typical friction value ranges: 0 < 4, <0.25, 0< g, , <0.2.

Interaction Equation:

Eff " = [(G”G/R) +(a”’/ R”) + (oo /F?i)m+(a /RE™ +(al”/RL”)]

or Eff = T/(Eff mode ym L (Eff ™* )"+ ... =1=100% for Onset-of-Failure .

As abbreviation, 1, -1, -1, = 1,, . is used. In the equations above, R denotes an average = typical
strength value that should be used for the stress-strain curves in stress and deformation analysis. In the
design verification the statistically reduced strength values are applied. The superscripts ® stand for

tensile, compressive. The superscripts 7and " mark the type of fracture failure whether it is caused by a
tensile stress (Normal Fracture, NF, ‘cleavage’) or a shear stress (Shear Fracture, SF), e.g. due to a
compressive normal stress o or a transverse normal stress o7 .

Failure activated in two directions is considered by adding a multi-fold failure term, proposed in

[Awa78] for isotropic materials. It can be applied to brittle UD material in the transversal (quasi-
isotropic) plane as well.

For the 2D-case, a simplified friction modelling (IFF3) is possible:
Eff ™ = [(Eff )™ + (Eff )™ +(EFf )™ + (EFf 7)™ + (Eff 1)"]
with the mode portions inserted, 2D,

)™+ ((U+|0|))m (2 (02 +_|co_2|)m+

| 2-Rf 2-R| 2-R

L

_ i Yoy
R, +05-u, (-0, +|0,|)

(O' +|0|) o, +|0'|)m

Eff = [(~ e
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II b: 3D-SFCs of (quasi-)Brittle Porous UD Materials

This practically meets just IFF2. The table below shows the difference.

* IFF2 Failure Function for the dense UD material (for comparison)
F*¥ =[a, -1, + b -I,] /RS =1 with a,, =b,, —1 after inserting R,°

=[a,, (o, +03) + bLL'\/(Gz_O's)Z"'AszaZ] IR} =1

= [a,, (6, +05™) + b, -\/((72pr —03")>+0?] /R® =1 <« 2 structural stresses
* |FF2 Failure Function for the porous UD material (index por, author's simple approach)
> _
Fpso'?'osity :\/aLLporz ) I2 + bLLpor2 ) |4 - aiipor ' |2 ] /ZRE =1.
The two curve parameters are determined - as before performed - from insertion of the
compressive strength point and from the bi-axial fracture stress point.

Mind: In contrast to an isotropic dense material the fracture body of a compressed dense UD-material

has a closed bottom fracture surface, because the filaments may break under the tensile stress caused by

. . . . t
biaxial compression due to the Poisson effect, when € ,xja1 = gL" .

II1:_3D-SFCs of the Orthotropic Fabrics, (see [Cun24b])

9 modes — 9 SFCs. This is in line with Cuntze’s ‘generic’ number 9 according to the FMC.
In this context, my thanks to Roman (Prof. Dr. Keppeler, UniBw; formerly Siemens AG).

Fabrics lamina stresses: X3 G
{0 _ L T 3 3F
0T} ie = (O 0F. 0. T3r . Ty Ty ) ! T3
s 3 |
Fabrics lamina strengths: TS 't _2‘
|
s A o
{R} = vector of mean strength values 0\5)1—{.' 17

R REEE R R R W

The following table includes the FMC-based SFCs for porous orthotropic (rhombic-anisotropic)
materials composed for instance of 2D-woven fabrics. Three essential 2D-woven fabrics (Atlas or
Satin) are depicted

warp

fill
(weft)

plain weave fabric twill fabric atlas fabric
(Leinwandbindung) (K6perbindung) (Atlasbindung)
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Eff = (O- +| |) ( Ow +_|O'W|jm+(0',: +lo-|:|}m+(_o-|: +_|O_F|jm+ _ |TWF| ]m
2'Rw 2'R\/\C/ 2'R; Z'RFc RWF_/"WF'(O-W"'O-F)

m

+[os +|_73|]'“ [a +_|63|J”‘ (#j E# 12— 100%
2-R; 2-R; Ray — sy O3 Ry — 13c 05

For a cross-ply fabric with Warp =Fill - R, =R!,R; = RS, the inter-laminar Effs, suffix ,,

vanish and just the in-plane (intra-laminar) Effs remain.
The range of parameters is for the interaction-exponent 2.5 <m < 2.9, and since the strong

porosity-dependency is very different — recommendation: g, <0.2 , u, <0.2.

T,
If o, is also active, this double mode contributes via [ — | —— J :
Rue — Hue '(GW +GF)

Modelling of laminates may be lamina-based (basic layers are UD layers), sub-laminate-based (semi-
finished non-crimp orthotropic fabrics) or even laminate-based. Thereby, modelling complexity grows
from UD, via non-crimp fabrics (NCF) through plain weave and finally to the spatial 3D-textile
materials. Model parameters are just the measurable technical strengths R and the friction values u, and
on top the Weibull statistics-based interaction exponent m. The value of x4 comes from mapping the
compression stress-shear stress domain and of m by mapping the transition zone between the modes. A
good guess is m = 2.6 for all mode transition domains and all material families. Model parameters are
just the measurable technical strengths R and the friction values u, and on top the Weibull statistics-
based interaction exponent m. The value of u comes from mapping the compression stress-shear stress
domain and of m by mapping the transition zone between the modes. A good guess is m = 2.6 for all
mode transition domains and all material families.

Of course, there are Validity Limits of UD SFC Applications:

“Models cannot map all test (average) data course domains equally well, because they are basic physics-
modelling models.”

However, they are good enough to correctly re-design the hose blow!

Viewing the false angle:

| was sure that this hose
had to be replaced!”
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» One vital experience with boundary specifications (limits):

The 4 m long caiman mother Maria strictly observed the Limit “No trespassing (No pase!)”.
Maria stopped at the tape, marked with “No pase‘!
Her behavior was very good for the personal health of my friend Eddi

(he unfortunately fell down 1.5 m in front of her snout while running away).

UORIZE 2
We engineers should learn from this:
Engineers should always rationally observe the limits set by specifications etc.

This is good for ‘structural health’ or Structural Integrity, respectively.
And: This fully meets application limits of the literature-offered SFCs.

» My present feeling considering the 3D-applications, especially of UD-materials:

(below left) Much is reached with plenty of effort!
(below right) However, much more effort is required for the 3D-Validation. Only when you get 'higher’
the real ‘3D-peaks’ do appear:

Linked to composites:
3D-applications are much more challenging, especially because data is missing.
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8 Cracking at statically-loaded Notches using FM and Finite Fracture Mechanics (FFM)

Aim: Giving the user some advices regarding the often used so-called ‘Open Hole Panels’.
Summary

Full Design Verification requires the verification of Strength and of Damage Tolerance in the case of
potentially cracked (macro-damaged) statically-loaded structural components under sudden overloading.
The Strength Analysis (SA) requires that the effective multi-axial stress state is not above the given
Strength Design Allowable and the Damage Tolerance Analysis (DTA) the same for the so-called
residual strength of the structural component containing a pre-crack.

Lying between Strength analysis and Fracture Mechanics (FM) analysis ‘Onset-of-Cracking’ (OoC) is
experienced at stress concentration sites such as notches like open holes in a panel of a sufficiently
brittle material. In this context, Leguillon’s Hypothesis [1] says

“A (generating) crack is (becomes) critical when and only when both the released energy

and the local stress reach critical values along an assumed finite crack”.

This novel hypothesis, ‘Neuber’-improving, shall be presented here. It captures the prediction of the
instantaneous OoC. The name of the tool is Finite Fracture Mechanics (FFM), see Fig./. It predicts for
notched components that loading level where the Strength Failure Criterion (SFC) equals the FM
criterion or it determines as a coupled (hybrid) stress-energy criterion the critical loading that causes the
finite crack size Aa;. Because FM is one part of the FFM as introduction and for better understanding at
first the well-known FM analysis tool R-curve shall be presented.

smooth structure notched structure “transition domain” cracked structure
stress concentration |  ‘onset-of cracking’ stress intensity
no steepsslt:réss decay Neuber method assumed crack, FFM | real pre-cracks, FM K|
(up to now) Kt (novel replacement) ‘no hole’ and ‘with hole’

Fig. 1: Stress situations in a structural component

Fig.2 visualizes the task to be solved. For practical application the concept of a linear-elastic stress
intensity factor K may be sufficient and is usually applied. Coordinates used are depicted.

- . !:
w W 1

v

Fig.2: Plate strip with a central open hole and an existing through crack of the sizea =ag- r.

(left) characterization of an open hole panel with existing crack , w= plate width, t = plate thickness, (center)
crack growth details in the case of slight crack tip yielding w of not fully brittle materials,
(right) o = remote tensile stress, leading to cracking for o = oy, , 4a = assumed FFM crack , d = 2r
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Key Words: Residual strength, critical crack length, R-curve, Finite Fracture Mechanics, coupled
criterion.
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Luftfahrt-Technisches Handbuch (LTH): HANDBUCH STRUKTUR BERECHNUNG (HSB) Fundamentals and
Methods for Aeronautical Design and Analyses issued by IASB (Industrie-Ausschuss fur Struktur-Berechnung).

(As-member of the IASB this document is structured similar to a HSB design sheet)

1 General

There are three approaches available to perform Design Verification (DV) for occurring static stress
situations: Strength Failure Criteria (SFC), Continuum (micro-)Damage Mechanics (CDM, not yet DV-
capable) criteria and Fracture Mechanics (FM) criteria for cracked (macro-damaged) components. A
novel approach is the hybrid tool Finite Fracture Mechanics (FFM) which captures the ‘onset-of-
cracking’ (OoC) at stress concentration (SC) points and at higher stress singularities.

The FFM is a coupled (hybrid) criterion that fills a gap in FM by assuming an instantaneous formation
of a crack of finite size [1, 2]. Intention is to initially show the classical application of FM, because FM
provides one part tool of the FFM. Fig.1 gave a survey on the situations faced.

Due to FFM, the Neuber method is now obsolete, but falls as a special case. What Neuber called
"support length" is precisely the crack length supplied by the FFM, without the need for acceptance or
experimental identification!

The provided analyses are restricted to the 2D-case, 3D-extension will be a future task.

A SFC is a necessary condition but might not be a sufficient condition for the prediction of ‘Onset-of-
cracking’, seen here as onset of failure:
*This 1s known for the author for about 50 years from the so-called ‘thin layer effect’ of UD-layer-
composed laminates: Due to being strain-controlled, the material flaws in a thin lamina (transversely-
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isotropic material) cannot grow freely up to micro-crack size in the thickness direction, because the
neighboring laminas act as micro-crack-stoppers. Considering fracture mechanics, the strain energy
release rate, responsible for the development of damage energy in the 90° plies - from flaws into micro-
cracks and larger -, increases with increasing ply thickness. Therefore, the actual absolute thickness of a
lamina in a laminate is a driving parameter for initiation or onset of micro-cracks, i.e. [Fla82].

*Further and generally more known in metallic applications is the case of discontinuities of the here
focused isotropic materials such as notch singularities with steep stress decays: only a toughness +
characteristic length-based energy balance condition may form a sufficient set of two fracture
conditions.

When applying SFCs usually ideal solids are considered which are assumed to be free of essential
micro-crack-like flaws, whereas applying Fracture Mechanics the solid is considered to contain macro-
cracks, respectively.

Since about 20 years Finite Fracture Mechanics (FFM) tries to fill a gap between the continuum
mechanical strength analysis and the classical FM analysis. FFM is an approach to offer a criterion to
predict the crack onset in brittle isotropic and UD materials.

This is a bridge that had to be built from the strength failure to the fracture mechanics failure ground.
Attempts to link SFC-described ‘onset of fracture’ prediction methods and FM prediction methods for
structural components have been performed. Best known is the still cited Hypothesis of Leguillon,
where he assumes cracks of finite length Aa. Thus using FFM one obtains one more unknown but also a
further equation to solve the equation system together with the SFC.

This coupled criterion does not refer to microscopic mechanisms to predict crack-nucleation!

Considering FFM it is referred to the literature [1, 2, 3].

Note on short Cracks according to citations in literature:
* In polycrystalline materials if a < grain diameter /5
» Size of the cyclic plastic zone at the crack tip
 Different crack closure due to the small crack and its flanks
* Notch surface quality.

__ _ 1
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2 List of Symbols

Symbol Unit Description
a mm crack length
ag mm initial crack length (open hole panel: crack a + hole radius r)
ac mm critical crack length
e mm effective crack length a. = a, + w/2
ap mm physical crack length a,= ap + 4a
Cij abbreviating functions and abbreviations
f(a) correction function of the stress intensity factor (SIF)
fy correction function concerning the hole diameter d
fw correction function concerning the specimen width w
t;w mm panel specimen thickness; width of panel, test specimen
Aa mm stable increase of a due to static loading
Aag mm effective crack elongation (R-curve abscissa) da. = a - ag
A mm parameter of the R-curve model, cross-section
B - parameter of the R-curve model
E MPa Young’s modulus (MPa = N/mm?)
F N force
Cracking resistance: potential strain energy release rate at failure. Under plane
Gic MPa - m . . . 2 2
strain conditions (most critical case) = K¢ -(1- v2) / E, m =31.6-mm
K(s,a) | MPa-«m | Cracking action: stress intensity factor, (SIF) K =& Jr-a-f(a),
Kas MPa-+/m | parameter of the R-Curve model (asymptotic value of R-curve)
Ky MPa-+/m | parameter of the R-Curve model (value at beginning of R-curve)
Kapp | MPa-/m | apparent fracture toughness (general) = critical SIF (not the often used Kc)
Kp MPa-\/H physical value of the SIF K: Kp =0- ,ﬁ'ap -Jsec(ﬂ-ap /W) , sec =1/cos
Ke MPa - /m | Effective SIF: K, =0+ \/7 - & -«/sec(zr-ae /w), often termed Kg
Cracking resistance: critical SIF (fracture mechanics Mode I testing) at onset of
unstable sharp crack propagation in the plane strain state = most brittle
Kic MPa -+/m | condition, otherwise called K¢; or = fracture toughness of uni-axially tensile-
loaded, minimum ductile (brittle) material specimens = material resistance to
crack propagation K. =o-\[z-a, - f(wd) =0, -Jz-a-f
Kr MPa - \/H Cracking resistance, R-curve ordinate
R-curve material Resistance to fracture_ curve in case of slow, sta_ble crack propagatiop
= MPa-+/m | from a sharp notch, accompanied by growth of the plastic zone at the crack-tip
(unfortunately also the letter R was taken)
R; Rpo2 MPa failure stress = strength (Resistance to stress action); tensile yield strength
Al Y4 e o 2
W N-mm | Energy = [F-d(A0)= [o-A-d(s-0)=A-(- [o-de= A-t- [Zode=V . —
0 0 0 0 E 2-E
v - Poisson’s ratio
) mm full plastic zone at the crack-tip
o MPa Action: remote (far field) uniform tensile stress
oc MPa critical value of o = residual strength

(In structural mechanics x is usually the length coordinate, however in fracture mechanics the net section direction)

The following chapter represents an intended introduction for the focused Finite-Fracture-Mechanics.

CV Cuntze_Research Findings_7jul25

* carbon-connected.de/Group/Prof.Ralf.Cuntze 25



http://www.carbon-connected.de/Group/Prof.Ralf.Cuntze

3 Analysis using the Crack Growth Resistance curve = ‘R-curve’

3.1 General on Fracture Mechanics quantities and R-curve Concept

Aim: Chapter is helpful for better grasping the novel FFM, because FM is one part of the FFM.

Basic assumption: Use of largest crack size that can be expected, following the ‘weakest link’ failure
model and regarding quality assurance measurement limits.

In the Damage Tolerance procedure of cracked (macro-damaged) structural components two basic
questions are posed in analysis:

1. What is the static strength if a crack is present (residual strength problem)?
2. How is the propagation behavior of the present crack (large crack growth problem)?

In order to perform this for isotropic materials some different quantities are used to predict the stress
state at the crack tip caused by a far-field stress or remote stress, respectively.

*The stress intensity factor (SIF) K, applied to homogeneous linear elastic materials. Its measured size
depends on test specimen width w, the crack size a, the location of the present crack and the material. It can

be written as K =o -,/ -3, - f (a/w), where the SIF K, of the fracture mechanics mode 1 is applied

here, (Fig. 4).
*The strain energy release rate @, defined as the instantaneous loss of total differential potential energy dI'1

per unit crack growth area (crack length Aa - plate thickness t) of the fresh surface S, by ¢=—0dI1/dS. In
the case of brittle materials for its “basic’ Fracture Mode-I a relationship exists &, = K,? /E* with E’= E/(1-V?)
for plane strain.

*The J-integral J, characterizing the singular stress field at the crack tip in nonlinear elastic-plastic materials
where the size of the plastic zone is small compared to the crack length. It is one way of determining the strain
energy release rate ¢. For brittle materials J corresponds to @.

Macrocrack extension occurs when the stress intensity factor (SIF) K attains a critical value. Thereby
the Action-linked SIF is entirely dependent on the structure geometry and loading condition, whilst the
Resistance-linked R-curve is basically a material property dependent on temperature, environment, and
loading rate as well the geometric test specimen range, etc.

Crack-growth resistance curves, the so-called R-Curves, are used here to predict:
+ the residual strength of the structure for a given crack position and crack length,
* the critical length of an initial crack under given loadings.

These curves are conveniently plotted with crack extension 4a instead of crack size a, because the shape
of the R-curve does not vary with the crack size.

« For very brittle materials with its flat R-curves, there is no stable crack extension and the initial
crack size ay 1s the same as the critical crack size a.. Then a single value of toughness characterizes
the material, the cracking resistance K.

* For ductile materials (such as low strength steels) with a rising R-curve there is no single value of
toughness that characterizes the material. Reason is that the plastic zone @ at the crack tip increases
with crack growth and length, hence the energy dissipated to overcome plastic deformation will
increase. In materials with a rising R-curve, stable crack growth occurs and the critical crack size
will be larger than the initial crack size.

For ‘fatiguers’, mind:

“These R-curves (italic R letter) shall not be mixed up with the ‘R-curves’ in fatigue R = ming/maxc”.
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Fracture mechanics regards small scale ductility (usually described by its diameter ®) at the crack tip
and multi-axial stressing, Fig 2.

In the case of a mixed-mode loading and opening of a crack, the energy release rate consists of the
three parts Gi, Gu, G that correspond to the respective three fracture modes. The fracture-effective
formulation then is G = Gi+ G+ Gu.

Crack extension occurs when above strain energy release rate ¢ attains a critical value @.. In the case of
fracture it becomes @ > Gce. @ is directly related to the stress intensity factor K. It is associated in two-
dimensional fracture mechanics with the loading modes (Mode-I, Mode-11, or Mode-I111) the so-called
Mixed-Mode Problem, applicable to cracks under plane stress, plane strain and anti-plane shear, see

Fig.4. For the Fracture Mode-I, the energy release rate & is related to the Mode-I stress SIF K, for a
linearly-elastic material.

The two questions at the beginning of this sub-chapter can be answered using the analytical methods
of fracture mechanics. For practical application the concept of the linear-elastic K is usually applied:
“A structural component will fail in the case of static loading if the stress intensity factor (SIF) K of a
brittle material reaches its critical value at K = K., termed fracture toughness, which depends on the
material behavior”.
The determination of the K. -values requires in the so-called K-concept the fulfilment of a geometric
bound in order to achieve the real minimum K.-value by a test specimen thickness of

t > 25-(K/Ry,)* = o, =K /({7 8 - f(a).

Instead of the "Plain Strain Fracture Toughness" K (which is a material property but subject to certain
minimum geometric requirements), an "Apparent Fracture Toughness" is inevitably to apply, adapted to the
current geometric conditions.

A plot of strain energy release rate ¢ versus crack extension Aa for a particular loading situation is
termed driving force curve G(Aa). The driving force for crack propagation can be quantified by above
characterizing parameters K, @, or J. A plot of R versus crack extension Aa is a resistance curve, as still
cited termed R-curve R(Aa).

3.2 Models for R-curve ( resistance) and for Stress Intensity Factor (SIF)-curve

3.2.1 Resistance: R-curve, ordinate Ky (using a test data mapping function)

For well mapping the test data course of the R-curve J. Broede proposed the mapping function

- K, — K
Ke(a)=Kas—(Kas—Kb)~L with inverse Aa, = A-In B+(1—B).f"3—b
exp(Aae] B as — Ke

Kas — K,

= Newa, =a,+ Ag =a,—A-In B+(1—B)-—K <

as e

in [2] including the effective quantities K¢ and Aae. The plot K.(Aa) is termed effective R-curve. This
mapping proposal addresses the usual structural materials which shall possess some ductility.
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3.2.2 Action: Stress Intensity Factor (SIF)-curve, Kqr (using a width correction function fy,)

With the so-called geometry correction functions f - correcting the original infinite plate term <z -a -
concerning hole diameter (index d) and width (index w) of the centrally cracked panel (‘plate strip’ ) the
SIF reads for the two cases:

Panel, version ‘No hole’ ,,:

Kpn=0-Vz-a-f,(a with f,(a)= secﬁ—'a capturing the panel width
w

Kn@=0c-r-a- secﬂ—'a ,  (sec=1/cos).
w

Panel, version ‘With hole’ ,,, : (Tada delivered in [9] a hole considering correction function f(a)):

K=o-Jz-a-f(a) with f(a)=f,(a)-f,(a) inthe caseof an open hole panel

2 3 4
f,(a) = 1—r-(1+0.358-r+1.425-(rj —1.578-(rj +2.156-(rj ), 1, (a) = [sec(Z D) -sec(Z-2).
a a a a a w w

2 3 4

r r r r r -r -a

K@) =c-Jr-a- 1——-(1+0.358-—+1.425-(—j —1.578-(—} +2.156-(—j -\/sec”—-sec”—.
a a a a a W w

3.3 Conditions to Determine the Unknowns: critical quantities o., a..
‘Crack growth will occur when dG/da > dR/da and G >R’.

This corresponds to ‘The SIF driving force curve is tangent with the R-curve’ as depicted in Fig.3. It
can be interpreted as the critical condition when the energy available in the component for crack growth
exceeds the maximum amount that the material can dissipate.

For fully brittle materials the R-curve is a horizontal constant line, a tangent-condition is not of interest.
In order to solve this task the following conditions must be met:

3.3.1 Kg (0;, ac) = Ke(ac.- ap) with da,=a-ap  This means, that:

firstly the coordinates of the touch point of SIF curve with R-curve are to determine.

Ke(a)=oVr-a-f(a)=Ky (K —K,)—— P and
)
exp| —& |-B
A
3.3.2 dKgr (0, ace) /da = dK(ac. - ap)/da . This means, that:

secondly, the two slopes of both the curves must become the same at the touch point, task which
requires a differentiation (Mathcad 15 code symbolic application), delivering

LB Ke) e
B—exp(%) da

dK d _
dae = G-ﬁ(\/ﬂ'-a- f(a))— Kas
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For the SIF-curve holds for the two versions, SIF no hole and SIF,,, with hole:

SIF o hole' : SIFnh - _

da da
. 1'5- . . 2 . .
_ G.«/;/(Z\/a caw) + %% - \/a - saw / (w- caw )’ saw:sin(mj,caw=cos(mj.
2-\z-alcaw w w

SIF ‘with hole" : (copied, Mathcad typing)

2 3 4
( N 1—— (1+0.358- —+1425 ( j —1.578-£r) +2.156-(rJ DJsecr secMJ
a a a w

dK W

SIFwh

da da

£\
[. c3 ’1 —ﬁ-(CE) 3. (2 Sin; _a i /1 _E.(Cg -]
c3 1 - I(Cl) - 2 re (C ) 5 LW a I
" a 2

- ofie

2a _‘, 1 r =2\ / 5
7 (alw co~ - cos{ — |-¢3
\w ) \ow )
and the abbreviation functions
" _ , 5
a4 8edrt  0358r 2850 o _ 0358t 21565°  14254°  15781° o 1

cl= = - = = s C2= -+ + = - - +1, = 7 N 7 3
: > . 3 . a-1 a a cos| — iz 920 Wl |
a a a a | o j U )

* In the HSB sheet 62232-3 J. Broede mapped the R-curve by an appropriate analytical model, model

parameters were determined there and finally o, = R,.; was derived by iteratively increasing the crack

size up to a.. This provides the failure stress for the maximally sustainable loading of the pre-cracked
component.

* In Table 1, bottom, Cuntze delivers a continuous implicit mathematical computation.

3.4 Solution of the equation set to predict the unknowns

The Mathcad computation delivers the searched quantities for the open hole panel. Fig.3 provides the
full data set. In the computation, the usually in MPa - /m given fracture toughness (= critical SIF) is
taken, which however requires a final factorization of the obtained critical stress by V1000 to get into
the MPa, mm system.

In Fig.3, for the envisaged panel, the R-curve is plotted together with two SIF-curves, one for an
initially guessed reference stress of sigwh=15 (dashed) and one for the computed critical reference value

sige =12.5 (bold).
*For the ‘no hole-panel’ the critical SIF reads K. =180 MPa - Jm =180-+/1000 MPa+/mm and the
results are: ag, =55.4 mm, o, =12.5-/1000 = 396 MPa.

*For the ‘hole panel’, in order to check any influence of the hole the associated rising SIF-curve
was plotted, too. The same tangent point is obtained for this SIF-curve.
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The computation of the ‘no hole-panel’ delivers as critical stress = residual strength, the value s =
396 MPa (Mathcad computation scheme in Table 1).

Table 1: Determination of the touch point = instability tangent point (w width effect, no hole)

Vorgabe
1-B ;
= Kas — (Kas — Kb)- - _ (point)
{a—al)
exp! |-B
\ )
4 \
sin faacsi | |
2 \w )
T-Sigw-
2 a—-al
A‘ r r
] e (B - 1)-(Kb — Kas) (slope)
i 2
I{a-aO)
A|B-e
z .\‘IPa'\fI?I
Aa = Suchen(sigw.a) (12.5) sigw = Aa,  awe = Aa, e ik e
Aa=| |
\334) sigw = 12.5 aowe = siz\\‘-m
4 T- - \|
KSIFwcl = sigwe-yf7-awe- Sek; el ; w=300 [KSFwcO=180| |owc =396 |
Low

For information, however — no practical effect in Fig.3 comparing the blue curve KSIFwh — the
associated (point) condition with considering the hole is added below:

Ir' _ I". . l"| -\.‘l
| \E-sig-nﬁ- 1- 1.2 _ wl'j-\ﬁ-sig-sin: T2l oIl
. f a ﬁ-sig-r ci-c2 L ow ) a
sig-fmw-a- 3 |1 - —-el + + = + .
a 2+fa SR S
| a 2w-cos] — | -cosl — c3 |
\ Low ) Lw g
—K (B — 1)-(Kb — Kas)
with the to be mserted abbreviation functions = has+ 1
cl.c2 c3 E'(a_am
E-e

The computation of the critical crack length a. at the end of static loading is determined by the

application of the formula below and there inserting K. (See application later). As K-values are usually
given in MPa-+/m this is intentionally widely followed here!

New a, = a, + Adg :aO—A-In(B+(1— B)-ﬁ} :

Results:
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The R-test curve (resistance, marked KR) captures all physical effects such as small scale yielding at the crack
tip, marked by the letter w! It is effective, therefore Kq. Therefore, in order to be compatible the SIF-curve
(action, marked KSIF) has to incorporate this effect. It does not depend on ao,w.

SIF 4 R
SIF 300
KRc(a) MPa .- \('; 15
KSIFnho2(a) unstable 12.5
KSIFnhe(a) /
A 200 -
KSIFwha2(a) sl
. I3 M -’ 10
KSIFwhe(a) "t‘;tnagt:::t(y
0 ’ point
+ 100
0
KSIFnho1(a)
mm e
0
0 20 40 %0 e >
a.a.a.a.a.r.al.a
aC ‘_{ Aaec —
dec

Fig.3: Wide panel example (HSB 62232-03) with w =300 mm, t = 8mm, a, = 30 mm, d =20 mm.
Aluminum Alloy 7475-T7351 in LT-direction: A =55.7 mm, B = 0.75, K,; =246 MPa - \/H
Ky =29 MPa-+/m, Ry, =425 MPa (B-value for t = 6...38 mm).
Instability point: K, = 180 MPa -v/m = MPa - Jmm -4/1000 , ac. = 55.4 mm.
SIF-curve: reference stresses in MPa, to factor by+/1000 = 31.6: ¢,=15> ¢, =12.5 > ¢, =10, Table 1.
(For simplification the simple letter a was taken in the formulas instead of ae)

Notes:

*The R-curve does not run out from ag. This is caused because just the test data domain has to be fitted best. In
the HSB sheet the beginning is therefore not sketched. The model point Kb lies on the ag-line.

*Very brittle materials possess a horizontal R-curve.

» The test-based R-curve is essential for FFM to determine in future a more correct fracture toughness
value K, instead of the previous K| for the usually FFM-treated very brittle material.

4 Analysis using Finite Fracture Mechanics (FFM)

4.1 General

To prove Structural Integrity several design verifications (DVs) must be performed for components
having the following features: Smooth, notched (stress concentrations) and cracked (stress singularities),
see Fig.4, left. Thereby, static and cyclic loadings must be taken into account focusing uni-axial and
multi-axial stress states.
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FFM-focus here is static loading under uni-axial stresses, which means Mode I-linked.

[T N o
cracka open
|l T concentration
2a
i O ’
Silled

stress singularity
A ¢ Mode I: Opening  Mode II: In-plane shear  Mode III: Out-of-plane shear

Fig. 4: (left) Stress concentrations and stress singularities under uni-axial stressing.
(right) The 3 FM-modes, crack length a

The following levels are relevant when generating stress-related DV tools:

1. Stresses: Strength Failure Conditions (SFC), as local design verifications to predict onset-of-

cracking (several strength fracture failure modes and one yield mode, practically just one for
tension loading,)

Stress concentration: Application of (local) stress concentration factors K; to predict onset-of-
cracking (fracture)

Stress intensity (singularity): (non-local) Fracture mechanics methods using stress intensity
factors K =c-Jz-a (SIFs) and fracture toughness (representing the resistance of brittle materials to
the propagation of flaws under an activated stress, assuming: the longer the flaw, the lower the bearable fracture
stress) being a critical K, which is needed for a crack to grow under monotonic loading. For the

usually envisaged tension loading (pressure-linked geo-mechanics is not the focus) there are three
fracture mechanics modes to consider as depicted in Fig.4 above.

All design verifications are required in parallel in accordance with the applicable regulations.

Tackling above three structural cases, then it can be attributed:
1. Stresses: In the strength fracture failure criterion (SFC) strength values R (isotropic:here R'

=R,

) are to insert, which capture any flaws and micro-cracks in the material data set of the test
specimen. All effects are considered.

Stress concentrations: Experience tells that the application of a SFC with the application of a
factor K; is not sufficient. Here, a non-local DV method is required, which combines a strength
fracture criterion and fracture mechanics criterion. This is the focus of FFM.

Stress intensity: The necessary (‘large’) crack size value is identified by Quality Assurance or
fixed as the minimum measurable crack size. The crack situation at hand is to model and
toughness values K, are to insert. A large crack analysis does not need a coupled DV in order

to predict onset-of- further cracking, because the SFC is fulfilled.

Note: There are stress-related and strain-related SFCs. Stress-related ones have the advantage, compared to strain-related

ones that “Residual stresses can be simply incorporated”).

4.2 Introduction

Since about 20 years Finite Fracture Mechanics (FFM) intends to fill the gap between the continuum
mechanical strength failure criteria (SFC) and the classical FM. FFM is an approach to offer a criterion
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to predict ‘Onset-0f-Cracking’ in brittle isotropic and UD materials. This is a bridge that had to be built
from strength failure to fracture mechanics failure.

Attempts to link SFC-described ‘Onset-0f-Cracking (OoC, fracture)’ prediction methods and FM
prediction methods for structural components have been performed. Best known is the still cited
Hypothesis of Leguillon “A crack is critical when and only when both the released energy and the local
stress reach critical values along an assumed finite crack”. Within the FFM, Leguillon assumes
instantaneous cracks of finite length Aa. Thus, using FFM one obtains one more unknown but also one
more equation to solve together with the SFC the equation system.

Of the basic two previous FFM concept variants, the integral concept used here has proven to be the

best. In this case, the stress curve is averaged over the fictitious, critical crack length for the SFC, i.e.
converted into a locally evenly distributed stress curve averaged over this length.
As long as this is done over a comparatively small area, this is fine, but if it is a very large crack depth,
where the crack extends far into an area of the stress profile where the stress peak has already been
significantly reduced, the stress value averaged in this way becomes quite small. The question then is
whether this procedure can still lead to a valid SFC application. In the future therefore, it would make
sense to limit the range over which the stress curve is averaged appropriately in such cases?

This coupled criterion does not refer to microscopic mechanisms to predict micro-crack nucleation.

Reasons to develop the FFM were some facts from studying ‘Onset-0f-Cracking’:
e Isotropic material

The minor failure behavior of absolutely small holes compared to large holes, although the stress
concentration factor K; takes the same value, namely 3. With large holes, more material volume is
highly stressed and thus physically-based the probability of failure due to more activated, material-
inherent flaws is increased.

Further known is in the case of discontinuities such as notch singularities with steep stress

decays: only a foughness + characteristic length-based energy balance condition may form a
sufficient set of fracture conditions. Hence, a SFC is a necessary condition but might not be a
sufficient condition for the prediction of ‘Onset-of-Cracking’.

When applying SFCs usually ideal solids are viewed which are assumed to be free of essential
micro-voids or microcrack-like flaws, whereas applying Fracture Mechanics tools the solid is
considered to contain macro-cracks.

e Transversely-isotropic material

It 1s also known for a long time from the so-called ‘Thin layer effect’ of UD-layer-composed

laminate that the SFC-application is not sufficient to understand failure: Due to being strain-

controlled, the material flaws in a thin lamina cannot grow freely up to micro-crack size in the
thickness direction, because the neighboring laminas act as micro-crack-stoppers. In other words:
Thin plies, embedded in a laminate, fail at a higher loading level than thick ones.

Employing here fracture mechanics, the strain energy release rate, responsible for the
development of damage energy in the 90° plies - from flaws into micro-cracks and larger cracks -,
increases with increasing ply thickness. Therefore, the actual absolute thickness of a lamina in a
laminate is a driving parameter for initiation of cracks, i.e. [Fla82].

For laminates - composed of different isotropic layers — such singularities occur, too and are
effortfully treated!
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4.3 FFM modelling, isotropic material focused here

The FFM concept is demonstrated here by the example “Uni-axially loaded symmetric open-hole plate

strip”. For this case, the coupled criterion can be simplified and can be analytically solved. Thereby no
initial crack ay is to treat. Brittle fracture behavior is presumed.
The energy criterion postulates that the critical energy release rate Gi.= K > -(1- v?) / E, being
proportional to the square of the fracture toughness, is met and that the stress criterion = SFC postulates
that the concentrated stress within the net-section area, averaged along the crack length Aa, reaches a
material strength value. This averaging is an assumption, which should to be checked.

From the differential FM strain energy release rate G=—0I1/dS — the FFM incremental one —T1/S .

Whereas the FM is more concerned about the full net section width, in the FFM the concern is basically
just the net section length 4a, a portion of the width!

The coupled FEM criterion

Goal of the coupled FFM criterion is to derive two fracture conditions, a strength R-related one and a
fracture mechanical one assuming a crack of the size Aa. Finally the two conditions are combined and
deliver an equation for the unknown critical crack Aa. being the crack level at which OoC would occur
under a critical stress and fracture mechanical condition, simultaneously.

The establishment of the coupled model is to perform on basis of average properties in order to obtain
the optimally achievable reliability of 50 %. This means model validation, whereas in the DV
statistically based Design Allowables are to apply.

The two parts of the coupled criterion can be expressed by equalities from a Fracture Mechanics (FM)
criterion and a Strength Failure Criterion (SFC):

r+Aa r+Aa
L _[Kf(x)-dx=K1§ and SFC: i-fa(x,yzoydx:Rm.

r

FM: —.
Aa

For a simpler comparison, for the SFC the square usually is taken, whereby — advantageously - the
remote stress o cancels out in the coupled equation. Fracture failure occurs if both these criteria are
simultaneously fulfilled. This leads to the required equation for the determination of

1 r+Aa
2
o j KZ(x)- dx ,
the generated critical crack size Aa; via r = '02 =C , r=dR2

(Ala-rTao-y(x)-dx]

r

which is to be integrated in the Aa-process zone.

Later, the author will use the upper, two single versions, because this better displays the parallel
working of FM-condition together with the SF-condition.

As the two required resistance quantities are not fully clear and not given, it is sufficient for the
following first numerical application of the FFM to apply the available values ‘Plain Strain Fracture
Toughness’ K. (the inherent lowest material property, subject to certain minimum geometric test
specimens requirements to achieve a plain strain condition), and tensile strength Rp,. This will mean the
application to a brittle metal. In general, the real critical fracture toughness should be termed ‘Apparent
Fracture Toughness’ Kapp (t0 be understood as a component property, adapted to the current geometrical
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conditions). For Ky, seldom a value is available. Hence, K will be used for the FFM here, despite of
the necessity to consider small scale yielding at the crack tip when using structural metal materials, like
shown in the chapter R-curve.

Validation of the FFM model is effort-fully to be performed by running isotropic test series for
different w/d-ratios of panels.

5 Design Verification of a ‘Through center cracked Open hole Panel’

Presumptions and given data for geometry, loading from testing

Presumptions:
e Linear Structural Analysis permitted

e Not fully brittle materials which generate small scale yielding at the crack tip
e Worst case loading situation, no residual stresses.

Material resistance: Aluminum alloy 7475-T7351 in L(ength)-T(ransverse) direction,

example from [3]
o R-curve: 4 =55.7mm, B =0.75, K, = 246 MPa-</m, K, =29 MPa-Jm. Ry = 850 MPa
e Yield strength: Ry, = 425 MPa (B-value, for t =6...38 mm), HSB 62232-03,
concluding the 445 MPa, as used in HSB 62232-01, can be seen an average value.

e Ki.=48 MPa-Jm =1518 MPa-/mm, (Kic/ Ri)? = 3.23 mm.
Panel dimensions

e Width w =300 mm, thickness ¢ = 8 mm, open hole radius d =25 mm
e |Initial crack size ay = 30 mm.

Loading Action with Design Factor of Safety (FoS)
e =1, Design Limit Load representative

e Uni-axial stress state {o},. = {0} with {o} =(0,.,0,,7,)" -] =(0, 250, 0)" MPa.

design

5.1 Application of FM, R-curve, concerning ‘Open hole panel fracture’, pre-crack ay

See Fig.3 with the procedure attached. ap= 30 mm, d = 25 mm, w = 300 mm.

Design case: Remote loading stress ogesign= 250 MPa = o, .

5.1.1 Determination of the residual strength [HSB 62232-03] with the R-curve

The computation in Table I delivers the following values in the instability point (touch point)
FM-resistance: Kq, =180 MPa-/m =180-+/1000 MPa-/mm , proof in Fig.3

and further residual strength . =396 MPa and critical crack length de. =55 mm.
Above remote failure stress = structural residual strength of the panel (plate strip) reads

Ofail = Rres = Rstruct =0

c*
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For comparison, the following analyses deliver the satisfactory information:

* Stress concentration: oy, = R, / K;(d =) =850/ 3 =283 MPa > o, = 250 MPa.
* Fracture Mechanics: for a Quality Assurance-defined crack size such as a ¢ ., =33 mm,
Oyl (33) > 07 (55) .

Results for oyegq, = 250 MPa = sig3:

The crack grew under the design stress by Aa, =3 mm.

esign loading

— new Q@ =qdt+Aa, . =30 +3= 33mm.
design loading

» Computation of the Reserve Factor for Design Limit load level, Design Load case j =1

Linear analysis is sufficient (presumption of FFM model at hand): then o [ load.
RE — Structural strength Design Allowable R,  Ryyuee 396

: - — - = = =158 > 1.
Stress o at j - Design Limit Loading Odesign 290

According to the regulations, R, has to be a Design Allowable too, which is assumed here due to R,
being a strength Design Allowable and K being statistically—based, too.

Yielding Check in the net-section: as a limit-of-usage check. One obtains:

2-ag 2-55 267

Result: Due to the requirement Oretyield < O¢ Neét section yielding limits the loading here.

5.1.2 Determination of the critical crack length, touch point, considering ‘no hole, ‘with hole’

In the effective curve (index e is written) defined by Kge =180 MPa-+/m the plastic zone o and the
hole diameter are included.

The computation of the critical data set had to be still performed for the establishment of Fig.3.

» Computation of the design stress-linked Touch Point + generated crack growth Aa design loading

Employing both the SIF functions from § 3.3.1

-a
KSIF, (@) =c-z-a- sec 2 and
W
2 3 4
KSIF,, (a) =0 \/z-a- 1—r-(1+o.358-r+1.425-(rj —1.578-(rJ +2.156-(rj ~\/sec7”‘sec”'a
a a a a a w w

the Mathcad computation in Table 2 was executed. (See [3]).
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Table 2 Derivation of a ductility-considering SIF K with improved associate crack a

Kec=130 Kas=246 EKb=20 A=34682 B=073 al=30 w=300 Rp02=425
Vorgabe a=33 7
g |' {mal 1-E
sigi-fm-a- | Sek| T = Kas - (Kas — Kb)-—
Crack, no hole LW (a—al)
eRp |-
LA )
Aa = Suchen{a) Aa=32734 a:=Aa a= 317
100 F
KRc(a)
KSIFnher3(a)
KSTFwho3(a) /
0 a0
0
El J_
0 20 40
a.a.a,r,al

Additional information: Determination of the (physical) Kp from the effective values ae

There are two methods to determine data of a R-curve The Potential method is used to determine

physical data and the Compliance-Method (applied here) effective data for the given initial crack length
Qo and the loading stress o [13, 12, 11].

If necessary, physical data can be derived from effective data by inserting

2
1K : .
a,=a,-05-0 o= ﬁ.(R P ] into K, =0 /;z-ap -,/sec(ﬂ-ap /w) solving the generated
p0.2

implicit equation via

Vorgabe Kp = 180

1 [ K 1‘] 1 ~
Kp=o |w|ae— 03 S . 2 1 J1 [ Kp "
m | Bp02 ) ae — 03— —— |

w
D = Suchen{Kp)

Whether this might be important could be checked by inserting Kpc through Kec calculating

K 2
oo = 1| Kee _
T Rp0.2

In order to present a good feeling for the difference between Kp and Ke the respective values shall be
computed in Table 3 below for the critical case, indexed ¢ :
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Table 3:Difference of the critical values of physical K and effective Ke

i = -.:'- = il- :'= -.:'- "=" '=J.\I — -
ofail = 12.5 o ofail-- ] 1000 o = 305 REIL. 425 W 300 E.EL' 30 Kec = 180-(./1000)
gec = 334 Maec = aec — al Maec= 254 mm Kec = 5602
v
orgabe Kpc = 5355 .
1 ((Kpec ™ 1
Kpc= CI'-\]‘TE-\‘EEE—— D.i{—-: RPI;'J J_| -
A bkpll) r 2
1  Eoe
aec — 0.3 —- Pe |
w \ Bpl2)
Cos| -
D = Suchen{Epc) D= 4470 w
. \l‘l ) \‘|-‘|
1/ K - 1 { K =
wee = 03 —- = | wpe = 0.5 —- Pe | )
w \ Bpl2 ) 7 | Rp02 ) ape = aec — 0.3-{wec)
wee = 283 wpe =272 mm apc = 41.1

5.2 Application of FFM, concerning ‘Onset-0f-Cracking’ at a open hole edge, (no ay)

Determination of finite crack length 4a and failure stress of the panel: Mathcad 15 application

In this sub-chapter the ‘classical”’ FEM-procedure with the square will be presented.

e The FM-linked failure portion: The equation reads:

r+Aa

. j [Kf(x)]dx:

r

r+Aa 2 3 4 2
1.{ [ @z 1—r.(1+o.358.r+1.425-(rj —1.578.(rj +2.156(rj -\/sec”'rsec”'x:l dx
a| 4 X X X X X w

w

e The SFC-linked failure portion: For details see Annex1
For this portion a model for the stress distribution along the net section is to provide, namely,

X—r X—r
O netsec (X)=o- Cod ° [0.335+0.665- (1+ Ciy m)cﬁ +Cp - (—0 5w I’)4 , [8]

with the abbreviation functions c,q = 3.215 — (%)‘0-5 +4.294 - (%)‘1-5 and
C, =—3.765+2.148 (%)0-879, C,, = —2.552 - 42.894 - (g)‘“"”, C,, = —0.7497- (%)1-858.

The equilibrium equation of the SFC-portion reads

r+Aa r+Aa
1

1
- X, y=0)-dx= —- X)-dx =
na | oy=0rdxe T [ o)
1 e X—r X—r
— -C,q -[0.335+0.665- (1 )% (——)*d
~ !a wo *[0.335+0.665- (1+Cyy - o) +0g (o)
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The implicit FFM-solution procedure of the Mathcad software in standard FFM-formulation is shown
below in Table 4 (Mathcad font):

Table 3:
Vorgabe
Aa =1 ag=11
N N
rr+Aa
-
1 'r‘\z «'/r"s r’r\4 { mx i
— o Tx 1-—~1+0_ﬂS—+14’\ - = 15784 =] +2156 —| || [Sek| — Sk— dx
Aa X \x/ \x/ L% \ W J \w ) 5
5 g = Kic™
r+Aa Rm
1 / s \'cll g v \'4
— o-crw- 0335 + 0.663-1 1 + cll- + ¢l3: P |dx
Aa \ 053w—-1) \0S5w-—-r)/
r
r+Aa
/ \cl2 y 4
1 -r ) S ox=1 )
_— a-crw-| 0.335 + 0.665-1 1 + cll- + cl13:f — | |dx|=Rm
Aa \ 05w-—r } \0S5w—-1r)
i g
A = Suchen(Aa.q) G B2 i .
= | | Aa=A Aac = Aa g=A ofail = ;
\ 42083 ) oy 0 AR pxes 1 ety Aac =177 ofail = 421

Results:

Within the FFM, two models from FM and from strength analysis are commonly employed to predict the failure
event ‘Onset-0f-Cracking” at a non-cracked hole. In the case at hand, the instantaneously generated finite crack
length reads Aa, =1.77 mm and the associated remote average structural failure stress of the panel osiryc reads

o5l = 421 MPa.

Fig.5 finally tries to illustrate the FFM hypothesis “Both the conditions must be fulfilled”. Tt points
out the failure-causing relationship and the dominated domains, where stress states may happen to be.

15 15 P
ofail \ ofail /
Rapp | = dop ]
SCj \\ scj /
Pl “““‘“‘—-—h /
SIFJ 05— fe==ca-.. SIFJ 05 o i N OO S e oke g
T | AT ek e s e ae e ndeamama=" =
0 0 P
+ +
sl =
%.5 1 15 2 25 3 %,5 1 15 2 235 3

Fig. 5, w=36mm , ap = 30 mm, d =6 mm: Aa, =1.77 mm

(left) ‘SIF’is assumed to be 100% with the question “When does the SC not show failure?
Vice versa: (right) SC assumed to be 100% with the question “When does the ‘SIF’ not show failure?

One basic interest is how a varying resistance ratio Cyr = Kjo-/Ri” affects critical crack length and
failure stress. Fig.6 shows the mapped numerical results for a number of ratios.
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Result: With increasing resistance ratio both critical crack size and failure stress naturally grow.

6 A 1/
5 /' / Fig.6, w=36mm , a; = 30 mm, d =6 mm:
CKR 4 A / Effect of varying resistance ratio cxz measured in mm,
KR 3 // v on Aa. (left)and oy, on the abscissa)
++, /
/ AA 7475-T7351:
Ciro = (Kic / Rm)® = 3.23mm, Aa, =1.77 mm

100

Of further interest might be how the FM-linked and the SC-linked portions change with the crack
length. Fig.7 depicts these courses after employing the two integrals, termed ‘SIF’ and SC, below.

a 1 a
K?(x)-dx | KZ(X)-dx / K 2
! o Kig s OO OTKE gl

Ilc  _ = 5 =
1 @ sC
A—a-jay(x)-dx IR 2

= = Cr

( j‘f (X),dsz (Rn)’

f+.§3i R
- - - 4 -
1 { / \* ( \3 £ e\ -I ot T mex )
— o\{ xx| 1= 2014 ss-,ws ) —asmsd 2} #2156  Z) || Iserd Z5 setd T2 | ax
l \ \ | L w | w
XL \x \Xx/ \x/ \ W .

A
1 15 2 23
Aa . Aa Aacrit
Fig.7, w =36mm, ag = 30 mm, d =6 mm: Course of growing FM-portion (SIF) and decaying Strength Mechanics
portion (SC) over the finite crack size 4a

a

Result: The critical point at a; = 1.78 mm is clearly marked at ‘SIF’ = SC.
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After having depicted the influence of the resistance ratio Ckg = K;-/R,," in Fig.6 the effect of a fixed
ratio ‘panel width/hole diameter’ w/d shall be displayed for two widths in Fig.8 presenting how the

remote failure stress o, of the panel changes with Aa.

600
600
500 ,.-—"""’
21 ___'-—'+" '__,...-r""’"'p
4 400
ofil36 o ==
o £il300
200
100
1
%5 16 17 18 19 2
15 1.78. Aacrit36. Aacrit300 2

Fig.8, w=36mm, w = 300mm: Effect of different panel geometry, ratios w/d = 6.

Result:
For a given resistance ratio ckgr, for two panel widths, above stress failure curves are plotted as

functions of the individually given critical crack size. The wider panel allows a lower stress only,
because more volume is highly stressed.

» Computation of the Reserve Factor for Design Limit load level, j =1

Remote loading stress o = 7= 250 MPa, a;= 30 mm, d =25 mm.
Linear analysis is sufficient (presumption of FFM model): then o ~ load

Assumed ogij, to be a Design Allowable, the Reserve Factor against ‘Onset-0f-Cracking’ at the hole
edge is

np _ Ostuct _421MPa _ -

Cdesign  250MPa

According to the regulations, a Design Allowable has to be applied, too, which is assumed here,
because Ry, is a Strength Design Allowable and K| is assumed to be statistically based.

Yielding Check in the net-section:, as a limit-of-usage check. One obtains:

2- -55.
<8 =425. 1_m =268 MPa.
300

Otail = Onetyield — Rooz '[1— W

RF =@=1.14 > 1.
250

Result: Due to the requirement o4 <o, net section yielding limits the loading here.

7 Application of the FFM to an HSB-example

Task: Mapping of the critical stress ‘oc-curve’ as function of the running crack size a.
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The course of just 3 test points of a fixed open hole panel (from HSB 62232-01 on ‘Width dependency
of the Feddersen-parameter’, [10], is to map. These fracture values are given for the original ap = a +r,
also depicted in the plot.

Note, please, when assessing the test data set: The 3 test points with the different crack sizes are assumed average
values. (1) In this context, in the HSB sheet the sample size number of tests belonging to one ‘average’ point was
not given. (2) Further, an additional fitting process of the foreseen correction function was performed.

Fig.9, left, displays the geometry and the loading of the envisaged HSB-panel. The coordinate x has its
origin in the hole center.
Fig.9 right, presents the course of the SIF K and of the net section stress along x together with the three
average test points at the abscissa x with the coordinate points » + a = a,

o 500 |
121d limi
onetsec(x)430 ¥ it
¥ 400
Aa — 350 |
1 . +
+ 300 \ ,/
KSIF(x) \ P
Rp2 \ o -
&oe" 200 el
toref ”
Kt-orsf /
cE— 150
3 \_/
Ho— W = . 100
A 50 L.
BT
0
(o} 0 5 10 135 20 25 30 33 40

.0 PX.X.X.X
Fig.9: (left) Geometry of the fixed Open Hole Panel and its uniaxial loading.
(right) Test points with the courses of the ‘S/7/" and the net section stress in width x-direction
w =160 mm, t =2 mm, d =25 mm. AA 7475-7761: Ry;= 445 MPa, K, = 2500 MPa-\/m

Abscissa points inmm: x =r = 12.5; a, =16, 26.7, 32

Result:
Shifting the FFM failure stress point by Aa gives a point a little far from the derived FM-curve, This crack size Aa
defines the a; when analyzing future loading and crack growth.

In Fig.10 for the given hole, d = 2'r, the computed FFM-linked failure stress point oy (bold) is
depicted with the generated crack size Aa. The Mathcad computations are presented in Zable 3, which
presents a mixture of FFM and FM results. In order to map the FM-data course optimal two different K-
values have been applied with a physically logic higher value for the higher ag-values of

Kupper = 2700 MPa - \/H than the mean value 2500.

CV Cuntze_Research Findings_7jul25 * carbon-connected.de/Group/Prof.Ralf.Cuntze 42



http://www.carbon-connected.de/Group/Prof.Ralf.Cuntze
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Fig.10, 80 mm=w/2, t =2 mm, r =25/2 = 12.5mm hole:

Depiction of the FFM-based failure stress at ‘Onset-of-Cracking’ for generating Aa = 9.6 mm and
of the FM-based mapping of the course of the three test points with its associate initial different crack size a,.
For this mapping two different K-values are applied 2500 and 2700 (upper)

Result:

For the identical hole radius 12.5 mm the FFM-based failure stress (ap = 0) lies in the vicinity of the first FM-
based failure stress (a = 16.0 - 12.5=3.5 mm) point +.

» In the frame of the scatter:
the FM-curve tendency of small initial cracks a— 0 matches well with the FFM!

The Mathcad computation is presented in Table 4.
The upper part depicts the classical FFM procedure and the center the Cuntze procedure with directly
using the single equations.

Result: Both, the procedures end with the same numbers.

Also a FM-linked mapping of the three test point examples with its initial crack sizes ap, was
successfully performed, see the bottom of Table 4. Thereby the SIF K was varied, the above mentioned
mean and the higher assumed value was applied.

This might be of interest for a rework of the ‘Feddersen parameter sheet’ HSB 63321-06.

Result:
Mapping was successful. The difference of the two K-values vanishes at both the ends.

CV Cuntze_Research Findings_7jul25 * carbon-connected.de/Group/Prof.Ralf.Cuntze 43



http://www.carbon-connected.de/Group/Prof.Ralf.Cuntze

Table 4, Mathcad computations:
(up) Standard FFM procedure (using the square), however solved without necessary iterations, ap=0
(center) Cuntze’s procedure: separate FFM- and SFC-equation, ap=10
(down) FM-based mapping of the three test points with its individual initial cracks a,

Vorgabe

Aa =11

r+Aa

1 : 2 $ - { '
2 fx: ‘1- = 1+o,ss i 1425[ ] = 1.s7s-(£) * 2.156-(3) Jsm{ ! ') sed T2 || &
Aa x X X X \w \ w )

=]

Ke
3
Rp02~

1 { T r’ -t '
— o-crw-| 03535 + 0.665- 1 + cll-———— +c ] dx| = Rp02
Aa L 05w~—r \0 Sw-r

QDa= A, go= A, [Aa=96 | lo=322]

r+4a

T 2 3 g
\!ﬁ[ 1= 5-[1 0358~ + 1..'25-{i) - 1.578{3) 2158 3) :l] JSek{ 2)Sex{2ﬂ
x x x x \x w w

')
sigmax(s) = B

[ﬁ[x-—[uo,ss--ms[]-15"3[ + 2,156 ﬂjsa\ SJEJ]
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8 Conclusions, concerning

Strength criteria alone or energy-based fracture mechanical criteria alone cannot always lead to a
reliable fracture failure prediction. Design Verification (DV) by using a coupled criterion will improve
the situation and be an aid for understanding the stress state-depending Onset-of-Cracking. The so-
called FFM concept should bring a solution to close the gap. It assumes the formation of cracks of finite
size Aa at Onset-of-Cracking.

Fracture Mechanics

The crack-linked residual strength Ryes is the gross-sectional tensile stress o at failure of a structural
component containing a crack. (for fatiguers : R of the last fatigue phase is to discriminate from Ry in
the previous fatigue phase. Thereby, the crack length ap at the beginning of the static up-loading will
increase to its critical value a. in general).

A structural component will fail in the case of static loading if the SIF K of a brittle material reaches its
critical value at K = K. , termed fracture toughness, which depends on the material behavior. The

determination of the K. values requires in the so-called K-concept used above the fulfilment of a
geometric bound in order to achieve a real minimum value by taking a minimum test specimen thickness
of

t > 25-(K. /Ry, = 0. =K./ (Jra - f(a).
In the less brittle material case the limit reads ¢ = Gec.
The influence of the geometry factor f decreases with the specimen thickness, resulting in fracture
toughness independent of the specimen dimensions. For the same materials, the fracture toughness
decreases with an increasing yield strength of 0.2 %.

Fig. 11 shall illustrate how the failure stress is governed by the crack size. Plastic deformation plays a
significant role.

plastic
deformation

crack size

>

Fig.11: lllustration of the example with the concern plastic yielding

Strength

Dependent on the design requirements the average, the upper or a lower value of the property is used
for the various physical properties.
In the case of the resistance property strength a statistically reduced value R is to apply and in order to
achieve a reliable design a so-called Strength Design Allowable has to be applied. It is a value, beyond
which at least 99% (“A”-value) or 90% (“B”-value) of the population of values is expected to fall, with
a 95% confidence (on test data achievement) level, see MIL-HDBK 17.
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In this context, note please: Measurement data sets are the result of a Test Agreement (norm or standard), that serve the
desire to make a comparability of different test procedure results possible. The Test Agreement consists of test rig, test
specification, test specimen, test procedure and the test data evaluation method. Therefore, one could only speak about ‘exact
test results and properties in the frame of the obtained test quality’.

Test specimens shall be manufactured like the structure, ‘as-built’.

Bearable load(ing)

The provision of bearable load(ing)s requires series tests of the distinctive structural component with
statistical evaluation in order to determine a structural ‘load-resistance design allowable’. This is valid
for the FFM applications. See the 3 average open-hole dots in Fig.10.

Load-defined Reserve Factor RF and design Factor-of-Safety FoS

* A RF is usually the result of worst case assumptions that does not take care of the joint actions
of the stochastic design parameters and thereby cannot take care of their joint failure action and
probability.

* The RF value does not outline a failure probability, and failure probability p, does not
dramatically increase if RF turns slightly below 1.

* A FoS is given and not to calculate such as a the Reserve Factor RF .

Application limits linked to FFM

In Design, as with each criterion, validity limits are faced, such as

» Application-extension of linear structural analysis and high brittleness

» Future task to capture small scale yielding at the crack tip which requires the provision of the
associate statistically-based toughness K.-values in order to master Design Verification

> The stress in the net-section of the panel should not exceed the tensile yield strength Rp.

» 3D-application.

Many thanks to my friends, Prof. Dr.-Ing. habil. Wilfried Becker and Dr.-Ing. Jurgen Broede for the excellent exchange on
this difficult novel topic FFM. “ FFM finites FM

Annexes

1. Course of net-section stress
In the context above and because it is necessary for understanding the FFM an illustration of the stress

distribution along the net-section is to provide. In Fig./2 the curves are depicted for the x- and an

integration-simplifying normalized & -coordinate, proposed in HSB 34112-11. The relationship reads

S 2xld-1_ X—¥r

~ w/d-1  05-w-r

X =d/2: 3 =0 (hole edge)

2-x/d-1 2-Aal/d .
and x=a=d2+Aa: &= X = are - Aa , abbreviated .
w/d-1 w/d-1

In [10] was given |0, = Oyetsec (&) = 0+ Ky g 10.335+0.665- (L+ ¢, - )22 +¢y - &*

with the geometry-dependent stress concentration factor K; (w, d)

K, (wd) =3215 - (1) %+ 4.204- (1) = ¢,
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and the abbreviation functions
_ W, 0879 _ W, 317 _ W, 1858
C, =—3.765+ 2.148-(5) , Cp = —2.552—42.894~(H) , Co=-0.7497- (H) :
For the example w = 300 mm, d = 25 mm, cg, = 3.03, ¢y; = 19.5, ¢1, = -2.56, €13 = -4.9- 10 follow

after normalization by K, (W=00)=3, and setting a reference stress 6 = 100 MPa the following plots:

4+ 4
100 \ Kt =3 10!
onetsec(x) 8 \ o =100 34‘
- |
—k[ 60 g onetsec(¢) 6 y
g 40 \ Kt 4 \
+ PR
0 2 2
,,;_. X {
= | . 5
0 20 40 60 80 0 02 04 0.6 0.8
x.10.a0

Fig.12: Contour of the stress along the net-section of the panel considering the coordinates x and & .
oref = 100MPa, r =12.5 mm, a0=30mm, K,, =3, x width coordinate (ligament), & =(x—r)/(0.5-w—r),

Results:
With increasing distance to the hole edge the stresses are monotonically descending whereas the

incremental energy release rate & is monotonically ascending (see Fig.12).

2. Integration of net-section stress

HSB 34112-11 computation, retraced:
Applying the afore mentioned coordinate transformation x — & enables the following symbolic
integration

1 r+Aa o-C Aa
. .dx = wd . . E)az . EM.
~ ! oy dx= = ![0.335+0.665 (A+Cy &) +Cy-E4-dE
. 1+c,-Aa)™ -1
_ 9% | ggg5pq, AT ANT L
Aa Aa
0.665 C,

with Cy = Cs=C,+1l Cg= 3

Cy, '(C12 +1) ,

Variant Cuntze:
Despite of the more complicate integration limit r + Aa instead of Aa , the Mathcad solution process
allows to stick to the x coordinate, avoiding a mixture of « with a within the solution process. Inserting

into the equation above the relationship & = (x—r)/(0.5-w—r) leads to

r+Aa r+Aa

1 1
Aa ! oy X =1 ! 0 Cyq +[0.335+0.665 (1+c; - £)% +Cy5- £
:i.”faa.c 10,335+ 0.665- (L4 6 =" g, (2= ox
aa oy ' Woswr 2 loswor)
Result:
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The solution of the coupled equation delivers the remote failure stress with its associated crack length size 4a ,
see Table 3, too.

Of interest could be the effect of a varying panel width geometry. Finally Fig.13 plots the influence of the

resistance ratio cxz= Kappleappzon the critical crack size Aa. . The ¢, are the variables:

ofail22-10 900 soo\ \

oFFM 400 ofail2; \\

+

"M_-__-_ __Hh_

ofall 199 *% o fails; 400 ——

_. - h———s—

ofail8 GFFM ER—

ofill2 g0 + 200

0
0 =
o 2 3 4 5 6 7 3 10
Aa.AFFM.A2,A2,82,A2.A2, A2, A2 ! Aaj.Aaj. Mgy Aay. AlFFM 15

500

+

i ¥
— ofail3; 600 ~———]
o110, i\\§ = : e r——
ofails ofaild; [
— — . aohE

[l
/

Fig.13 (1 eft), general, w = 300mm: Effect of different panel geometry, ratios w/d=5, 6, 8, 12 as variables.

Fig.13 (right), general, w = 300mm: Effect of different resistance ratios KIc?/Rm?=2, 3,4,5

Lessons Learned on FEM and its two parts

FFM:
» In the case of plain structural parts ‘Onset-of-Cracking’ in brittle and semi-brittle materials cannot be

fully captured by the SFCs, because both a critical energy and a critical stress state must be fulfilled.
Therefore, SFCs are ‘just’ necessary but not sufficient for the prediction of strength failure, onset of
cracking. Also due to significant internal flaws an energy criterion is to apply

The novel approach ‘Finite Fracture Mechanics (FFM)’ offers a 2D hybrid criterion to more
realistically predict the stress-based ‘Onset-0f-Cracking’ in brittle isotropic (the focus here) and UD
materials.

FFM enables to predict a hybrid (coupled) failure stress being assumed to be a resistance quantity on
basis of the chosen statistically reduced resistances of the FFM-parts fracture mechanics (FM) and
structural strength ( SFC), the strength design allowables

FFM is advantageous for the analysis of notched structural parts and captures applications usually
treated by the well-known Neuber theory. The coupled FFM-criterion ‘SFC-FM’ can be used with some
confidence to predict onset of cracking (failure) in brittle materials in design situations as never could
be done before.

Unfortunately there is still a lack of test data sets for the validation of FFM

Multi-axial stress states are captured by the principal stress oy

Using the chosen locally evenly distributed stress curve averaged over the finite length Ada is
principally to check

In the frame of the scatter the FM-curve tendency matches well with the FFM result. The FMC-
application looks successful for the ‘open hole panel’ example, a realistic failure stress can be
estimated, qualifying the Feddersen concept. » FFM finites FM!

15
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FM (R-curve):

> It is to regard, when considering the formulations to be applied: Short Cracks behave differently to
Large Cracks

> It is unbelievable (see the treated HSB example Feddersen concept) that no test results can be found in

literature concerning panels with different ratios ‘width/hole radius’. Such tests should have been

performed when investigating the Neuber theory (Where are these?)

Notch surface quality and the metal homogeneity faced naturally have its impacts on the results.

The R-curve does not depend on ay and w.

The fracture stress is to base on a. = a + Aa + o (ductile notch tip yielding).

Principal stress-linked procedure.

YV V VYV

SFCs Cuntze:
> Full 3D- stress state-capable and of processing egivalent stresses and principal stresses.

]
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9  ‘Curiosities’ in Classical Material Mechanics ‘Normal Yielding” and ‘Compressive Fracture
Toughness’

Aim: Filling two rooms in the Material Mechanics Building by proving the assumed ’generic’ number.
Regarding a material ‘generic’ number of 2 to be valid for isotropic materials there are two ‘empty
rooms’ in the author-assumed ‘Mechanics Building’ of Isotropic Materials to be filled by ‘Normal

Yielding (NY)’ and by a counterpart of the tensile fracture toughness K,(g in the compressive domain.

9.1 Normal Yielding NY: [CUN22, §4]

Glassy, amorphous polymers like polystyrene (PS), polycarbonate (PC) and PolyMethylMethacrylate
(PMMA = plexiglass) are often used structural materials. They experience two different yield failure
types, namely crazing under tension (Fig.9-7) and under compression a

Loading T
: ﬁ Oriented chains

¢=33nm

=
'
W

o
M M Thickness
: 287 ! ™ 10-1000 nm
118 y m

Void

J —

<25nm

“ Distal betw fibril:
Regulally Spaced Fibril $ 520 nm istance between fibrils
mature fibrlls 10-20 nm

Fig. 9-1: PMMA, SEM image of a craze in Polystyrene Image (created by Y. Arunkumar)

shear stress yielding that is often termed by material specialist ‘shear-banding’.
Crazing can be linked to Normal Yielding (NY) which precedes the crazing-following tensile fracture.
Crazing occurs with an increase in volume through the formation of fibrils bridging built micro-cracks

(0.-R%,0)

Fig. 9-2, PMMA: (left) Mapping of test data in tension and compression principal stress domain with and without

interaction; (right) depiction of the fracture body shape with some representative points. For the validation of the

FMC-based SFC for PMMA two data sets were available, one NY-2D-data set from Sternstein-Myers and a SY-
3D-data set from Matsushige .
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Sternstein S S and Myers F A: Yielding of glassy polymers in the second quadrant of principal stress space. J. Macromol.
Sci, Phys. B 8 (1973), 539-571. Matsushige K, Radcliffe S V and Baer E: The mechanical behavior of polystyrene under
pressure. J. of Material Science 10 (1975), 833-845.

and shear banding keeps volume. Therefore, due to the FMC ‘rules’ the dilatational 7,” is to employ in
the SFC-approach for tension /; > 0. Under compression, brittle amorphous polymers classically shear-
band (SY) and experience friction. Therefore, /; must be employed in the approach for /; <0 in order to
consider material internal friction. ‘Mises’ means frictionless yielding and therefore it forms a cylinder.

For obtaining the complete yield failure body (Fig.9-2) its parts NY and SY are to interact in the
transition zone. Doing this the used Mathcad 15 code had no problems to generate the 3D-failure body,
however the 2D-cut visualization of the NY failure surface using Mathcad 15 code (a 35 DIN A4-pages
application) was too challenging for the solver which had to face a concave 2D principal stress plane
situation instead of the desired convex one.

LL: The failure type crazing shows a ‘curiosity’ under tensile stress states: A non-convex shape exists
- e l - - - _pge ’ -
for Onset-of-Crazing (R, ). This violates the ‘convexity stability postulate” of Drucker, meaning

“If the stress-strain curve has a negative slope then the material is not Drucker-stable”.
The inflection point of the hyperboloid results from the derivation dF/dl; of the NF criterion,

neglecting 120°-symmetry (results, see a later chapter.)

9.2 Compressive (shear) Fracture Toughness KO, [CUN22,84.2]

llcr?
Some reasons caused the author to search a compressive fracture toughness:

e An early citation of A. Carpinteri, that approximately reads: “With homogeneous isotropic

brittle materials there are 2 real energy release rates ¢, , ¢¢,, , one in tension and one in
Icr’ Ilcr
compression”

e The number of the (basic) fracture toughness quantities may be theoretically at least also 2,
namely Kk =K. together with Ky~ (Fig.9-3) and

e The novel approach Finite Fracture Mechanics (FFM) that offers a hybrid criterion to more
realistically predict the crack initiation in brittle isotropic and UD materials.

A stringent postulate for the author was crack path stability which can be explained “Only an angle-
stable, self-similar crack growth plane-associated critical Stress Intensity Factor (fracture toughness) is
a ‘basic’ property”. This requires as presumption an ideally homogeneous isotropic material in front of
the crack-tip. Therefore, the investigation is only for an ideal structural mechanics building of
importance, because in practice, there are usually no ideal homogeneous conditions at the crack-tip.

Practically, facture mechanics is presently only tensile driven performed using K. = K.’ as a clear
critical fracture intensity, where the crack plane does not change (the index cr is necessarily to be taken
in this document in order to separate tension ' from compression ©). Why shouldn’t there not be a
quantity Ky that fits as an opposite complement to Ky and where, in an ideal case of no flaws in
front of the crack tip, the crack plane grows further along the generated shear fracture angle under a
compressive fracture load?

The Fracture Mechanics Mode I delivers a real, ‘basic’ fracture resistance property generated under a
tensile stress. Both the Modes II Ky, and IIT Ky, do not show a stable crack plane situation but are
nevertheless essential FM model parameters to capture ‘mixed mode loading’ for performing a multi-

axial assessment of the far-field stress state. — R' and K,tcr correspond! They are ‘just’ very helpful

model parameters driving the crack plane in direction of a finally Klc-driven failure.
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With the Mode-II compressive fracture toughness Kjy,° it is like with strength. One says compressive
failure, but actually shear (stress) failure is meant, compressive stress is ‘only’ the descriptive term.
Therefore the shear index  is to apply with Ky~ .

One has to keep in mind: In mechanical engineering the structural tasks are usually lie in the tension
domain (index ' is skipped), whereas oppositely in civil engineering the compression domain is faced
(index © is skipped):
*Tenstion domain: One knows from Kj.,’ (tension), that — viewing the fracture angle - it corresponds
toR.
*Compression domain: Above not generally known second basic SIF Kj;,” seems to exist under

ideal conditions. It corresponds to shear fracture SF happening under compressive stress R and
leading to the angle @y, . The crack surfaces are closed for Ky, friction sliding occurs.

R

¢ Mode I: Opening  Mode II: In-plane shear  Mode III: Out-of-plane shear

Fig.9-3: Classical Fracture Mechanics modes

Some proof of the author’s postulate could be: There exists a minimum value of the compressive
loading at a certain fracture angle. This means that the Kj.,“ becomes a minimum, too. Liu et al
performed in [Liul4] tests using a cement mortar material, (Fig.9-4). P From his measured results, by
now, it seems to - theoretically at least - that the ‘generic’ number 2 is met.

C; =0m

test
specimen

critical stress

3 63
| 2MPa

Fig.9-4: Scheme of the test set-up and of the test points obtained for cement mortar [Liul4],
oy represents the mathematical stress oy (largest compressive stress value).

[Liu J, Zhu Z and Wang B: The fracture characteristic of three collinear cracks under true tri-axial compression. The
scientific World Journal, V 2014, article ID459025]

For the transversely-isotropic UD lamina materials it seems directly to match: » 5 fracture toughness
properties correspond to 5 strength properties, ‘generic’ number postulate is fulfilled.

LL:

*Fracture Mechanics seems to follow material symmetry ‘rules’ and seems to possess a  ‘generic’
number, too.

* Note on Ky, as a design entity: It is of theoretical, but not of practical value due to the usually
faced not ideal homogeneous situation of ‘isotropic materials’ at crack tips.
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Das Abknicken von Rissen unter MM-Beansoruchung ist Folge des singuldren
Spannungsfeldedes an der Rissspitze, Mode-I treibt an der Rissspitze das Wachstum des
Annfangsrisses. Die Drehung der fortschreitenden Rissoberfliche wird von den nicht-
singldren Spannungen verursacht
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10 Automated Generation of Constant Fatigue Life curves considering Mean Stress Effect
Aim: Automated derivation of the Constant Life Curve with discussion of the Mean Stress Correction.

Generally, in Design Verification (DV) it is to demonstrate that “No relevant limit failure state is met

considering all Dimensioning Load Cases (DLCs)”. This involves cyclic DLCs, focusing lifetime with
non-cracked and cracked structural parts (the latter would require Damage Tolerance tools).
Methods for the prediction of durability, regarding the lifespan of the structural material and thereby of
the structural part, involves long time static loading which is linked to ‘static fatigue‘ and in particular
to ‘cyclic fatigue’. Fatigue failure requires a procedure for the Fatigue Life Estimation necessary to
meet above cyclic DV.

Domains of Fatigue Scenarios and Analyses are:
LCF: high stressing and straining
HCF: intermediate stressing 10.000 < n < 2.000.000 cycles (rotor tubes, bridges, towers,
off-shore structures, planes, etc.)
VHCEF: low stress and low strain amplitudes (see SPP1466 Very High Cycle Fatigue > 1 0’
cycles (in centrifuges, wind energy rotor blades, etc.).

Principally, in order to avoid either to be too conservative or too un-conservative, a separation of the
always needed ‘analysis of the average structural behaviour’ in Design Dimensioning (using average
properties and average stress-strain curves) in order to obtain the best structural information (= 50%
expectation value) is required from the mandatory single DV-analysis of the final design, where
statistically minimum values for strength and minimum, or mean and maximum values for other task-
demanded properties are applied as Design Values.

10.1 Fatigue Micro-Damage Drivers of Ductile and Brittle behaving Materials, see [Cun23b]

There are strain-life (plastic deformation decisive, plastic strain-based €,/ (N)) and stress-life models
(SN) used. For ductile materials, strain-life models are applied because a single yield mechanism
dominates and the alternating stress amplitude counts. For brittle materials, the elastic strain amplitude
becomes dominant and stress-life models are applied. With brittle materials inelastic micro-damage
mechanisms drive fatigue failure and several fracture mechanisms may come to act. This asks for a
modal approach that captures all failure modes which are now fracture modes.

Above two models can be depicted in a Goodman diagram and in a Haigh diagram. The Haigh
diagram (o, ,0,,) will be applied here because the often used Goodman employs just one quantity o
or Ac =2-04 orc__ which is not sufficient. A Haigh Diagram represents all available SN curve

information by its ‘Constant Fatigue Life (CFL) curves, being the focus here and using the two
quantities og, R .

Basic differences between ductile and brittle materials are the following ones:

o Ductile Material Behavior, isotropic materials: mild steel
1 micro-damage mechanism acts = “slip band shear yielding“ and drives micro-damage under
tensile, compressive, shear and torsional cyclic stresses: This single mechanism is primarily
described by 1 SFC, yield failure condition (HMH, ‘Mises‘)!

o Brittle Material Behavior, isotropic materials: concrete, grey cast iron, etc.
2 micro-damage driving mechanisms act = 2 fracture failure modes Normal Fracture failure
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(NF) and Shear Fracture failure (SF) under compression described by 2 fracture conditions, the
2 SFCs for NF and SF, where porosity is always to consider

e Brittle Material Behavior, transversely-isotropic UD-materials:
5 micro-damage driving fracture failure mechanisms act = 5 fracture failure modes
described by 5 SFCs or strength fracture failure conditions.

A very essential topic is the so-called ‘Mean stress sensitivity’: Within [Cun23b] the author attempts
to redirect the ‘Thinking, resulting from ductile material behavior using ‘Mean stress influence
correction factors’, which in reality means ‘Walking on crutches’, into a direct ‘Thinking with fracture
modes facing a realistic brittle material behavior’.

Not fully ductile isotropic materials show an influence of the mean stress on the fatigue strength
depending on the (static) strength ratio R/R’ and the material type. Mean stresses in the tensile range, o

>0 MPa, lead to a lower permanently sustainable amplitude, whereas compressive mean stresses 6 < 0

MPa increase the permanently sustainable amplitude or in other words.

LL:

* A tensile mean stress lowers the fatigue strength and a compressive mean stress increases the fatigue
strength

* If it is a pretty ductile material one has one mode 'yielding' and if the material is pretty brittle then
many ‘fracture modes’ are to consider

* Brittle materials like the transversely-isotropic UD material with its five fracture failure modes possess
strong mean stress sensitivity, a brittle steel material just 2 modes

* Whether a material has an endurance fatigue limit is usually open regarding the lack of VHCF tests.
The strength at 2-10° cycles might be only termed apparent fatigue strength (scheinbare Dauerfestigkeit).
However, e.g. CFRP could possess a high fatigue limit

* Whether the material’s micro-damage driver remains the same from LCF until VHCF is questionable
and must be verified in each given design case (continuum micro-damage mechanics is asked here)

* The ‘ductile material behavior thinking’ in ‘Mean stress influence’ is to redirect for brittle materials
into ‘thinking in fracture modes".

10.2 Mapping Challenge of the decisive Transition Zone in the Haigh diagram [Cun23b]

The course of the test data in the transition zone determines the grade of the mean stress sensitivity. In
Fig.10-1, at first all essential quantities are illustrated. Further, two Constant Fatigue Life (CFL)-
of a brittle material are displayed, for the envelopes N = 1 and N = 10’. The pure mode domains are
colored and the so-called transition zone is separated by R, into two influence parts. The course of
the R-value in the Haigh diagram is represented by the bold dark blue lines. The CFL curve N = 1 is
curved at top because 2 modes act in the case of brittle materials! This is in contrast to uniaxial static
loading, depicted by the straight static envelopes, N = N, : One micro-damage cycle results from the

sum of 2 micro-damage portions, one comes from uploading and one from unloading! For fully ductile
materials practically no transition zone between 2 modes exists, because just one single mode reigns,
namely ‘shear yielding’. Therefore, it is no mean stress effect to correct in this case!
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Fig.10-1, Haigh Diagrams: Scheme of pure mode domains, course of R and transition zone parts .
(a:= amplitude, m:= mean, N := number of fracture cycles, R := strength and R := omin/Gmex

The quality of mapping the course of data in the transition zone is practically checked by “How good
is the more or less steep course along the stress ratio R,,s-line mapped?” This is performed by

following the physical reality, that the pure SF-domain is fully decoupled from the NF-domain, and
employing oppositely running decay functions f4 see Fig. 10-2.

Eff = [(EffNF)" +(EfSF)"]™ = 100% or

_(O-Zm_O-Za)+|O-2m_O-2a|) i O-2m+o-2a+|o-2m+o-2a|) i .

2 il -1
2R°-1, 2R T,
(G ) . =
> 2= 1/ [1+exp(="m)] with c,, ¢, fixed at (-RS, 0.995), (-0.01,+0.01).
2
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Fig.10-2, example UD material: Course of the decay functions in the transition zone - 0 <R <0
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Fig.10-2 illustrates the course of the mode decay functions f; for the tension and the compression
domain. The straight lines in the figure present the extreme SN curve beams, R = oo for the SF domain
and R = 0 for the NF domain. In between, the envisaged slightly colored transition zone (-0 <R <0) is
located. Mean stress sensitivity of brittle materials is demonstrated very impressively if the so-called
‘strength ratio’ = compressive strength / tensile strength R/R’ is high. The two plots in Fig.10-3 will
clearly document this.

LL:
* A large strength ratio R%/R" stands for a large mean stress sensitivity

* A steep decay cannot be captured by a ‘mean stress correction factor’ as can be still
performed with not fully ductile materials

10.3 Estimation of the cyclic Micro-damage Portions of Brittle Materials

A very essential question in the estimation of the lifetime of brittle materials is a means to assess the
micro-damage portions occurring under cycling. Here, for brittle behavior the response from practice is:
It is permitted to apply validated static SFCs due to the experienced fact:

“If the failure mechanism of a mode cyclically remains the same as in the static case, then the fatigue
micro-damage-driving failure parameters are the same and the applicability of static SFCs is allowed
for quantifying micro-damage portions”. This is supported because FMC-based static SFCs apply
equivalent stresses of a mode SF or NF. See again Fig.10-2 above.

10.4 Automatic Establishment of Constant Fatigue Life Curves (for details , see [Cun23b]

For a decade the author’s intensive concern was to automatically generate Constant Fatigue Life
curves on basis of just a few tested Master SN curves coupled to an appropriate physically based model.
Such a model the author obtained when M. Kawai gave a presentation during the author’s conference on
composite fatigue in 2010 at CU Augsburg. Kawai’s so-called ‘Modified fatigue strength ratio’ ¥ -
model was the fruitful tool found. Kawai’s presented procedure was a novelty and is applicable to brittle
materials such like UD plies (depicted later in Fig.10-4) and isotropic concrete material as well.

Fig. 10-3 (left) displays the differently-colored failure mode domains FF1-FF2 in a UD FF Haigh
diagram and (right) IFF1-IFF2 in a UD IFF Haigh diagram. The available test data set along R, in the
transition zone is represented by the crosses.

The decay model quality in Fig.10-3(right) proves the efficiency of the decay functions in the transition
zone. For proving this the author is very thankful because this was only possible because he got access
to the test results of C. Hahne, AUDL
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Fig.10-3, UD Haigh diagram: (up) FF with low strength ratio as with ductile materials. Rigorous Interpretation
of the Haigh diagram for the UD-example FF1-FF2 displaying failure mode domains and transition zone [16],

CFRP/EP, R} =1980, F7"° =1500, R} =51, R =172, I?L” =71 [MPa].
(down) IFF with high strength ratio as with brittle materials Display of a two-fold mode effect (a:= amplitude,

m:= mean, N := number of fracture cycles, R:= strength and R .= opin/omax)- Test data CF/EP, courtesy
Clemens Hahne, AUDI
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In Fig.10-4 the course of the cyclic failure test data can be well mapped by the 4-paramater Weibull
formula R=constant: o, (R N)=c +(c,—c)/exp(logN /c3)°4.

4 G2 max
10 2, | =across
fiber direction
g Opx (N) =

" R = Rtrans
"‘
o"*
. L ®” ‘Master mode
o “l.-" S-N curves':
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e
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.’
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Fig.10-4: SN-curve, lin-log displayed IFF1-IFF2-linked SN curves [test data, courtesy C. Hahne, AUDI]
[Kawai M: A phenomenological model for off-axis fatigue behavior of uni-directional polymer matrix composites under
different stress ratios. Composites Part A 35 (2004), 955-963]

10.5 Lifetime Estimation

The so-called Palmgren-Miner rule is applied for summing up the cyclic micro-damage portions.
Statistical analyses in the German aeronautical handbook HSB have shown that the fatigue life
estimation using the linear accumulation method of Palmgren-Miner tends to be too optimistic.
However a satisfactory reason with correction could not yet found:

e One explanation is the ‘Right use of the right SFC: Mises is not anymore fully applicable?’
e A more severe second explanation is the loss of the loading sequence, an effect which is
different for ductile and brittle materials. This inaccuracy is practically considered in design by

the application of the so-called Relative Miner with defining a Dygeygiple and which must be <
100 %.

In the case of variable amplitude loading several SN curves are needed. An example for the computation
of the lifetime estimation is displayed by Fig.10-5.
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Fig.10-5: Lifetime Prediction (estimation) Method .Summing up of micro-damage portions by application of the
Palmgren-Miner rule. Schematic application of a simple example, 4 blocks.
Dreasible from test experience

LL:

* A ‘closed CFL-procedure’ - as a coupled method - could be found to generate mandatory test data-
based Constant Life Fatigue curves by using a Master SN curve plus the supporting model to
determine other required SN-curves employing Kawai’s ¥-model

* The challenging decay along Rtrans = -R°/ R' could be modelled (strength has a bias letter)

* Test data along Rtrans are more helpful than for R = -1, which is standard with ductile behavior

* Right use of the right SFC. One cannot blame ‘Mises’ if yielding is not anymore decisive for the
creation of the micro-damage portions

* The Palmgren-Miner rule cannot account for loading sequence effects, residual stresses, and for
stresses below the fatigue limit (life — o ?)

* Viewing brittle materials, all the SN curves have their physical origin in the strength points.

» The author would like to recommend: Redirect the traditional Thinking, resulting from ductile
material behavior regarding Mean stress correction’ into a Thinking with fracture modes’ in the
case of the usually not fully ductile structural materials.
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11 Evidencing 120°-symmetrical Failure Bodies of Brittle and Ductile Isotropic Materials

Aim: Structural Materials Building, Proof that ‘All isotropic materials possess 120° rotational symmetry’ with
presentation of 3D-SFCs for isotropic, transversely isotropic UD-materials and orthotropic ones.

11.1 General

From experiments is known, that brittle isotropic materials possess a so-called 120°-axially symmetric
fracture failure body in the compressive domain. The question arises: Should ductile materials in the
tensile domain not also possess a 120°-axially symmetric yield loci envelope instead of having just the
rotationally symmetric ‘Mises cylinder’?

According to the French saying ” Les extrémes se touchent ” and based on his FMC-thinking the
author assumed that there is a large similarity in the description of the behavior of very ductile and very
brittle materials. Also with ductile materials a 120°-rotational symmetry should be found. In order to
prove a general 120°-rotational symmetry, test results from bi-axially measuring test specimens are
necessary, such as a cruciform or a cylinder.

Searched is the description of a complete failure body. This requires that the SFC captures both the
positive and the negative I;-domain. Further, the 120°- rotational symmetry should be mapped by the
SFC approach (traditional use of J3), too.

Thereby, brittle and ductile material behaviors are to discriminate:
Brittle: In order to show the difference of brittle to ductile materials Fig. //-1 outlines the brittle
material with its features R"™ < R'and R > R®. (Probably not considering the natural flaws in

concrete, in [Lem08] was published R"™ > R'which is physically not explainable and might be the

consequence of the difficult measurement).
Ductile: Deformation measurements prove that for the same strain value of the growing yield surface

it holds that equi-biaxial stress Gt (2D) > Gt (D). This is similar to brittle concrete in the
compressive domain where R > R® and demonstrates the validity of the 120°-axial symmetry.

Note:
Brittle: bi-axial tension = weakest link failure behavior
Brittle: bi-axial compression = redundant (benign) failure behavior
Ductile: bi-axial compression = redundant (benign) failure behavior.

11.2 Brittle Isotropic Materials (Metals, Glass, Ceramics, Concrete, Soil, ..)
2 modes — 2 SFCs, which is in line with the ‘generic’ number 2 according to the FMC.

3D-SFCs of Isotropic Dense Materials

* Normal Fracture NF for I, >0 < SFCs = Shear Fracture SF for I, <0
v 43, O —12/3+1, o V4, 0T —17/3+1,
:C® . — =1 o =c =1
2-R 2-R

after inserting o=R- Eff and dissolving for Eff follows

w 43, -0" —11/341 o - J43,-05 —12/3+1, of
CH ot = « =Co - T ==
2-R 2R R

FNF o F¥=c

Eff "=

Rt

The formulation of F" generates a straight line in the principal stress plane! It is hyperbolic in the
spatial domain, where Haigh-Lode-Westergaard coordinates are used.
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3D-SFCs of Isotropic Porous Materials with model parameter determination

* Normal Fracture NF for I, >0 < SFCs = Crushing Fracture CrF for 1, <0
ENF _oNF _\/4‘]2 0" - |12 [3+1 -1 FCrF _ oCrF .\/4‘]2 0" - |12 [3+1 -1
® 2. Rt © 2-R°
after inserting o= R Eff and dissolving for Eff follows
e A A LR a_e“f‘f R 4, -0 L
© 2-R' R' © 2-R° R

with 1, =(o, +o, +0,) = f(0), 6J,=(c, -0,) +(0,-0,) +(0, -0,) = f(7)

271}, = (20, -0, -0,)- (20, -0, —0,,)- (20, -0, —0},).
If a failure body is rotationally symmetric, then ® =1 like for the neutral or shear meridian, respectively .
A 2-fold acting mode makes the rotationally symmetric fracture body 120°-symmetric and is modelled
by using the invariant J, and ©® as non-circularity function with d as non-circularity parameter

O = ifL+d" sin@9) = {1+d" 15-43.3,-3,"° & O%F =144 .15.43.3,.3,*

Lode angle 4, here set as sin(3 - 9) with ‘neutral® (shear meridian) angle $=0°(—>®=1,d =0) ;

tensile meridian angle 30° — ©"" = §/1+d"" - (+1) ; compr. mer. angle -30° — @ = §[1+d°" - (-1) .

Mode interaction — Equation of the fracture body: Eff = [(Eff )™ + (Eff “F)"]" =1=100%

Eff = m(CNF \/4‘]2'®NF_I12/3+|1)m cCrF \/4‘]2'®Cﬂ:_|12/3+|1)m_1
-\ 2R T ) R/ )

* 120°-rotat. symmetric ® =1
co” — ¢ =1(®" =1in practice chosen).
CgF ,d"" from the 2 points (R', 0, 0)— ch and (R™,R", 0)— d " or min.error fit of data course
coF,d" from the 2 points (—-R°, 0,0) - ¢™ and (-R*,-R*,0) — d°". See also §26.
The failure surface is closed at both the ends! A paraboloid serves as closing cap and bottom
L ‘(1/2J2_.®NF Vs max |, | L g .(,/2\]2_' e°F v min |,
J3-R! R J3-R 3R R! B-R
Slope parameters s are determined connecting the respective hydrostatic strength point with the
associated point on the tensile and compressive meridian, max I, must be assessed whereas min I,

can be measured. R* works as normalization strength. [CUN 22,85]).

[Lem08] Lemnitzer L, Eckfeld L, Lindorf A and Curbach M (IfM TU Dresden): Bi-axial tensile strength of concrete —
Answers from statistics. In: Walraven, J. C.; Stoelhorst, D. (Hrsg.): Tailor made concrete structures. New solutions for
our society. Amsterdam, The Netherlands: CRC Press / Balkema, 2008, S. 1101-1102

In order to illustrate the two SFCs with their common interaction zone a full view with the 3D-concrete
Fracture Body is presented:
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Fig.11-1: Visualization of the behavior of a brittle material (Normal Concrete) considering 1D stress-strain
curve with 2D- and 3D-fracture failure curves and fracture body (surface). 120°-rotationally-symmetric
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11.5 Ductile Materials, Metal

In Fig.11-2(left), the failure body is presented with its meridians as axial lines. The center figure fully
proves the general isotropic 120°-material rotational symmetry which is supported by the Mises
being the inclined cross-section of the Mises cylinder failure body is added. The right octahedral figure

shows the inner green curve with the Mises circle at the and the outer one at tensile
t
strength R".
- Compressive §on
= i
SR Meridian "
mirrored Tensile Meridian
\ 0
600
2 " / X
J =}
4 400
t5 300
1 2
Tensile Jul g : /
Meridian v : 1 i
L 1 i b
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Fig.11-2, isotropic steel AA5182-0: Visualization of the behavior of a ductile material. (left) Yield body in Haigh-
Lode-Westergaard coordinates; (center) 120°-symmetry, visualized in the principal stress plane; (right) 120°-
symmetry, visualized in the octahedral stress plane

The 120°-rotational symmetry can be best displayed in the octahedral stress plane which is a ‘horizontal’
cross-section of the failure body at a distinct /;, Fig.11-2(right). The points and curves on the spatial
body (left figure) are projected onto the octahedral plane (right figure). Since they depend on /;, they
have different cross-section heights /;, such as the uniaxial tensile strength point which is located higher
than the equi-biaxial strength point x.

In the center figure, Mises is the green curve; red square: the tensile strength point; cross: the equi-
biaxial tensile strength point ductile (trueR", trueR", 0), i. e. the cross x. In the case of ductile metals it
can be assumed R" = 1.1-R".

An elaboration of four materials with the Mathcad calculation program leads to the Fig.//-3 below:
Fig. 11-3(left) presents curves through the uniaxial tensile strength points and the equi-biaxial strength
R". The curves are inclined cross-sections of the failure body. Fig.1l-3(right), for completion, displays
the Beltrami potential surface (¢ ¢ shaped), the ‘Mises’ cylinder and the three principal axes.

The figure shows extreme curve examples at trueR' level in the positive principal stress range.
The red curve is occupied by the data of Kuwabara given below in the table, shown within Fig./7/-4.
The metal test data AA 5182-0 are from /[Kuw98] T. Kuwabara et al: Journal of Materials Processing
Technology 80-81 (1998) 517-523.
Gotoh's biquadratic yield criterion (not given here) was used to map the test data of the cold-rolled low-
carbon steel AA 5182-0 sheets.
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Fig.11-3: (left) Normalized principal stress plane failure curves of a set of fully different isotropic materials.
(right) Failure body surface

Fig. 11-4 depicts several failure cross-sections of an isotropic ductile steel demonstrating 120°-rotational
symmetry like the brittle isotropic materials such as concrete in the compression domain and other

ductile ones in the tensile domain.

For the generation of Fig. /-4 biaxial tensile tests of cold-rolled low-carbon steel sheet were carried
out using flat cruciform specimens with the biaxial loads maintained in fixed proportion. Contours of
plastic work (of flow potential) were determined in stress space under the shown strain range.

400 . .
[ Gotoh's biquadratic |
‘ 1 § 300}
<
b:'\
Y 200 ! i
g [ ! &
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| . | m0.005 ||
100 , ; 1 coo1
| , 4002
i i v 0.03
| ! 0,04
0 1 1 )
0 0.01 0.02 0.03 0.04
400
£, &,
3 0.0005 0.002 0.005 0010 0020 0.030 0.040
gr @ 0.0005 0 0.002 m 0.005 W(MPa) 007 033 089 192 419 668 9.33
° £ 0.010 a 0.02 ¥ 0030 oo (MPa) 158 180 196 214 239 258 273
Goo (MPa) 162 184 199 215 238 256 271
6y, (MPa) 163 184 202 225 260 288 310

Fig.11-4: (left) Test points as function of the experienced plastic straining gg" ; Mapping by using Gotoh’s bi-

quadratic criterion. (right) True stress—true strain curves for different biaxial loadings= different stress ratios.
Measured values using ro, rss, Feo. T = 1mm, flat cruciform
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LL:
* The author was able to map the course of all the corresponding courses of test data points with his

isotropic SFC models.
* Also for the ductile materials, the 120°-rotational symmetry was demonstrated, see further [CUN22,

85.8].
* The 120°-rotational symmetry of isotropic materials is nothing else than a ‘double mode effect, a

two-fold danger .
* This effect is faced with all isotropic materials independent whether they are ductile or brittle.

Reminder to illustrate elastic and plastic behavior:

* Elastic deformation of crystalline structures occurs on the atomic scale: The bonds of the atoms in the crystal
lattice are stretched. When de-loading, the energy stored within these bonds can be reversed. The material

behaves elastic.
* Plastic deformation or sliding occurs along gliding planes inter-crystalline or intra-crystalline and is permanent

(plastic). No volumetric change is faced. ‘Mises’ applied.

In the context above_Fig. /1.5 displays the strains when an axial stress comes out of the elastic state into

the plastic state:

stress
A

8vo|

gy
&y

Fig.11.5:

Display of the volume change with
increasing axial tensile stress
transversal

__ _ 1
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12 Completion of the Strength Mechanics Building
Aim: Completion of author s material- ‘generic’ number- driven Strength Mechanics Building

In the frame of his material symmetry-driven thoughts the author intended to test-proof some ideas
that help to complete his envisaged Strength Mechanics Building by finding missing links and by
providing engineering-practical strength criteria (SFCs), the parameters of which are directly
measurable.

All this supports the assumption of a ‘generic’ number for a smeared-modelled material.

LL:

v’ Beside the standard Shear (band) Yielding SY there also exists Normal Yielding NY analogous
to the failure modes Shear Fracture SF and Normal Fracture NF (author assumption proven)

v 120°rotational symmetry is inherent to brittle and ductile isotropic materials (author
assumption proven)

v Generic number 2, K., with Ky, - Ky, was theoretically proven for the non-real, ideal case
of no flaws in front of crack tip

V' Also in consequence of above building: Different but similar behaving materials can be
basically treated with the same SFC. Examples are: Concrete <> foam, different fabrics

v The obtained Strength Mechanics Building matured, became clearer and more complete.

Material Symmetry seems to tell:

“In the case of ideally homogeneous materials a generic number is inherent. This is valid for elastic
entities, yield modes and fracture modes, for yield strengths Rj; and fracture strengths R, fracture
toughness entities K., and for the invariants used to generate strength criteria’.

This generic number would be

2 for isotropic and 5 for transversely—isotropic materials.

One might think:

“Mother Nature gives Strength Mechanics a mathematical order!”

__ _ 1
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13 Safety Concept in Structural Engineering Disciplines

Aim: Providing basic knowledge for design, in order to pace the required finally necessary design
verification of a component.

Exemplarily, the designer of a structure (e.g. aerospace) has to demonstrate to the operator (airline)
and the regulator (airworthiness authority) compliance with the design requirements concerning
Structural Integrity of flight hardware components such as: Stiffness, strength, vibration, fracture
behaviour as well as to material selection, manufacturing process, hardware tests, inspection methods,
quality assurance and documentation. This procedure is principally valid for other disciplines like civil
engineering, too.

Structural Integrity of Hardware shall be proved by analyses and verified by tests under mission
environmental conditions considering the complete life history of each item.

13.1 General with Mentioning the Old safety Concept

A Safety Concept means to implement reliability into the structural component by ‘capturing’ the
uncertainty of the design parameters! It can just provide an unknown safety distance between load
(‘stress’ S) and load resistance (‘strength’ R). FoS capture uncertainties, small inaccuracies, and
simplifications in analyses w.r.t. manufacturing process, tolerances, loadings, material properties
(strength, elasticity etc.), structural analysis, geometry, strength failure conditions. FoS do not capture
missing accuracies in modeling, analysis, test data generation and test data evaluation!

In the deterministic concepts or formats, respectively, the worst case scenario is usually applied for
loadings considering temperature, moisture, undetected damage. Further, a load is to increase by a
‘Design FoS’ and the resistances are to decrease. For the decrease of the strength, statistical distributions
are used. If the loading is also based on a statistical distribution, then one speaks about a semi-
probabilistic format.

Design Development was the basic work of the author in industry. This is why at first the Flow Chart
below shall remind of the structural analysis tasks. There are basically four blocks, where — after the
material Model Validations - the fulfillment of the Design Requirements has to be demonstrated for
obtaining Design Verification as precondition of the final Certification Procedure.

Analysis of Design Loads,
Dimensioning Load Cases

Thermal

»
>

analysis A
Hygro-thermal mechanical Stress and Strain analysis
(input: average physical design data)

¥ )
v v v v

Damage tolerance, Stiffness, Strain, Strength Stability
crash, and fatigue life Deformation demonstration| |demonstration
demonstration

demonstration

Figl13-1: Structural Design-Analysis Flow Chart

Essential question of engineers in mechanical and in civil engineering is:

“How much could one further increase the loading. Which is the reserve”?
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Old Safety Concept of Allowable Stresses:

At least since 1926 the civil engineer M. Mayer questioned the old safety concept, which used
allowable stresses, meaning: resistance was reduced by a design safety factor.
This gives no accurate results in the case of non-linear behavior. In construction this was replaced since
some decades in DIN 1054 by the Partial Safety Factor concept, which applies design safety factors and
combination factors for general service loads, live loads, snow, ice loads, and wind loads. Temperature
effects are specified in DIN 1055-100.

Material resistance must be generally demonstrated by a positive Margin of Safety MoS or a Reserve
Factor RF = MoS - 1> 1 in order to achieve Structural Integrity for the envisaged Design Limit State! A
FoS is given and not to calculate (as it is too often to read even in FEA code manuals) like the Margin of
Safety MoS or the Reserve Factor RF = MoS + 1.

Fig.13-2 visualizes the stress-strength distribution which outlines that the crossing over will determine
the probability of failure p Its value is the area of the ps-distribution within the overlapping (gusset) of
the stress and the strength distribution tails, see for details [CUN22, §16]

load analysis
002 : ¢

\x

stress
level

stress
strength
. old 'new’
001 \eserve reserve /
: ——
' c

P >
200 250 300 350 1 a0 a0 Alp 00

o8 & in a
limit state ultimate limit state

allowable stress (zulédssige Spannung)
@ strength design allowable

002

Fig.13-2: Visualization of the present (‘new’) and the old safety concept

LL:

The citation of the term ‘allowable stress ‘ is restricted to the former ‘Concept of Allowable Stresses
and shall be not applied within present concepts anymore. Why? The usual application of the
abbreviating term ‘allowable’ instead of ‘strength design allowable’ may not confuse, but
‘allowable stress ‘ is error-prone because the relation below is valid:

j - allowable stress = strength design allowable !! (see again the figure above) !

13.2 Global (lumped) Factor of Safety Concept (‘deterministic format’) on Loading
Concept, that deterministically accounts for design uncertainties in a lumped (global) manner
by enlarging the ’design limit loads’ through multiplication with a design Factor of Safety FoSj.

As still mentioned, FoS are applied to decrease the chance of failure by capturing the uncertainties of
all the given variables outside the control of the designer. In the design process the scatter of individual
values and parameters is usually treated by using fixed deterministic FoS, which act as load increasing
multiplying factors FoS and should be called, more correctly, Design FoS.

CV Cuntze_Research Findings_7jul25 * carbon-connected.de/Group/Prof.Ralf.Cuntze 69



http://www.carbon-connected.de/Group/Prof.Ralf.Cuntze

Personal Experience:
A safety distance pays off “.

Comodo waran ~ 80 kg

Presently, in mechanical engineering the loading is increased by one lumped (global) FoS j, and in
civil engineering the procedure was improved by using several partial Design FoS y for the uncertain
stochastic design variables. These FoS are based on long term minimum risk experience with structural
testing. Depending on the risk consequences different classes of FoS are applied, e.g. for manned space-
crafts higher FoS are used than for unmanned space-crafts.

Present spacecraft safety concept is an improved global deterministic format (intention: semi-
probabilistic) = ‘Simplest’ Partial Safety Factor concept: It discriminates load model uncertainties

K ) from design uncertainties which are considered by one global FoS

considering factors (K, , ., Project

J!
The to be applied values j for the FoS are risk or task driven. Facts to consider are:

- As mentioned exemplarily: Different application in cases of manned, un-manned
spacecraft

- Design verification by ‘Analysis only’ (by the way this is the usual case in construction)

- Different risk acceptance attitude of the various industries.

Example: DUL = j,, - design limit load DLL

Mind: The virtual design value must be written DUL, because is the real test fracture load.

Different loading (action) FoS in aircraft and space engineering:

The first task in aerospace industry is load analysis. In any load analysis there are to establish all load
events the structure is likely to experience in later application. This includes as well the estimation of
loadings induced by the hygro-thermal, the mechanical (static, cyclic and impact) and the acoustical
environment of the structure as further the corresponding lifetime requirements (duration, number of
cycles), specified by an authority or a standard. Then, the so-called Design
Limit Load values are determined, usually derived from mission simulations utilizing the so-called
mathematical models of the full structure (dynamical analyses, at first on basis of the preliminary
design).

When preparing the HSB sheet [Cun12] the author sorted out, that there practically is no different risk
view between air-craft and space-craft:

* Spacecraft: using a dynamic Limit Load model obtaining a basic load prediction dLL
considering a load model uncertainty considering factor j ,, =1.2. This delivers a Design

Limit Load DLL=1.2 -dLL, and from this follows DUL =dLL-j, ,, ., » With1.2-1.25=
1.5 I'In spacecraft, the DLL level is applied in fatigue life demonstration.

* Aircraft: Definition of a so-called (design) Limit Load LL delivering DUL = LL-1.5.
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LL:
Hence, the author could conclude after comparing the ESA/ESTEC aerospace Standards (the author
had to work on them), that the DUL-value is practically the same value in aircraft and in spacecraft !

The resistance strength and the bearable loads (at joints etc ...):

Dependent on the design requirements the average, the upper or a lower value of the property is used
for the various properties. In the case of strength a statistically reduced value R. To achieve a reliable
design the so-called Design Allowable has to be applied. It is a value, beyond which at least 99% (“A”-
value) or 90% (“B”-value) of the population of values is expected to fall, with a 95% confidence (on test
data achievement) level, see MIL-HDBK 17. A “B”-value is permitted to use for multi-layered,
redundant laminates.

Bearable loads require series tests of the distinctive structural component with statistical evaluation in
order to determine the ‘load-resistance design allowables’.

Measurement data sets are the result of a Test Agreement (norm or standard), that serve the desire to
make a comparability of different test procedure results possible. The Test Agreement consists of test
rig, test specification, test specimen and test data evaluation method and the Test Procedure. Therefore,
one can only speak about ‘exact test results in the frame of the obtained test quality’. Hence, there are no
exact property values.

Test specimens shall be manufactured like the structure (‘as-built’).

Considering property input: When applying test data from ‘isolated lamina’ test specimens (/ike tensile
coupons) to an embedded lamina of a laminate one should consider that coupon test deliver tests results
of ‘weakest link’ type. An embedded or even an only one-sided constrained lamina, however, possesses
redundant behavior — “B”-values permitted.

Reserve Factor RF and Margin of Safety MoS: Formulas:

Linear analysis is sufficient (presumption): o[l load = RF = frr=1/Eff
Strength Design Allowable R
Stress at j,,, - Design Limit Load
Non-linear analysis required: o not proportional to load
_ Predicted Failure Load at Eff =100%

Reserve Factor (load-defined) RF,, = : P — > 1.
Jure - Design Limit Load

Material Reserve Factor fR,:’ ule =

+|-

A FoS is given and not to calculate such as a Margin of Safety MoS or the Reserve Factor RF = MoS
+ 1.

A MoS is usually the result of worst case assumptions that does not take care of the joint actions of
the stochastic design parameters and thereby cannot take care of their joint failure action and
probability. This failure probability is a ‘joint failure probability’ because it considers the
probability of joint acting

A material with a high coefficient of variation CoV disqualifies itself, when computing the
statistically-based ‘strength design allowable’ value. Therefore, one must not penalize it further as
performed in some standards in the past in the case of new materials.

Both, an increasing mean value and a decreasing standard deviation will lower py
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* The MoS value does not outline a failure probability. Failure probability p; does not dramatically
increase if MoS turns slightly negative. Check as below, whether one may get more material and
structural data to reduce scatter

* A local safety measure of MoS = -1% is no problem in design development if
a ‘Think (about) Uncertainties * attitude is developed in order to recognize the main driving design
parameters and to reduce the scatter (uncertainty) of them

* Nowadays often non-linear analyses are performed, delivering true quantities, however Design
Verification is executed with engineering strength values R. Why do we not use in such a case the
true tensile strength, however calculate fre with four numbers ‘accuracy "?

* Fig.13-3 (left) visualizes strength distribution, Eff versus micro-damage growth and material reserve
factor fre

* ‘True-in’ requires ‘True-out” and an assessment by trueR". Fig.13-3 (right) shows for an aluminum

alloy a difference between the mean (material model) strength values englit —> trueR" of 8%.

f trueT= 0 {1+ 24) =
R 4 = true R;[»n_
g 600 ",
é’ § density function 100% n
g E’ of basic strangth R MPa F \L
0 -t — =R s00
R R o - ( tre __,.--"ﬁ -
fRS A distribution function = =1 - - e * Y
1 Ll 100% R4 | : 1\
fallure probabllity o ﬁ F
05 50% gt Erigneerng» 20 |ew
p0.2 f difference
% Wit Ten 3001 forthis
Eff transitton terial
1 ; domain Inate
stress effort ="~ __material 200
o : model
; A4 2210
g TR s RO, - 100
D fRes - determination
A el g it S i . in % .
damsEga - / 0 5 10 15
development
| i s tre€ = In{1+£,)

> Yaq

Fig.13-3: (left) Design quantities when approaching failure in Design Verification. (right) Difference engineering
and true tensile strength of AA2219

Robust Design Requirements:

The goal of any design engineer should be to end up with a robust design. In order ta o achieve this, the
main stochastic design parameters have to be used to outline the robustness of the design against the
envisaged actual failure mode by firstly computing the sensitivity measures o and then investigating the
reduction of the design’s sensitivity to changes of Xj while keeping pyat the prescribed level. This is
important for the production tolerances. Probabilistic design may be used as an assessment of the
deterministic design or is necessary as design method if a reliability target % 1is assigned instead of a
FoS. or its complement, the probability of failure ps.

A structural reliability analysis in a Hot Spot reveals the influence of each stochastic design parameter
on the distinct failure mode by means of the sensitivity measures. Robust designs (robust to later
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changes of the design parameters) are required with identification of the most sensitive design
parameters!

For better illustration of the Safety Concepts from [CUN22, 812] the Fig./3-4 is included. It clearly
depicts the definition of the failure probability in this two-parameter case.

Load Level Stress Level
15 estimation of | | | 0.02 T
J load dist;illl{tiun - LL distribution - Kpy §~ strength ®
t 7 o distribution \
AL / \ 001 &
05 s N o / \
/ -
0= e o _ bar = ___../ MPa (:
4 45 5 5.5 6 6.5 7 75 8 &5 uL ? 350 R 400 450 500
i1 (D)UL yield strength design allowable
—— aircraft =S -
X spacecraft < & =
LL DLL DYL DUL
Mises N 1107+
Stress Response = Action Resistance
003 I | fpy )
equivalent stress strength .
distribution /‘\@ distribution .
0 -

® 360 325 350 375 400
\ in MPa

0.0t  reserve | / lllustration of the density function f
with ps the area

frequency
o
2
\
--"""ﬂ‘

MPa
200 250 300 350 R 400 450 500
(o] s € S strength design allowable

ed \  Oeq
allowable stress

Fig.13-4: Visualization of the difference of the aerospace load terms used in the Strength Design Allowable Safety
Concept and of the ‘hopefully forgotten’ Allowable Stress Safety Concept

Design advantages found with the Ariane Booster design, when using a probabilistic tool:

Two advantageous applications of the probabilistic tool shall be shortly demonstrated where
probabilistic modelling and computation were successfully applied:

* A reduced production tolerance width leads to a reduced mass which sequentially reduced
further fuel mass savings. Improved production reduced the wall thickness tolerance from
8.2 +- 0.20 mm to 8.2 +- 0.05 mm. Keeping the same given reliability value SR =1-ps =1 -
5-10-6 the nominal wall thickness could be set — 8.1 +- 0.05 mm leading to mass and fuel
savings.

(As early as 1985 for our pre-design of the Ariane 5 launcher so-called target survival
probabilities ‘R were fixed for the several structural parts?")

* Probabilistic modelling of the geometrical tolerances of bore hole, pin, position (pitch) and
strength minimum restrains with minimum residual stresses could be achieved, for the pin

connection an optimum number of pins of 130 pins for a simpler assembly process and for
reduced mounting stresses.
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Fig. 13-5 presents a numerical example how exemplarily a UD reserve factor RF is to compute.

Asssumption: Linear analysis permitted, design FoS j ;. =1.25
* Design loading (action): {G}design ={o} iy

* 2D-stress state: {o} =(0110,,03,Tp3:T51,Tp)" * Jyy = (0, =76, 0, 0, 0, 52)"MPa

design

* Residual stresses: 0 (effect vanishes with increasing micro —cracking)

* Strengths (resistance) : {§} = (1378, 950, 40, 125, 97)" MPa average from mesurement
statistically reduced {R} =(R,,R/,R,R{,R;)" = (1050, 725, 32, 112, 79)' MPa

* Friction value(s) :  u,,=0.3, (u,, =0.35), Mode interaction exponent: m =2.7
(Eff ™) = (Eff', Effl*, Eff‘", Eff*, Eff* ) =(0.88, 0, 0, 0.21, 0.20)'

Eff" = ( )"+ (BT + (Eff)" + (EFf)" + (EFf)" = 100% .
The results above deliver the following material reserve factor f,. = 1/ Eff

D . PRl BNPST S % By
2-R} 2-R} R, —#y 0,

Eff =[(Eff )™ + (Eff 7)™+ (Eff ™M™ = 0.80.
= fy =1/ Eff =1.25 > RF =f_.(if linearity permitted) - MoS=RF -1=0.25>0 !

Fig.13-5: Computation scheme of a UD Reserve Factor RF

e Lightweightesign becomes easier by reducing uncertainties!

e We should focus robust products and fabrication processes

e Robust Design: 1 / (uncertainty-complexity). Design optimization must consider the scatter of the
stochastic design variables

e Uncertainty quantification opens the door for a successful lightweight dimensioning

e Loadings are most often the design variables of highest scatter or uncertainty

e The basis for determining reliability is the recording of uncertain parameters

e Uncertainty, citing Freudenthal: “The application of probabilistics makes me aware of my risk, since it
provides numbers, whereas deterministics does not. You can buy certainty.” However,
concerning costs: How safe is safe enough?

e *Random variation (aleatory: dice rolling; physical in nature such as fluctuations in material properties,
stress). *Uncertainties (epistemic: knowledge, inference from sample to population of a design parameter,
weakness of used models)

e Design Limit Load (NASA: not just Limit Load !)= Limit Load of load model -uncertainty factor. DLL
is a statistically evaluated value if a distribution is available or (b) value from an engineering judgement
following a rationale

e Optimum fulfilling of product liability: Secured, validated design procedures + reproducible
manufacturing processes
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In a European Structural reliability working group we distinguished Failure Rate from Failure State
people. Both work together in the reliability assessment of an overall system, as we had to do with the
Ariane 5, below: Reliability of an Ariane S sub-system

As early as 1985 for the pre-design of the Ariane 5 launcher target survival probabilities R =1 - p,

were fixed for the several structural parts! The following Fig./3-6 presents an example of the Ariane
launcher for a distinct mixed scenario:

The full system is divided into subsystems and these in turn are divided into elements. The individual
elements are then assigned a required probability of failure so that the full system can meet the target
value of the survival reliability R =1 - p, of the launcher subsystem.

rocket propulsion 3.2-10™

| [ | |
nozzle 6-10° case 5-107 [AND) propellant 3-10™ | [insulationfliner 1-107™
adjustment mechanism 8-10™ igniter2 2-107*| | igniter1 2-107"

leak 3-107 burst 2-107°

Series failure system:

The reliability of the series system is always smaller than that of the sub-system.

The so-called or-link rule applies. The greater the number of sub-systems,

the more unreliable the overall system is (breaking of a tension rod O O O
and tearing out a bolt at a joint) R,.= Ry R N2 =1 -p; with pr< Tpe,

Parallel failure system:
In the parallel system, there is only one combination that describes a system failure,
namely that all components fail at the same time. The and-link rule applies.

(rivet rows in a connection). R = 1 -[(1-R,) (1-R2)-(1-NR2)] =1 - ps

Combination:
The reality more often corresponds to a combination of both the failure systems

Fig.13-6: Procedure to estimate the reliability of a sub-system of the Ariane launcher

__ _ 1
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14 Nonlinear Stress-Strain relationships, Beltrami Theory with Change of Poisson’s Ratio v

Aim: Provision of a Basis to generate an ‘Extended Mises’ model 1o later replace a multi-parameter ‘Gurson

model’
14.0 General on Stress-Strain curves o(c), Strengths R and Poisson’s Ratio v

There are two different stress-strain curves existing: the monotonic and the cyclic stress-strain curve.
The first curve is derived by the static tests, whereas the second one is generated by fatigue tests. Strain-
controlled cyclic hysteresis loops (Fig.l14-1, left down) are performed on different strain levels with
several test specimens. Dependent on hardening and softening behavior of the actual material these two
curves may discriminate significantly. Monotonic stress-strain curves have long been used to obtain
design parameters for limitation of the stresses in engineering structures subjected to static loading.
Similarly, cyclic stress-strain curves are useful for assessing the durability of structures subjected to

repeated loading.
Further, in the case of monotonic c-e-curves there are very different, material-specific stress-strain

curves in the elastic-plastic transition domain, see Fig./4-1, left up and right. Some show an ‘Onset-of-

yield” at an upper yield stress level R;™* and others at a lower yield strength R(™". In this case

usually the lower yield point is taken as the yield strength of the metal.

hysteresis curves
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Fig.14-1, engineering quantities. modelling: (left,up) Discontinuous yielding, mean curve for mild steel
showing the yield point phenomenon, termed Lider s elongation effect. (left, down) Cyclic curves.
(right) Tensile-test specimen with gage length, elongation before and after testing and finally after rupture (from
Kalpakjian S and Schmid S: Evaluation of the Possibility of Estimating Cyclic Stress-strain Para-meters and Curves from
Monotonic Properties of Steels. Manufacturing Engineering & Technology. 2013

For the ‘left up’- metals in the paper of Hai Qiu and Tadanobu Inoue: Evolution of Poisson’s Ratio in the
Tension Process of Low-Carbon Hot-Rolled Steel with Discontinuous Yielding. Metals 2023, 13, 562.
https://doi.org/10.3390/met13030562 four different regimes are distinguished: Phase 1: Uniform elastic
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elongation, Phase 2: Discontinuous yielding, Phase 3 beyond Ry, : Uniform elongation in the hardening

regime, Phase 4 beyondﬁt: Macroscopic plastic-strain localization experiencing radial deformation.
Low-alloy iron usually has such an upper yield limit R."*** (Rey, Streckgrenze). If it is stretched during
the tensile test, a spontaneous yielding in the crystals-compound takes place under loading. This so-
called Liider’s elongation effect of mild metals as a part of plastic stretching disappears until all crystals
are finally commonly stretched. Austenitic steels do not have a pronounced yield strength.
Essential for an accurate analysis is a stress-strain curve which is derived from a set of test curves,

delivering distributions for the design parameters R,,, R, gl and &£f'.

The yield strength is a material property defined as the stress at which a material begins to deform
plastically. If it is not well-defined (remind Liider) on the stress-strain curve, it is difficult to determine a
precise onset-of-yield point. In general, discriminating the proportional tensile limit Ry, and Rpoo (=
Ry, the offset yield point is taken as the stress at which 0.2% plastic deformation remains (in English
literature Ry is termed proof stress). The mean stress at Onset-of-Yielding, denoted Ro.z will be

applied for ductile modeling. The stress o(g,,) , considering only the plastic deformation or plastic flow

of the material, is termed Flow stress o .

By the way, the actual ‘Onset-of-yielding at Ryop = Oprop can be determined by a temperature
measurement. If a metallic material is subjected to tensile stress, it first cools down in the area of elastic
elongation analogous to an ideal gas , thermo-elastic effect. With onset of plasticization heat is released,
which leads to an increase in temperature. This temperature is measurable with glued thermocouples.

In other words: The proportionality stress 6y, can be allocated to that applied stress level, where the
test specimen experiences a temperature increase due to internal dislocations.

t
Regarding not only metals - for a conflict-free understanding — it will be denoted Rp0.2 (— R, )and

C
R, (= R, ) in the body text from now on. At the maximum of the curve, characterized by the so-

called ‘End-of-uniform elongation’ = ‘Onset-of-(ductile) necking’ in the ductile material case, the

t ¢ t
tensile strength Ry, (— R ) is given. For very ductile materials is valid R, , = R, -

t
Beyond the tensile strength R a multiaxial state of stress follows in the tensioned ductile behaving test

specimen. Therefore, the index ax holds up to the ‘End—of—uniform elongation’ (GleichmaRdehnung) at Rt
(index pl for plastic strain, oon for Onset-of-(ductile) necking, and odc for Onmset-of-ductile cracking
located before rupture = plastic collapse).

In this respect, any formulations in this domain afford equivalent quantities in order to perform an

accurate non-linear analysis with a correct o(¢)-input.

14.2 Engineering and True Stress and Strain Quantities

The larger the strains the more the engineering quantities lose their applicability in structural

dimensioning. Therefore, logarithmic (usually termed true) strains have to be used in an accurate
dimensioning process. The derivation of these quantities is collected in Table 14-1.
Fig.14-2 contains a true and an engineering stress-strain curve. The figure presents a general view and
uses classical Ramberg-Osgood mapping. Mapping of the course of stress-strain data in the non-linear
domain is well performed by taking the usually applied Ramberg-Osgood equation for the true stress-
true strain curve (maps the true curve better than the engineering curve)

CV Cuntze_Research Findings_7jul25 * carbon-connected.de/Group/Prof.Ralf.Cuntze 77



http://www.carbon-connected.de/Group/Prof.Ralf.Cuntze

n truen
In( A, /0,2%
enge=¢ = ¢l +ef =% L0002 2  truee = truea+0.002. true_a = ( _? ° )
E, In(R* /Ry, )

G 4 inMPa

 ——T f 1 mptwre |

300 I 5 lf .
I necking
o ‘l f plastic strain at end .I < 4

of uniform elongation '|

J / < S
N f f ,I |
1 |

it S

! ol |
- s Ay ik As
0 1 2 3 4 5 6 4

;.\2% cin%

s
=4

_—

—

>
»

i
&l ERm Eax

Fig.14-2: R-O mapping of a single engineering measurement test results, Agl =min gopc!n .

Typical (mean) engineering stress-strain curve of a distinct ductile metal material. End of uniform elongation
(Gleichmassdehnung Agl)

Table 14-1 presents the derivation of true stresses and true strains in the ‘Mises’-validity domain.
In Fig.13-4 the difference between the mean strength values engR' — trueR' was shown to be 8% for

AA2219! Fig.14-3(left) depicts the linear elastic proportional domain and the hardening domain.
Fig.14-3(right) presents stress-strain measurement with Ramberg-Osgood mapping. The course of the

area reduction would show a slight kink beginning at ‘Onset-of-ductile cracking o4c’ (= onset-of-
localized necking) according to the deteriorating effect of the void coalescence.

Hardening
F maximum F and ultimate strength C 4 lrue,eng
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/ , e
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Fig. 14-3, modelling: (left) Display of proportional domain and hardening domain with the tensile rid test
specimen. (right) Ramberg-Osgood-mapped true and engineering stress-strain curves of AA2219. F:= Force F,

A, := original cross-section, A:= actual cross section of the necked rod. R! = max F/ A, e< Kg, (permanent

strain linked to load-controlled fracture at R* ). Necking radius is p. A bar over R indicates a mean (average)

value of a sufficiently large test data set, and no bar over R will generally mean strength and later indicate a
‘strength design allowable’.
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Table 14-1: Derivation of true stresses and true strains in the ‘Mises -validity domain

True Strains (logarithmic strains):
The application of engineering strain cannot be correct for larger strains, since it is based on the
original gage length 7, whereas the length is continuously growing. Ludwik [Lud 09] therefore

introduced the true strain (Iogarithmic strain), the increment of which for a given length is defin-
edas d(trues)=d// ¢ and the total true strain, integrated from ¢, to current length 7, is

¢
trues,, = jdz [0=In(¢/2,)=In(1+enge,, ).
to
Above equation delivers an accurate value up to ‘onset-of-necking’ or R'.
The replacement of the logarithmic function by a Taylor series
trues, =enge, —enge,’ / 2+enge,’/ 3— ..+
clearly shows that identity is given for small strains, only. Applying the true strain has a physical
and a numerical advantage: The incompressibility equation really becomes zero
D truee, =truee, +trueg, +trues,, =0,
whereas in terms of engineering strains the correct equation from solid geometry reads
(1+engg, )-(1+enge, )-(1+enge, ) — 1 =0,
which reduces to 0 for negligible strains, only.
Once necking starts most of the deformation occurs in the smallest cross section. The longer
the gage length used the smaller the percent elongation will be. Therefore, a better procedure
is the measurement of the reduction of the cross-section. — Beyond R, the true c-¢ curve
can be more accurately obtained by measuring the radial strain
eNgE, 4w =(r—r)/ n=r/r,-1 and trues,,, =-In(1+engs 4,)=—In(r/r),

radial

provided, the tensile test specimen has a circular cross-section, a rod. In this case &4 = Ehoop

=2In(r/ ry),

which delivers an accurate value above ‘onset-of-necking’. The equivalent strain in the center reads

truee,, +truee,q, +trueg,,, =0 anditholds trues, =-2trues

radial

2
trues,, = %-\/(true Ea —trUE &, )* +0+(true &, —true &, )°

= g ' 2(2 - ( _1))2 'truegradial - % ¥ 'truegl’adial =2 In( r/ fo )

= Transferring strain data: trues =In(1+enge), enge =" ° - 1.

True Stresses
Truec can be obtained from enggo, if the small changes in volume at the end of the transition
domain are neglected. Then, incompressibility Zeip' =0 canbeassumed and it follows:
engo =F/ A,, truec =F/A with A-/=A, -/, ,F:=load F,
wherein 7, : = original gage length, and A, /7 current values of the necking cross-section.
Introducing the equation &, =(/—-/,)/ ¢, derived above, the true stress is linked by
truec, =F/ A=(F/A) (¢ ¢,)=engo-(1+engs,,) =0, -(1+¢&,) usually written
= Transferring stress data: truec =engo -(1+enge) and engo = trueo / exp (trueg) .
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Fig. 14-4 (left) shows an experiment in the elastic-plastic transition region, carried out by O.
Mahrenholtz /H. Ismar. The test was a flat compression test of a cube: One side constrained, one free,
one compressed — Principal stress state (61 = Gaction, O11 = OI (re-action), o1 = 0) — principal strain — v . It
turns out that Rpoi is approximately v = 0.4. The value at Rpo2 in H-L-W coordinates is 0.82 =

N213=23, | Ry, with J, =2R, / 6 (left, down). Poisson’s ratio, determined by a coupon

measurement, reads V=-gp/e,x or V=-(Ad/d)/(A?/¢.
Concerning sheet test specimens the measurement problem increases because localized necking will
occur at ‘onset-of-ductile cracking and this depends on the thickness of the test specimen.

I1 F 4

J; ﬁﬁtpo.z w:
' f MPa

1600 ————

1460

................................

-4

1 2 3 4 in% S5

Fig. 14-4: (left) St37 Development of v in Beltrami’s elastic-plastic transition regime, a cube plane compression
test. (right) D6AC, Ariane 5 Booster) Stress-strain measurement points with a Ramberg-Osgood engineering
stress-strain data mapping curve under axial tension

14.4 Mapping of the measured stress-strain curve by the Ramberg-Osgood Model

In a contract of MAN-NT with the institute IWF at Freiburg all standard model-required properties have
been determined. For completion, hopefully in a material-handbook given will be in addition the plastic
strain A5 and also the final necking value Z, being usually minimum and not average values. Ay = Ay

comes from measurement of 45 (type: Lo -5 * dy, original length Ly and initial diameter d,) as plastic or
permanent change in length, measured on the load-controlled broken test specimen and Z the radial
plastic necking A-reduction ratio value, in % (Unfortunately, material mechanics also uses the letter A for this
strain property).
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Table 14-2 lists analysis-relevant quantities (in MPa and %) to be applied in a Ramberg-Osgood curve
modelling.

Table 14-2: AA2219 material properties and Ramberg-Osgood parameters. Isotropic materials, in MPa and
%), d=4.0 mm . Regarding R, , see the following Sub-chapter 14-6.

odc *

ﬁ ﬁ Agl tI’UERm truepbl ﬁodc Af” = trueAf Z n truen RpO.Z Rm Rodc
p0.2 m A T
rupt
352 453 | 49 | 478 4.8 535 | 7.7 7.5 20 | 12.7 | 10.6 | 297 | 417 | 492
MPa MPa % MPa % MPa % % % - - MPa | MPa | MPa
average (mean, typical, characteristic) values for best mapping Design Allowables
¢ t truen
truee = 0 1 0.002{ — o0 = trueed, +trues?
Eo trueR,,
ghard _ O _ o E [ hard :d_U _ E,
sec £ o E o i1 1 tan dé' E o - '
—+0.002-(_ ) 1+40.002- =2 (=) 1+0.002-0- =% (=)
EO RO.Z RO.Z RO.Z RO.Z RO.Z

14.5 Poisson’s ratio

If analytically necessary the value of Poisson’s ratio v, which increases when stresses narrow the
plastic regime, can be determined for stability analyses as a function of the stress. The formula, which
uses quantities of the R-O-mapped true stress-true strain curve, is derived in Table 14-3.

Table 14-3: Derivation of a formula for Poisson’s ratio

el pl —trueglealt
trueg = trueg® +trues® with trueg,, = trueg’ +trues” | trueg,, = truegt, +trueg’, v, = —
trueg,,
. L . _ v ¢ A
from incompressibilityin the plastic range ( = volume conservation law) —=—-—=1
VO KO Ah
follows trueg” +2- trueg,m =0 and trues,. = —v, -trues’. , which gives after insertion of above relations
| el pl el pl
trueg, truegly +trueg,” trueg,,, —0.5-trueg truee, trueg
truey = — lat _ _ lat lat _ _ lat ax & | _y —05- ae>|<
trueg,, trueg,, trueg,, trueg,, trueg,,
truegs), —0.5- trueg) —v, -truegs, —05-trueg” —v, -truees, —05- (—truegt, +trueg,, )
trueg,, trueg,, trueg,,
_ Y -trues’, —0.5- (—truegt, +trueg,,) _o54 % -trues’, —0.5- (—trueet )
trueg,, —truee,,
truegs
=05- (05-v,), see. 145,
trueg,,

However, this formula does not fully lead to v = 0.5 at Ry as can be seen in Fig.14-5. A better
approximation v =0.5- E'2'7 E ). (05v, 3 true is usually applied in the elastic-plastic

domain in stability analysis employing the tangent modulus function above in order to approximately
consider the changing v in analysis.
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Fig.14-5: Course of Poisson’s ratio in the elastic-plastic domain, determined with several formulas

LL:

* The determination of the properties of a solid material requires a force-elongation curve which is
then accurately to transfer into a stress-strain curve that is independent from the tested specimen
type rod, sheet, coupon, cube.

* Before any performance of a non-linear analysis is executed it is to check whether true or
engineering curve quantities are to provide for numerical input. This then fixes the output

* Beyond R’ necking occurs generating a hydrostatic stress onya In the tensile rod, which lowers the
stress-strain curve (see Chapter 15) in the high plastic regime

* Poisson’s ratio can only approach the limiting points 0.5 > v > (-1, principally.) So-called auxetic
materials possess a negative v. Being strained, the transverse strain in the material will also be
positive

* UD-materials have different v-values in the directions of anisotropy

* True strains can be added while engineering strains can not!

In Fig.14-6 the different growth of the engineering and the true stress-strain curve is displayed up to
the tensile strength point at the ‘End—of-uniform elongation’. Beyond R, in test data evaluation the axial
stress has to be replaced by the equivalent stress because necking in the test specimen activates a
hydrostatic residual stress state, dependent on the test specimen used.

en 4 trued 2
8 Ogyf ax true R L
600 I I
t .

o \ " | Fig.14-6, AA 2219:
~ AKX er-uni-eael data . . . . .
RL m > :ﬂ + : ;’:‘;’::;mg Differences in R-O-mapping of engineering and

400 1 true stress-strain curve, single measurement.

roean eng curve

i Bar over R indicates a mean value.
Rpo2 : FIA, at ‘End of uniform elongation’ =

200 ‘Onset-of-(diffuse) Necking’

100 eng Eqy

true Eax

0 2.5 5 7.5 10 12.5 15

CV Cuntze_Research Findings_7jul25 * carbon-connected.de/Group/Prof.Ralf.Cuntze 82



http://www.carbon-connected.de/Group/Prof.Ralf.Cuntze

In Fig.14-7 the full stress-strain curve is presented and associated significant points including strength
design allowables points are depicted. Additionally for ‘Onset-0f-yielding’ the Margin of Safety is
rendered in order to visualize the size of the fulfillment of the ‘Design Yield* Limit State.

O & Mises ExiMises
600 T =t
n Rode |
[ MPA =
Rodep " I_ ] e l
treR y }m “ I____\ —
Rm aetr ¥T I Sl i :
= +-—BE—
R p0 .).L !
Ro02 =
L 4 A = |ME ield
+ & (DYL, minimum properties corrected) cup-cone picture
200 X G (DUL,minimum properties corrected, load-conir) T—
¥ o (DUL,strain-controlled, no correction) of the
++++++++  MIN engineering curve for comparison failed rod
100
T=13
m % I
0 : »
0 2 4 é 8 10 12 14 16 18 20

Fig. 14-7: Equivalent true stress-equivalent true strain curve. Proposed local strain-controlled extended stress-
strain curve incl. mean fracture points and strength design allowables (no bar over)

The full curve ends with reaching the ‘onset-of-ductile cracking’ point at the associated strength Roqc.

LL:

* Opposite to some regulations it is to note “In general, it can be not correct to use a minimum
engineering curve in order to obtain the desired realistic structural behavior because structures are
usually statically indeterminate ”.

* The elliptical shape of the ‘Beltrami egg’ and its surface potential description will be used in the
‘Gurson domain’ too, next chapter.

14.6 Estimation of the Strength R,

Beyond ‘Onset-of-diffuse necking’ the axial strain measurement becomes senseless, only
representative is the rod radius-decrease measurement to investigate in this full plastic domain the
influence of the hydrostatic stress. From the measured plastic cross-section reduction the plastic portion

g, Can be estimated and the ‘plastic’ curve point R, computed if the only counting associated

odc
plastic strain is known, fixed by the diameter reduction. ~ Because the R/O-model excel- lently maps
the true strength course of test data, its plastic part is employed to estimate a value for the plastic point

R = ‘Onset-of-ductile-cracking’, which is of interest for plastic structural design.

This can be executed by using volume constancy applying the measured reduction of the initial radius a
= d/2 of the tensile rod. With Z (Ry,,) taken as Z (R

4c) the estimation of Ry, at trueg,, from the

Ramberg-Osgood curve is performed as shown in 7able 14-4.

Ductile collapse or rupture R, ., respectively, is of theoretical interest, only.

rupt »
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Table 14-4: Derivation of an estimate value for the Strength R .

At R' 'Onset-of- (diffuse) necking' dyp, = 3.89 mm, at 'Onset-of-ductile cracking' dyge =3.78 mm.
n
—A 2
e? = 0'002(;] e =In(l) M_A-A_L A4 le_z :r_z
Ro> a A A A A a
In( €4 000" /0, 2%)

=-2-g,,” at R" anddelivers  truen = t
In(R' /Ry, )

€

ax, 00n

With known €, =In(£)=ln(\/l—z)=In(»\/1—0.20)=—11.2% and e," =—2-¢,°

truen
odc
0.2

20

pu)

follow for the non-corrected odc-point —> truee) = 0.002 (

= R .. =Ry, -"e,” /0002 =542 MPa and

odc

_ — truen
Ry
truee0dc = truest + trues?) = E oooz( °ch .
0.2

14.7 Beltrami’s Potential Surfaces in the Elastic-plastic Regime and as Idea for the Porous Regime

From previous investigations the author knows, that any volume change, due to the FMC ‘rules’, is to
describe by the term / 12. If a shape change occurs then the invariant J; is required.

Flastic-plastic transition regime:

Beltrami cites: “The deformation of a material consists of two parts, a shape and a volume change”.
Based on this, one can formulate for the elastic-plastic transition regime

2+2v)-3] 1-2v)-1,° 3J, l,2 . -
# and % - =Z+x-2-=c™ with =iz
R R R? R 2+2v
Into this formulation a normalizing strength is inserted: 1,=R, J, =2R /6 — c® =1+x and
3J l,°
for the special yield potential surface (v=0.5) yields = 22 +0-2 > =1+0 (Mises' cylinder).
02 02

Beltrami bridges the elastic domain with the plastic domain (3-J; is Mises part). His formulation is not a

failure function but a descriptive function to predict subsequent Beltrami surfaces v(R), which are

surfaces of equal potential. This means: A pair (v, ﬁ) must be given for each desired v-curve of the
subsequent potential surfaces are obtained, see Fig.14-8 left. This part figure shows the change of the
potential surface of the growing ‘Yield’ body with increasing v in the elastic-plastic transition domain.
The two center figures show the cross-section using the principal stresses and below the development of
the yield body from the yellow egg (v = vo) up to full yielding (v = 0.5) rendered by the ‘Mises cylinder’
— Poisson’s ratio v drives the elliptic shaping!

Plastic porosity affected regime: an anticipation, considering Chapter 15

Porosity causes a volume increase. This works oppositely as in the elastic-plastic transition regime,
which can be described by Beltrami, too. Increasing porosity f means a decreasing Poisson’s ratio v and
a more elliptic shape. In the outer figures of Fig.14-7 both the regimes of the changing Poisson’s ratio
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are displayed. The right part figure, modelled by Beltrami, pre-informs (see §815) how the surface of the
yield body changes its shape with decreasing v according to the increasing porosity f.

Fig.14-7(right) displays the development of the subsequent failure surfaces whereby an increasing true
stress is considered. This is relevant for the critical material location. After achieving the tensile strength
a small further radial increase of the surface is obvious together with the initiation of an increasing
elliptic failure surface. With increasing degradation the subsequent surfaces become more and more
elliptical. This is the opposite process regarding Beltrami in the elastic-plastic transition regime. A
growing f means higher true stress but less cross-section or load-carrying material in the strain-
controlled ‘hot spot’.

The Beltrami formulation delivers an Idea for the ductile porous regime and is intended to replace the
‘Gurson’ formulation by Cuntze’s so-called ‘Extended Mises’ one, reading
3‘]2 +1_2V . |12 _ ABel 3‘]2 I12 ExtMises

— — = - —+ = = C
Rct).z 2+2v Rr;.z Roz 2 Rctl.z

ot
BRb,
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domain | | fulllyielding il 9
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I‘. Mises et 3 \
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Fig.14-8: (left) Elastic-plastic transition domain, development of the Beltrami surfaces from egg shape (growing
yield potential surface with vy = 0.3 for metals (0 for foam = sphere) < v < 0.5 (‘Mises cylinder — J, = constant =
incompressibility) depicted in Lode-Westergaard coordinates. (center) visualization of the Beltrami potential
surfaces. (right) Change of potential surfaces in the porous domain computed with the Extended Mises
formulation (see [CUN22, 817]), f =0, 0.1, 0.2, 0.3

ExtMises

Also here, the yield strength can be used for normalization. The parameters c® ¢ mark the size

parameter of the changing potential surface (see survey in Table 15-4).

In order to understand the chosen Haigh-Lode-Westergaard coordinates Fig./4-9 is provided below.
The vector {ap,in} =(o,,0,,0,)" is a vector-addition of the principal stresses. The cone angle

between all principal axes and |, is 54.75°.
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Fig.14-9:

Visualization of the used
Haigh-Lode-Westergaard coordinates
by the principal stresses acting

at a material cube.

Octahedral stresses:

o =113 withl, =0, +0, +0,

o = [3-3 = f(T), with

eq 2

6-J, = (O-I — 0y )2 +(O-|| ~ Oy )2 +(O-||| — 0, )2

T =469, /3 -

To make more familiar with potential surfaces Fig.14-10 presents two potential surfaces dedicated to
different Effs, for fracture Eff = 100% and for a loading that generates Eff = 50 %.

=ig.14-10: Two potential surfaces. Eff is the measure for the
distinct potential surface with Eff=1=100% the fracture
surface. The potential surfaces are Eff *"=50% and Eff*"
=100% = fracture.

5 Indicated are the failure stress points
s R'=4MPa, R" =3MPa, R® =40 MPa, R* =49 MPa
and the principle stress axes.

0

-9

12 ‘Normal Concrete’, 3D test data available

o VA, 0% - 1713+,
2-R°

""" ; EffSF =¢

LL:

* The shape of the potential surfaces in the plastic porosity regime changes oppositely to the shape in
the elastic-plastic regime. Both the surface shapes one can dedicate to the change of the Poisson
ratio v

* In structural analysis the stresses are most-often .determined in the elastic-plastic regime. This is
performed very accurately, sometimes over-precise. However in this domain the Poisson’s ratio
changes significantly, which should be considered.

CV Cuntze_Research Findings_7jul25 * carbon-connected.de/Group/Prof.Ralf.Cuntze 86



http://www.carbon-connected.de/Group/Prof.Ralf.Cuntze

15 A measurable parameters’-based ‘Extended-Mises’ Model instead of a ‘Gurson’ Model?

Aim: De-complication of highly non-linear plastic analyses by generation of a simplified model to perform
Design Verification in a Ductile Metal’s high Porous Regime

15.1 Introduction

There is stress- and strain-controlled behavior. Strain-controlled locations in a structure will not break,

when the stress level reaches tensile strength R'. A fuel-outlet hole in the upper tank of the Ariane 5
central stage was such a strain-controlled case at MAN, where the vicinity of the ‘overstrained’ critical
material location takes over the reduced loading capability, no direct fracture is to face.
Such a (seldom) task caused MAN-Technologie to let perform an analysis together with IWM Freiburg
applying a multi-parameter ‘Gurson’ yield model. Its model parameters cannot be measured directly, but
are usually determined by a FE analysis which best models the deformation of the test specimen, a
classical simulation process. An example for such a multi-parameter set, determined for the aluminum
alloy AA2219 and by using the tensile rod test specimen, is given in the table below [IWM Freiburg):

f.') fr. f‘ 1?F I:11 q: Er. E:'

Q00 005 0.4 0.15 13 1.0 020 001

The applied ‘Gurson’-model (such a model is a model of the Continuum (micro-)Damage Mechanics
theory in the ductile materials regime) of the IWM was a refined one. Refinement means that more
parameters are to determine than for a simpler ‘Gurson’ model. Therefore, the optimal model parameter
set of a ‘Gurson’ model depends on the mesh fineness and has to be inversely determined by an
excellent simulation of the test specimen’s behavior, see Fig./5-1 left for the tensioned rod
(Gurson A L: Continuum Theory of Ductile Rupture by Void Nucleation and Growth. Part 1:Yield criteria and flow rules for
porous ductile media. J. Eng. Mater. Techn.99 (1977), 2-15)

Using ‘Gurson’ model results, the responsible design engineer must ask:
What about the scatter of the simulation-won parameters which are to insert in the analysis?

Without knowledge of the scatter there is not a generally accepted design verification possible. Might it
be not better to apply a simpler model with 2 or 3 parameters at dispense of the little gain of the last load
carrying portion after coalescence at ‘onset-of-ductile cracking’ marked by the corresponding strength
value Roq.? This is the ‘technically relevant point’, where the coalescence of voids begins. Only a
reduced procedure with directly measurable model parameters has the chance to capture the statistical
Design Verification requirements.

In the context above the question comes up:

“How much Gurson material modelling is necessary to achieve a reliable prediction of the local
design-deciding ductile fracture level of the structure?”

This failure mode ‘ductile fracture’ is defined here to be met at ‘onset-of-ductile cracking’ and it shall
correspond to Design Ultimate Load. Such an application is a seldom case, where the deformation-

controlled strength value R , > Rt is used to save the final design not anymore possible via the load-
controlled strength value Rt. A simpler model is required. Two challenging parts tasks are thereby faced:
(1) Creation of a model simpler than a multiple-parameter ‘Gurson’ model, and

(2) to capture the porosity f in the equivalent c-e-curve, to be provided, whereby f'is an additional but
measurable model parameter transferring the ‘Mises’ model to the ‘Extended Mises’ model. For its
derivation, the various micromechanical mechanisms during ductile fracture are of basic interest:
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*Void nucleation in the test rod at so-called second phase particles by debonding

*Void growth, controlled by stress Triaxiality Factor TrF and growing plastic strain 86':'

* Coalescence of voids by internal shear stress-driven rod necking with final ductile rupture.

, and

For the evaluation of the usual rod test results, the widely used correction formula of P.W. Bridgman is
employed. Fig.15-1(left) presents the dependency of the rod’s diameter reduction on the load F and
further shows simulation curve and test curve. The measurement of the diameter reduction is mandatory

beyond the ‘end of uniform elongation’ at the tensile strength pointR' = maxF / A, depicting the ‘onset-

of-diffuse necking o, point and experiencing full plasticity. Beyond R'only true values represent the
reality.

Mind: F(Ad )is not completely of the same shape like truec(trueg) .

In the load-controlled regime axial strain measurements are performed whereas in the transversal,
plastic strain-controlled necking regime diameter reduction measuremens are to execute. In the Fig./5-
I(right) attention is drawn to the various stress-strain curves used and to the associated strengths.
Displayed are the mean technical and mean true strengths together with the associated Design
Allowables.

If materials do not fail when the tensile strength is reached, then this is accompanied by the fact
(Fig.15-1, left) that maxF does not essentially change over a certain range of the strain because
hardening still occur due to void coalescence and destruction of piled—up
dislocations. Degradation wins over hardening at the ‘onset of ductile cracking’ strength point Rogc. Rode

and marks the coalescence-linked kink and is defined here as the critical strength.
A 4 trueGeq

' Rode
Load [ . in | | Rodeg.,

MP. :R!
F | iw P ot ST e il =
6.0 "'—:%;q‘—_ %&mﬁ' \\ Rode

400 LS T
{/\ R' « true curve
4.0 300 Ho— V ‘\,
V.6 engineering
— Bridemanityelilises a0 °“"’°{ |
2.0 o Smulation GIN T hardening &— softening 4)1
1 = Bperiment (BhAT2) 100
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Fig.15-1: (left) Dependency of diameter reduction 4d on the applied load F. Comparison of global simulation

and test results (IWM Freiburg, Dr. Sun). (right) Ramberg-Osgood-mapped true and engineering  stress-strain
curves of AA2219A bar over R indicates a mean value, no bar over R indicates a ‘design allowable’

15.2 Bridgman-3D Correction of the true c-e-Curve, employing ‘Mises’
Equivalent stress: trueGax — trueGeq
The validity of the uniaxial stress-strain curve measured in the smooth tensile rod test is terminated at

the load-controlled strength point maxGyue = R' = maxF / A, which corresponds to the maximum load F
and to the actual minimum cross section of the neck. However, beyond R' (‘end-of-uniform-
elongation’) at the ‘onset-of-diffuse necking 4’ point the 1D-stress situation in the tensile rod becomes

a 3D one and an equivalent stress o-e'\é"ses has to be considered in order to capture spatial stress tasks.
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Under tensioning, in the plastic regime the lateral contraction of the material at the center of the neck is
impeded by neighboring material leading to a 3D-stress state. Hence, a simple extrapolation of the F/A

(c-¢)-curve beyond R' cannot provide a physically accurate curve, because the necking-generated 3D-
residual stress state Oy is to consider in the evaluation of the tensile rod test results in order to obtain a
real oeq. The three stresses within o reach their maximum values at the center of the rod’s cross-section
with an approximately equal value oy = Opyoqy, €XCEPL Close to the surface, as depicted in Fig.15-
2(left) below. The values of &5, Ohgop and of the created necking radius p raise with o, . The former

F/A-quantified capacity becomes continuously reduced with increasing necking. Hence, the true stress-
strain F/A curve is to correct to obtain a realistic equivalent stress. In the center of the rod an increasing

stress Triaxiality Factor 7rF is faced.

(]
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Fig.15-2: (left) Stresses and transversal (radial) strain measurement of the necked round tensile rod.
F:=force, A:= minimum actual cross section of the neck. F:=Force F, A, := original cross-section.
R! = maxF / A, < 'Ebl ( permanent strain linked to load-controlled fracture at R! ). Necking radius is p.
(right) Schematic visualization of the Triaxiality Factor TrF, responsible for failure in the rod center

{G} = {Gl Noeom }T, TrF{O'I ,0, =0, ,O}T: 2/3.

Assuming a constant ¢ over the rod’s cross-section, Fig.15-2(right) illustrates by a variety of 7rF-beams
that values higher than 2/3 (bi-axial stressing) are practically not possible. Assuming constancy is not
anymore the case for a plastic rod neck, where the failure decisive location is the center of the cross-
section with also there facing max7rF. Notched test specimens are applied to capture higher multi-axial
stress states, 7rF = 1, values > 1/3.
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Fig. 15-3 shows the void volume fraction in the necking region at failure. The highest values are
reached in the center of the specimen (Element 20) as expected, TrF highest. From the central region
micro-damage spreads out over the whole cross section.

Basic task now will be the necessary transfer from the uniaxial truec.(truee,y) — tri-axial trueceq
(trueeeq) 1n the diffuse necking regime.
Bridgman provided a correction means how to adjust trueoc,,, but had to make some essential

assumptions:
(1) The cross section of the necked region remains angular (like the ‘Mises’ cylinder, assuming a
rotationally symmetric yield body).
(2) The inner axial contour of the neck can be approximated by the arc of a circle with the radius p.
(3) ‘Mises’ can be applied (effect of growing voids is therefore not considered).

Fig.15.3: Tensile rod with
porosity distribution in the
‘Hot spot’ center of the

\ rod.). Finite element mesh
finite element mesh for | of the rod. Void volume

the smooth tension rod | fraction f in the necking

- region at failure [Sun97,
IWM 7] stresses in MPa,
% strains in %.  Material
source, AA2219 variant, T2:
Piia = %, 2 @ = 4mm,
S 'fr — Elasticity properties are E
\?I;e :zg::n]; r:;;;f}’a’!’ =7OOOOMPa’ V= O'_3’ t=6
Failure mm plate. Sample size n =
179, A5=74%,Z=20%

distribution of porosity in necking cross-section

Due to the diffuse necking, an axial load increase-caused internal hydrostatic tensile stress state o,

is generated, representing a deformation-dependent residual stress state. Its radial distribution can be
Mises-based estimated - under the axial loading {o}= (o,, o, o)) = (F/A, 0,0)" - after

Fig.15-2

2 9

Brid by o.,(N~ o - Inll+ al-r’ with o < -
ridgman ~ O, - r_
g y hyd | 2.a-p [ A 7.

with F:= load, a:= radius of actual cross section of neck, o := radius of neck curvature and F/A an
integral quantity capturing the external loading F'. The full set of relevant relations then reads:

ox(r) =0, + Oy (M) and oy (r) zohoop(r)z Chyd (r) and as equivalent stress follows

for a single stress — o =37, = \/E\/[(cl )2 +(0)? +(-0|)2} =0, andalso

. 2
H Mises __ _ 1 2 2| _
for a superimposed o, ; —> Geq =33, = ‘/2'\/{(0' 'O'hyd) +(Ohyd ~Ohya)” T(Ohyq -0))° | =0,
_ t — —
|} = MaX Oy +MAX O 4455 + MAX Ty =33, +3:014, 33, =0, («no Oy effect).

TIF(1) = trUecean / truectis™ = (1, /3)/ B3, =[V2/3](1,/V3)/ 23, :%Jr%.
0
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Decisive for failure in the rod is the still mentioned Triaxiality Factor 7rF, which increases with the true
axial loading. Its maximum is in the center, the ‘hot spot’ at » = 0. In this micro-damage critical cup-
cone center the 3D-state of stresses reads

maxa,, (r=0)= o, -In (1+zi), maxo, (r =0)= o, +maxoy,
p

with the stress state in the rod‘s center {o'}= (o, + maxo,,, maxo, ,, maxo, )" .

hyd ? hyd 1

In the necessary adjusting process of the F/A-curve in the diffuse necking regime (Phase 3) the first
step is to integrate the axial stress, which varies over the radius. From load balance the following
relations are yielded in Zable 15-1.

The last unknown is the neck radius p. It could be computed during testing by measuring the shape
change of the neck via a real-time Digital Image Correlation (DIC) 3D full-field measurement optical
technique of the surface strains and an associated surface geometry model.

Table 15-1: Bridgman-Derivation of the cross-section guantities of the tensioned rod

F/A

E:Z.
A

oL -m-r-dr/ (z-a?)

Oty

=2-:|a‘(a,+ o, (r) ~z-r-dr/(z-a?)
0

t a?—r’ m-r-dr
=2-[(o,+ 0, -In@+ )
5 2-a-p

-a

integrated follows F. o, -(1+2—'0)-In(1+i) with ae“é”ses =,3-J, =0,
A a 2p

0,=4/3-J, = ol = %/(l+2-p/a)-ln(l+a/2-p), valid >R" or A < Aoon,

2 eq

an equation, in which the ratio a/p is not known.
If no test result is available, then Lorrek-Hill's approach for rupture is applied atR__ :

rodc

P Arupt Avon

given cross section reduction Z in % at maximum necking at R

maximumiz\/ln(i)—m(i) ,i‘;ptzl-z with a

rupt

and A_,, the cross sectionat R' =R! , being 'Onset-of-(diffuse) necking'.

— 2 3
=C +Cy+ trueg, Ry + Cy-trues, Ry~

a
e,
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Equivalent strain: truecax — truegeq

For the Mises equivalent strain is valid in the plastic domain (elastic part is negligible):

eq

gMises _ g'\/(8|'8||)2+(8||'8|||)2+(8|II'8I)2 :%'\/(Slpl '8||p|)2+(8||p|'8|||p|)2+(8“|pl _8|P|)2

considers plastic volume constancy (incompressibility) Esip' = 0 during plastic deformation it becomes

gf2=-¢ P =—¢_ " and e " =In(r/a)=¢, " = ¢ =-2-In(r/a) and it reads

ises a\/E ﬁ ’ | 2
tl’uege’\; = T . \/((SIPI + Sradpl) _ Sradpl)2+ 0 + (gradpl‘ (Slpl + Sradpl ))2 — ? . 28|p 2 :g . 8|pl.

LL: * Bridgman correction = approach, which considers the varying stress over the rod’s cross-
section regarding that the center is the critical line

* Lorrek-Hill = approach, which formulates a final value for the change of the curvature radius under
loading. The increasing curvature triggers the increasing hydrostatic stress and this is to map

* Measured ratio F/A = stress capacity smeared over the cross-section = load ability-quantity, which
represents an effective (smeared) value, which decays with increasing axial strain

*o = J3J2 = constant basic stress quantity of the Bridgman approach, see Table 15-1

* The applicability of axial measurement ends with ‘End-of-uniform elongation’ at R!

* Bridgman model application is limited to about 30% cross-section reduction, due to not considering
the coalescence of the voids

* The Bridgman-correction is applied by using the ‘Mises’ yield function and not a ‘Gurson’-type
void growth-capturing (porosity f) yield function. This led the author 20 years ago to propose his so-
called ‘Extended Mises’ yield condition at the end of a joint Research program MAN with [WF-
Freiburg.

Idea:

The replacement of a ‘Mises’-based Bridgman correction by a porosity-considering one should lead to
a more realistic stress-strain curve and should offer the advantage to escape in the analysis from the high
number of non-measurable ‘Gurson’ model parameters except from f. In order to consider the void
growth, the author proposes to replace the Bridgman-corrected Mises-model by the mentioned ‘Gurson’
model-linked Extended Mises-model’.

15.3 Porosity-improved Bridgman 3D-Correction of true o-e-Curve employing ‘Extended Mises’

Porosity means volume change due to void coalescence. Such a volume change can be transferred to a
decaying Poisson’s ratio as it is known from Beltrami. The author experienced, that the usual ‘Gurson’-
analyses base on a ‘Mises’-linked equivalent stress-equivalent strain curve. This should be improved
when considering the porosity f. The author’s hypothesis from 2002 reads:

* Formulation of an egg-shaped yield model, termed Extended Mises, with

* Simplification to 1 measurable ‘Gurson’ parameter f, only

* Improvement of this simpler model idea by applying a porosity-capturing equivalent o — & curve

* Taking a simple ‘Gurson’ yield model to obtain via a ‘comparison of coefficients’ a relation to the porosity f
in the simple ‘Gurson’ -model from Gurson-Tvergaard-Needleman, index ©™

* Probable 120°-material symmetry in the high porosity regime is not documented and therefore not
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2

3J
through 2.@ (see Chapter 11).

ﬁz

considered. It can be captured by replacing

LL:
* The ‘Mises’ cylinder is a simplification (remember: 8§11, 120°-symmetry, ® =1)
* Increasing porosity also means decreasing Poisson’s ratio v and an increasing elliptic shape.
From knowledge in Chapter 13 is known: Values for the increasing porosity f are strain-controlled
detectable. The effect of a probably initially not pore-free material is captured in the initial property
values.

14.1 Measurement of rod failure stresses and estimation of the vertex of the failure body

Even for a porous plastic failure body its vertex should be known from theoretical reasons. A vertex
represents the equi-triaxial tensile strength capacity of a load-controlled strength situation, remind
Fig.15-2. Because the vertex stress state {G}= (trueR™ , trueR™ , trueR™) with TrF =oo practically

cannot be measured as best substitute a 3D-stress state - closest possible to the vertex - must be

employed. Realistic is a stress state (truec,y, + Chyd » Oy q) by investigating the center of an un-

Chyd
notched tension rod test specimen, being the ‘hot spot’ in this test specimen.

In such un-notched rods a neck radius builds up and increases with further increasing axial tensile stress.
Due to the diameter reduction a hydrostatic stress state is generated and can be determined from the zero
volume strain regime faced in the minimum neck cross-section. Hereby, difference due to rolling of the
sheet material and how the test specimen is cut out are neglected and full isotropy assumed.

From the test rig loading comes the subsequently effective stress ‘true o,y °, whereas the remaining neck

cross-section experiences in the center the multi-axial stress state (truec,, + Ohyd Ohyd ), estimated

lof

hyd *
by the Bridgman model. In order to better understand the stress situation in the rod center the effect of
increasing Ohyd is of interest, depicted below. It is to conclude from mechanics, that a hydrostatic stress

does not change Mises’s representative invariant .J, for shape deformation of the solid. However, Ohyd

affects the tri-axiality value 7rF which might be interpreted to cause some quasi-embrittlement of the
material:

l, = (o, +0, +o,) = f(0), 6J,=(0,-0,) +(o, ~0,)" +(o, ~0)" = f(7)
(trueoyy +0hyd Ohyd Jhyd) , oy (r) =0+ Opya (1)

O_el\(/llises =\/3T2= \jg'\/(O]M' -0, _O-h,)z +0+(O-h, _O_lM. _O-h,)z N O_;\gises _ o_:LMises

TIF = G, 100 = (1,19) 133, =[N213]-0,13) 1 23,

|, = (truecrgy +3Ghyd) = f(o), 6J,=(o _O-u)z +(0)° +(oy _G|)2 = f(7)

uni-axial oy, multi-axial (G, + Gyyyq s Gy Opyq ) in the rod's minimum neck section = oo .

Again: The use of notched rods is principally also possible but considering that the original notch
radius p increases. Thereby the critical rod surface stress concentration reduces a little and the originally
surface-located critical material location moves to the center. Fig.15-9(left) shall display different stress

CV Cuntze_Research Findings_7jul25 * carbon-connected.de/Group/Prof.Ralf.Cuntze 93



http://www.carbon-connected.de/Group/Prof.Ralf.Cuntze

states and the associated points on the respective 7rF-beams. In the subpicture down left the indicated
2D stress-states and up left further the 3D stress states all collected in the table right down.
Of interest for the designing engineer is that the spatially formulated SFC F" = 1 dents the failure body

at the pressure vesessel situation {0'} = (2,1,0) > TrF = \/E / 3, Fig.15-2 and 15-9. Remember: In the

2D principal stress plane ' is a straight line and in the 3D failure body a hyperbolic curve!

Fig.15-9 (right) shall make the non-linear development of 7#F more clear and further make familiar
with the design failure surfaces in the very ductile regime. The figure schematically shows that the
strain-controlled failure surface is outside and thereby larger than the load-controlled one.

9 y; ;
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Fig. 15-9: Visualization of the effect of the TrF-beams and the related strengths, illustration of some stress state
points and failure zones. 2D-potential surfaces on the inclined cross-section of the rot.-symmetric failure body

15.4 Proposal of the Two Parameter ‘Extended Mises’ Yield function in the porosity domain
Extended Mises yield potential function

Originally, Gurson proposed for a metal, containing well distributed voids, a yield condition-based
solution for a single spherical void. The model was modified later by Tvergaard and Needleman,
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including the porosity /" and the increasing Flow stress o, of the ‘matrix’ material: The porous body,

called bulk material (smeared material), consists of the matrix material and the voids or pores. The
voids are nucleated in tension, only. The dense matrix phase follows the HMH (‘Mises’) model, and f
represents the mean void volume fraction or porosity (average value of a porous matrix) as the so-called
internal damage variable. For f = 0, fully dense material, the model reduces to that of von Mises,
whereas a ultimate value f —implies that the material is ultimately voided that it has lost its stress

ode = Terit-
Values for the increasing porosity f are strain-controlled detectable and therefore, the ratio is fixed. 7able
15-2 describes the procedure how a relationship

carrying capacity due to local ductile rupture. Here, f, shall be replaced by the smaller f

Table 15-2: ‘Comparison of Coefficients’ of the models ‘Gurson’ <> ‘Extended Mises’ with o as increasing
true Flow stress as running stress variable

3J l; -
FO™N =—242.f.q,-cosh (Zl—qz) +q,- f? =1 ductile micro-damage failure function
UF .GF

simplified to

=1 appropriate for idea demonstration, q,=q, =1
OF "Of
If the cosh-function is replaced by the first two terms of the associated Taylor row [Cun98,Cun01]
coshx=+(@1+x*/2 +..)— cosh(l,-q,/2-0. )=+ 1+ (7 -0,°/8-c.°)+..).
The negative sign is to chose because porosity reduces strength capacity

3J, 1,2 -q5 3J,
ot BV VG i S LE N B ( qz) 2f — f2=1,
F 8' F GF 4.0
With f* << f can be derived
3, .4 I’
—5—f -—-—2—2f =1 with q,=1.5 as guess for the plastic damage flow function
o8 O
31, . 17 : - *
>— f*-———2f =1 with the elliptic shape parameter f
O O
2
=12 % s a9/ (84 21%)
2+ 2v 4
= Failure state, normalized again with the shear strength, to insert is o = F_iodc
I 2
F= 3_%+ f* =—+2f, = 1 = Eff =100% material stressing effort,
0.2 0.2

F =100% = potential surface, which may be a fracture surface or a yield surface.
From 'Comparison of Coefficients' finally is obtained

: 3J 1,2 i
ExtendedMises F =—=2%+ c, -2 = c™™°, generally
0.2 RO.Z
Analogous to ‘Mises' Eff "** =g [0 | R), =[3J, /| Ry, = Eff ™™= [ R )

follows O_EI}-qutMises _ %
+
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between the subsequent ‘Gurson’ type yield model and the ‘Extended Mises’” model was developed. A
further equation is needed to determine the size parameter, such as with c™** of the ‘Mises cylinder’.

Void Porosity-linked reduction of Poisson’s ratio 0.5>v

Porosity means volume change due to void coalescence and volume change may be transferred to
a decaying Poisson’s ratio, remind Beltrami. From the ExtM-model can be geometrically deduced f*=
f-q2 andv=(4-)/(8+2*).
Fig. 15-10 points out how the Poisson ratio is linked to the true strains (left), schematically to the true
equivalent stress (center), and to the porosity f*.

A true v

0.5 true v s
A true v ;
0.48 o5 | VC@-Y@r2r LA e TR S
0.44 Vo e
0.42 . true 0, 46 | |
ue €

L o e e S~ Rt Bt . Bt g 0.45 4

0 001 0.02 0.03 0.04 0.05 . p0 2t p Rpo2Rp %0 002 004 006 008 0.1

Fig. 15-10: Dependence of v on the different parameters, the various regimes

Here, /| ( ﬁodc) <[ w0 is employed as that critical porosity which was dedicated by the author to ‘Onset

of ductile cracking’, in order to ‘remain on the safe side’. The evolution function of f is assumed to
follow an exponential course with practically f = 0 at the tensile strength point up to the defined ultimate

value fy located at R, .

15.3 Visualization of a specific ’Gurson’-model versus ‘Extended Mises’-model

Failure conditions enable the designer to assess multi-axial states of stress {c} by an equivalent
stress G¢q and to map multi-axial stress-strain behavior cq(€.q) via a measured, smeared stress F/A.
For /= 0, fully dense material, the model reduces to that of HMH, whereas a maximum value fu I

implies that the material is ultimately voided that it loses its stress carrying capacity due to local ductile
rupture.

The conventional visualization — as a parameter investigation - of the Gurson model is presented in Fig./5-
11 (left) with f'being the porosity parameter of the curves and q2 a Gurson parameter from the comparison.
A growing f means higher true stress but less cross-section or load-carrying material in the strain-controlled
‘hot spot’. This is displayed in the figure by the change of the cylinder shape versus an egg shape.

Another visualization, usually practiced in structural mechanics, is given by using the Lode-Haigh-
Westergaard parameters. This leads to a change in the shape, Fig.15-11 (center). For f = 0 the Mises
cylinder is obtained.

Fig.15-11 (right) depicts the various strength values such as trueR',R

odc
points to be inserted into the Extended Mises function size parameter, finally visualized as flow
potential surfaces for four strength-linked porosity levels.

The parameter comparison with ‘Gurson’ let to take a reduced value g, = 1.13, however, due to missing

test data the author sticks to 1.5. In this context, the respective Extended Mises parameter C1» can be

determined, decoupled from the ‘Gurson’ Comparison of Coefficients, if having a reliable test data set
available

as increasing true strength
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Fig. 15-11: Schematic comparison of the Gurson model (dots) and Extended Mises model Potential surfaces.
(left) Display of curve parameter porosity f influence, using the ‘Gurson’ coordinates x =(\/I lo.),y=(l, 1 o),

O = R:m; (center) Display of the Gurson yield model in Lode-Haigh-Westergaard parameters Rio, =

normalisation strength ); (right) Ppotential surfaces of the ExtMises-model with four increasing true (graphs made
about 2001) AA2219, (2=1.5, 92e,n=1.13) trueR!,R

'lode

Table 15-3: Replacement of the Mises-based Bridgman curve o (geq)by an ExtMises one

: a’-r?
Table 25-1 o, (1) =0, + Opya () and from Bridgman oy, ~ 0, -In(l+ 5 J

eq

isBri — — F - D
M= 3.7, =0, = X/(1+2-,o/a)~|n(1+o.5.a/p) , valid>R' < ?,

l, =0, +30,,4 =0, -(1+3-In(1+05-a/ p)) for the critical central ‘fiber'at r =0

considering Bridgman (above) and the notch-curvature change by Lorrek-Hill's approach,

L . 1
giving a maximum value for the unknown — max3 = [In(——)-In (i) ,
p 1-2 A
N F .
inserting /3-J, =0, and AT truec,, the equivalent stress reads:
xises |39, — £*-1,2 1-f*.(1+3-In(1+05-a/ p))’
Ogq = =0,
1+2f 1+2f

valid R'<R

odc !

2
(shape parameter) f -quz f*  setg,=15 —1.13.

Porosity parameter f and curvature parameter a/p increase from about 0 to the maximumat R . .

The author’s full idea consisted of the two parts: Above ExtMises model plus porosity-improved

Bridgman evaluation, which was depicted in Zable 15-3. The table displays all relations in order to

establish the ‘searched’ equivalent stress G;Xt'v“ses
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Reminder: To capture '120°-rotational symmetry' would require to replace J, by J,-© .

15.3 Visualization of the Bridgman—corrected true curve with consideration of porosity

In order to obtain a realistic equivalent stress curve it is physically mandatory to consider the increase
of porosity f and the increase of the notch curvature by applying a / p. The mapping of the changing
notch curvature and the changing porosity is shown below:

Mapping of the changing notch curvature: Data and determination procedure by Mathcad

2_ |n (i) —In (i) =1.096 from Aupt =1-Z=1-0.20=0.80,
P upt on 'Ab
2
AT TP T (4—'0j = 1,057 > max—-=0409 at R, .
Ay 080 Avon 3.89 0
Applying Lorrek-Hill's value Bridgman's approach delivers max (1+ 2—p) In(1+ Zi) = 1.096.
a p

Then, for the previously proposed formulation the curve parameters can be computed:
. a
stressing —=ap=C, +C,+trueg,, Ry,  + Cy-trueg, Ry’
o

ap =109  truecaxF02 = 00071  truesaxRt = 0.033 trues axFode = 0.231
Vorgabe

cl=1 c?2 = 100 ci=1
a a
l=cl+ c2 - truegaxB02" + c3 - quEa:-:RDE:i 1.00005 = el + 22 - truecaxRit + 3 - ttuEEE.XRt§1
.
ap=cl + ¢2 - truecaxRode” + ¢3 - ‘I'.“['I.lEEE}.'RDdC.E1
AT Ap = Suchen(cl,c2,c3)

Ap = 0348 cl = Ap cd = Ap o= Ap,

prte 0 1=1 preeh 1 _ - preet 2

- c2 = —0.5476 ¢3 = 10.1478

| 10.148 )

.-'I (1
_—"ij =cl+e2- |ttuEEa:cj:|‘ +c3- |ttuEEa:{jﬂ

Mapping of the changing porosity f: Data set used and determination by Mathcad

The set points of the curve are the porosity values at the tensile strength point R' and at Rog.

Vorgabe el =10 g2 =1
=7
f " trues axRt e
Po2=1lel -exp —— — 11 2l
P fmeeaRode ) fode = (el - exp(1 - 1))
Af = Suchen{el,e2)
{06292 7=
Af = | : el = AF e2 = Af, .
\ 6.0460 ) 0 el=06202 el = 6.947
( [ tesay )"
ferp. = el -exp) ————— — 1|
“IJ] \ P | trues axFode 1y

Fig.15-12 displays the author’s design verification idea, about 2000. The influence of the
practically starts at Rogc.
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‘Onset-of-diffuse necking’ = ‘Onset-of ductile cracking’ =

F/A= 4 "'“eou ‘End of uniform elongation’ ‘Onset —of-void ;:oalescence’
550) /'
=——" 1 U]
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Fig. 15-12, AA2219, base material T2, 6 mm thick: Visualization of the equivalent stress curve o ™"
Ramberg-Osgood-mapped measured cross-section smeared axial stress F/A;

Increase of plastic porosity f with fogc = 4% at R, ; Increase of the notch curvature a/ p with

odc >
al p=0.409 atR, (replacing the higher R ,.); Increase of v in the elastic-plastic transition domain
approaching 0.5 and barely visible the decrease in the porous domain

15.4 Specific Potential Surfaces being Strength Failure Criteria

Brittle ‘porous’ materials may still fracture in the elastic-plastic transition domain. For this fact, Ismar
and Mahrenholtz [Ism82] developed a Beltrami-based SFC model describing the failure behavior of a
material between the proportional limit and the ‘onset of yielding’. In Table 15-4 the SFC-formulations
in all regimes shall be comparatively displayed. This includes potential surface descriptions and

associate strength failure criteria SFCs.

LL:

v’ Whereas with the elasticity formulation of Beltrami the Poisson ratio v is growing this is opposite with
the formulation of a porosity-linked plastic model due to the increasing porosity

v" The hypotheses of Beltrami, Mises, Gurson describe an increase or decrease of surfaces of constant
potential. The shape of the surface theoretically begins with v = 0 (sphere, found with foams) growing
up from 0 < v to v = 0.5 via the growing Mises cylinder keeping v = 0.5 and ending with an
ellipsoid, which shrinks into a spherical direction represented by 0.5 > v.

v" For two domain limits a clear value for the varying Poisson ratio is given:

- - - ~t t
proportional limit o <R o

v Designing requires to use limit state formulations, termed failure criteria (SFCs). These are fracture
failure criteria for brittle materials namely for ‘Onset-of-fracture’ and yield failure criteria for ductile
materials. In practice, for ductile materials these failures are ‘Onset-0f-yielding’ and - for the author -
‘Onset-0f-void coagulation = Onset of ductile Cracking ’ in the case where strain-softening applies

v" A Strength Failure Criterion represents a defined Design Limit State and is therefore a special

v' critical Potential Surface F.

**The novel Extended Mises model just requires the determination of one more parameter, the porosity
value f . All model parameters are measurable quantities.

—=v=v, and yieldlimt c=R!,, =>v=05
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**With the novel porosity-capturing o-¢ curve, being a ductile porosity-improved Bridgman correction, a
simplified plastic analysis procedure could be achieved.

** For engineering reasons trueR' = ﬁodc will represent the load carrying capacity to be considered.

Table 15-4, Isotropic materials: Determination of model parameters, single mode view.

* Modelling Functions F describing a subsequent potential surface

elastic-plastic plastic plastic porous
Beltrami Hencky-'"Mises'-Huber ‘Gurson’ type
Ii;grop < Opel < §ct)2 < ﬁ(t)z < O Mmis < ﬁr; < Iirtn < O-eq < Iitgdc
stress - controlled strain — controlled
o : = running variable of the subsequent potential surfaces
D D Bel Mi D Dt 2
Rioe /Ry, <c™ <1 « 1<c™ <R /Ry,
ellipsoid - cylinder - ellipsoid
l,=(o, +0,+0,) = f(0), 6J,=(0, -0, )2+(0”—O'“| )2+(0“|—O'| )2: f(7)
3J 2 < 3J i 1-2
_t22+K__:t12:CBel<_> FMIS:—tZZ ZCMIS,K‘Z v
R,, R,, R, 2+2v

Insertion of a (measurable) normalizing strength, yield strength point with v =0.5 — x =0
3R /3 R.? -
FBel = %Zt — K- F{izz =cB* 5 ¢B =14 &k =1, and « an elliptic shape parameter
02 02

* Strength FailureCriteria (SFC), R — R, (with © =1 for full rotational symmetry)

R : = strength design allowable, marking a special potential surface = design limit state

elastic, very brittle ductile very ductile
o, 3J, 3J, 1
Eff = —=1~* ~ Eff = — =1 & Eff= ——+¢c, ——-2f , =100%.
Rt Rt2 R 2 2 odc

m odc odc

For similarity reasons: for the 2 modes Normal Fracture NF, Shear Fracture SF (brittle)
and after inserting o =R- Eff and dissolving for Eff follows

: >0-FNF—05-"/4‘]2_'12/3“1— L EﬁNF_05-1/4J2—I12/3+I1
. : =0. _ =1 ; =0.

2.R' 2.R'

1

SF SF 2 SF SF
I <O.FSF _CSF_3‘]2+CSF_ |1 - 1 EffSF _C2 '|1+\/(C2 |1) +:|.2-C1 3J2 _o'
1 . = ==L =

R? * R 2.R° "R
¢ =1+ c;" with direct consideration of the Poisson ratio ¢)" = (1+3- )/ (1-3- u)

Last unknown to be searched is the elliptic shape linked parameters such as CfF by insertation

of a bi-axially compressive failure stress or a fracture angle x = c0s(2- 6 °-z / 180).

Note on Non-linear stress—strain analysis:

Usually Co-axiality, Prandtl-Reuss equations and an Associated Flow Rule is employed in order to
predict strain rate ¢; and the Lagrange multiplication (proportionality) factor 4.
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Research proposal experience in the context above:

Professor Dr.-Ing. habil. V. Ulbricht
Institut fiir Festkorpermechanik
Technische Universitiit Dresden

Professor Dr.-Ing. habil. W. Hufenbach

Institut fiir Leichtbau und Kunststofftechnik
Technische Universitiit Dresden

Antrag auf Gewahrung einer Sachbeihilfe zum Forschungsvorhaben:

Entwicklung einées Berechnungsmodells fiir einen dehnungs-
kontrollierten Festigkeitsnachweis zur
besseren Ausnutzung des Werkstoffpotentials
von Leichtmetallen unter mehraxialer Beanspruchung

""Development of a calculation model ‘Strain-controlled strength design verification’ for better
utilization of the material potential of light metals under multiaxial loading"".

( MAN-driven idea for a DFG project to create a verification procedure for critical boreholes of the Ariane 5 upper
stage tanks concerning the design of rocket tanks, submitted by my friends VVolker and Werner)

In the case of strength verification of components made of ductile metals, design verification must be provided both
with regard to ‘Onset-0f-yielding’ and with regard to the ductile fracture (rupture) behaviour. For the latter process, a
distinction must be made between the load-controlled fall and the strain-controlled case. In the case of ductile material
behavior ‘Onset-0f-yielding” is usually decisive for the dimensioning, but in many applications fracture design
verification is also required. Essential for the detection of fracture are the true stresses and distortions which can be
determined for the component to be detected by means of nonlinear numerical calculation methods.

For the evaluation of these true stresses, however, the corresponding true strengths may not be used in the currently
valid verification procedure, even in the load-controlled case. In the strain-controlled case, there is still no accepted
verification philosophy in the current regulations. These deficits are mainly due to the insufficient knowledge of the
material-mechanical behavior in the range of high strains and the lack of suitable calculation models.

In the area of high tensile strains, the reduction in cross-section is determined by a uniform proportion and a
constriction proportion from ‘Onset-0f-yielding’ the beginning of the constriction of the test specimen.

While the stress-strain curve his is generally known at the beginning of necking, its further course can only be
estimated, e.g. with the help of Bridgman's formula. Since the stress state in the test specimen becomes multiaxial above
the constriction, a comparative stress-strain curve must be used for a realistic evaluation of the test results in order to be

able to take into account the multiaxial stress state in the critical cross-section of the test body. See chapter 15 text
before.

Previous simulation work shows that the curve can be suitably extended beyond the tensile strength value Rm, and that
it falls off at the end due to pore growth with pores-agglomeration.

The computational approach to the problem has so far used a so-called ‘Gurson model’, which contains parameters that
can be determined in simulation-manner and cannot be determined individually by test. In addition to the diameter
parameter of the Mises model cylinder, now only one other measurable, porosity-related parameter will be determined in

the project (see chapter). By the way ‘Onset-0f-yielding” of metals can be determined on the basis of the Jule-Thomson
effect by temperature measurement for uniaxial and multiaxial states.

This research proposal was considered unworthy of funding by three DFG reviewers. The corresponding sparse
response indicated that the proposal was not understood. | was ashamed of my DFG fellow reviewers and the poor DFG
because | always gave a justification in my proposal reviews.

(As a result, I ended my work as a sad permanent industry reviewer for the DFG).
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16 Note on Continuum (micro-)Damage Mechanics (CDM)
Aim: Primarily checking CDM application whether it is mature for a reliable Static Design Verification.

CDM is applied for ductile and brittle materials. The loading may be static and cyclic, with the latter
requiring fatigue investigation. Regarding stress-strain curves, CDM principally captures the load-
controlled hardening part and the deformation-controlled softening part. Softening part examples are the
still mentioned embedded UD layer (Fig./6-1) and the ductile metal tensile rod described in the last
Chapter by a porosity—capturing ‘Gurson’ model. Results of isotropic analyses, employing the softening
curve branch, can be used to better design notches, openings in pressure vessels (fuel tank task in Ariane 5
upper stage) etc.
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Fig.16-1, example UD ply: Full stress-strain curve with load-controlled hardening and deformation-
controlled softening of the layer (ply) embedded in a laminate

CDM is pretty linked to multi-scale modelling, which will be looked at in the next Chapter.

All materials are generally composites. Applying CDM one goes down to the constituents of a
composite to metallic grains or to fiber and matrix for instance. Moving
down on the scales it is helpful to use the physical formulations gained on the macro-scale such as
Mises yielding with ductile metals in the tension and compression loading domain and Mohr-coulomb
friction behavior of brittle materials in the compression domain. Shear stress loading is
composed of a tensile stress with a compressive stress. This activates two failure modes, which leads to
normal fracture in the case of brittle materials. These physical effects stay valid at the lower scale and
are to consider adjusted.

LL:
It is always to check, whether a Mises yield criterion can be applied to quantify micro-damage portions or
a fracture criterion in the case of very brittle behavior, i.e. Fiber Reinforced Plastics (FRP) experiencing
matrix yielding:

16.1 Static Behavior

Micro-damage formulations:

CDM is basically used to capture the evolution of the micro-damage state from micro-damage D = 0
up to ‘Onset-of-Failure’ at maxD, which is for brittle materials at the end of hardening or at achieving
the strength R.

In CDM, the formulation of the describing constitutive equation is based on one of the following two
approaches (Here the stress-strain curve is meant):
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(1) The strain equivalence principle approach or on
(2) The stress equivalence principle approach.

From engineering side, the latter is preferred because 3D stress states and residual stresses have to
be considered in design dimensioning.

The constitutive relationships are formulated in the effective undamaged configuration

O = o/ (1-D) with a stress-strain relation linked by the stiffness elasticity matrix [C], which

reduces due to growing micro-damage. Fig.16-2 exemplarily depicts the relationship for a 2D-
loaded transversely-isotropic UD material. By inversion of the effective compliance matrix Seg
the decaying stiffness matrix Cg is obtained.

{c}=[C]-{c} > {c} =[S]-{c} as practical test-data evaluation formulation

1 —Vy 0
E,-(1-D,) E,
-V, 1
E, E,-(1-D,,)
(symm) L
Y G, -(1-Dg) |

Dll D21 O
with b=| D, D, O
symm) 0 D

usually not considering the off-diagonal D,, .

Fig.16-2, 2D-example UD material: Compliance matrix [S] and micro-damage matrix [D].

The Dy represent the accumulation of the micro-damage process portions and are theoretically

terminated by maxD at the tensile strength point in the case of brittle materials and at the rupture point
for very ductile isotropic materials. These portions may occur during a monotonically increasing static
loading. For brittle materials micro-damage starts at the ‘elastic end’ being a level where Eff has still

reached a value, see Fig.16-3. Unfortunately, maxD in static CDM cannot become 100% due to its usual

modelling basis! The center figure outlines how a stress-man views the ‘onset

——

'

Modelling

e=0/[E(1-D)] <=

T

'Stressman’-desired course of D

Abaqus reading in case of very ductile materials

Fig.16-3: The various ‘Onset- of- Failure’ envelopes: (left) Smearing of the micro-damaged material,
(center) shear of a slightly brittle material, (right) Ductile material (Ansys FEA code)
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of micro-damage’ of a slightly brittle material. In the elastic domain < R = Re(astic) there is no D-

prop =
contribution. The blue ‘flow curve’ then will contribute.
The right figure (from Abaqus) surprisingly outlines that there micro-damage first begins with void
nucleation and coagulation which rises the Question:

Does really not any micro-damage happens below R' ?2?

Micro-Damage-free (in German schadigungsfrei, nicht schadensfrei) and crack (= macro-damage, in
German Schaden)-free does not mean free of flaws.

LL:
* CDM is generally always good for understanding static & cyclic material behavior

* Confusing is faced regarding ‘onset of counting micro-damage ‘portions in static case: once < R’ but
t
also>R

Material behavior-determined slip and failure angles:
The number of slip systems in ductile metals is usually high, and those that are active possess an
orientation near to the planes with maximum shear stress. Under uniaxial loading the planes of micro-

cracks are always inclined approximately 45° to the direction of the applied tensile stress, see (Fig.16-
4). In single crystals, the lattice structure is spatially oriented in such a way that a sliding plane is
obtained at an angle of 45°. In poly-crystalline metals with randomly distributed lattice sub-structures
this will change a little.

A

o 0 | max 7 max 7

| Ao T FTINNEN
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C ~ b b . = ¥ b
-IOOR -80 -60 -40 -20 0 20 40 60 80 R’ 100
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"’ooo/t 62—=§§z‘zf°
L\ /0‘/ nt \_: :go tm
‘ ductile // brittie n
c ‘ c ;
O =45 0 = 51° 4 —i- - Gp
-Ry 05R; O 0

Fig. 16-4, very ductile metal material: (up) Mohr stresses and failure angles. (below) Mohr stress circle for a
compressive and a tensile uniaxial external stress of a semi-brittle material
7,=0 -cos(&x) - sin(«) with « the angle to o direction, 2- maxz = o for o= 45°

Known from brittle material behavior under compression is: The failure angle depends on the friction
value u. After the formula, derived in [§22 later, Cun23c], the computation of the failure angle with the
Mohr-Coulomb model delivers exemplarily for a material friction value 4 = 0 (= fully ductile) the
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expected value of 45° and for a friction value u = 0.2 the angle 51°, see Fig./6-5. The author presents in
this figure that the angle changes from the 51° at the compression strength point ﬁlc up to 90° at the

tensile strength point ﬁi .
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Fig.16-5, brittle UD-material: Joint display of the UD failure curve in Mohr stresses, indicating a fracture angle
increase Ofp°® when approaching Ri . Shear fracture plane angle in the touch point 51° and linear Mohr-as well

AR

as a more realistic curved Mohr-Coulomb friction curve. Touch point is defined by (o , 75, ) ,
linked to R ©. (see §22)

16.2 Cyclic Behavior of Ductile Metals applying Micro-scale Material Modelling

Once micro-cracks have nucleated due to strain accumulation from cyclic slipping, they grow in the
early stage typically in the order of the material’s grain size (text from M. Mlikota - S. Schmauder: Thanks
to Siegfried). In the course of further cyclic loading, micro-cracks, formed along these slip bands, will
grow and link together. In metals and alloys they grow predominantly along the crystallographic planes
because they are highly affected by microstructural barriers such as grain boundaries or other micro-
structural features. The coalescence of trans-granular micro-cracks, namely, if two micro-cracks meet
each other at the same grain boundary, is performed in the numerical simulation of the crack initiation
after Tanaka-Mura. It occurs if the average stress in between their tips surpasses the elastic limit Re of
the material’s new micro-crack, created on this grain boundary line, uniting the two trans-granular
micro-cracks into a single one (example pure iron Re = 260 MPa).

Crack coalescence

Fig.16-6: Simulation of AA micro-crack coalescence (Lorenzino, P., Navarro, A. & Krupp, U. (2013), 'Naked eye
observations of microstructurally short fatigue cracks', Int. J. of Fatigue 56(0), 8-16.
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Already nucleated crack segments tend to extend along the whole grain, causing local stress relaxation
as well as concentrations at their tips and by that amplifying the likelihood for new crack formation in
the vicinity. In the course, micro-cracks form along the slip bands, grow and join.

The change of the crack plane from the crystallographic plane to a non-crystallographic plane
perpendicular to the external stress axis is called the transition from Stage 1 (crystallographic growth) to
Stage Il (non-crystallographic growth) or transition from the micro-crack initiation to a micro-crack
growth stage resulting in a short crack, as depicted in Fig.16-6.

However, the dominant short crack does not always continue propagating. Namely, in the case of a
lower stress level, the short crack may stop growing. Such a situation is typically known as run-out,
which indicates that at very low stress levels an infinite life may be obtained. Run-out below the
endurance limit means crack-retardation, Fig./6-7. In the long-crack regime the fatigue crack growth
rate da/dn can be characterized by the stress intensity factor range 4K as a dominant driving parameter.

The CDM-driven Region I in the figure below is here of interest, but should be illustrated as part of the
full crack failure picture: A typical fatigue crack growth rate curve da/dn (AK) for the long crack is
illustrated in Fig.16-7, too. If in a double logarithmic scale the long crack propagation rate follows a
straight line in Region II, in sufficient distance from the threshold AK,, , then the long crack growth rate

domain can be well described for most engineering alloys by the so-called Paris law:

NParis CForman -AK fiFormen
paris - AK , Forman: da/dn= [HSB 63205 - 01]
(1-R)-K —AK
In the figure and in the formulas above da/dn is the crack growth increment per cycle, 4K = maxK —
minK is the range of stress intensity factor, and C (intercept with the y-axis) and ngoman (slope) are

Paris: da/dn= C

Forman

material curve parameters that are deduced by fitting the course of experimental data. Klc is the so-
called fracture toughness.

4

R = const

da/dn

Region | kegion |l

Short cracks

. Region lll
g, A = 00‘\5

v P S
I A N Long crack

AK

AK (1-R)-K

Forman

Fig.16-7: Fatigue growth rates of micro-cracks (short) and long cracks in dependence of 4 stress intensity
factor. Schematic representation of the loading level- dependent transition from region | into region II.

n = number of cycles, a is crack size-

(Newman, J.; Phillips, E. & Swain, M. (1999), 'Fatigue-life prediction methodology using small-crack theory', Int. Journal of
Fatigue 21(2), 109-119)
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LL:

* There is a hope, that in future for metals a basis will provided, that the estimation of an endurance limit
will be possible.

* A grain is usually polycrystalline with crystal planes in various spatial orientations. Hence, a metallic
‘composite’ material can be only termed homogeneous and isotropic if these orientations are randomly
distributed in order to become quasi-homogeneous. By the way, this is the same for an isotropic short
fiber-reinforced polymeric material, otherwise the so-called orientation tensor has to take care of the
non-isotropy.

16.3 Note on Application of Continuum (micro)-Damage Mechanics (CDM) in Static Strength

Note on Stress effort £ff versus micro-damage development D:

For the designer of interest is how the material’s stiffness decreases with increasing stress effort or

load, respectively. Design allowable R and average strength R lead to different stress efforts in design
verification and in modelling of material damaging (50% value = highest expectance probability), see
Fig.16-8. The enlarging effect of the design FoS j on the value of Eff, when reaching failure, is
considered in the design verification curve (dashed line) depicted below. The more reserve is, indicated
by a positive Margin of Safety MoS, the lower Eff'is. This has an effect on the actual strain in the non-
linear analysis case. It becomes smaller and the strain is less plastic, which is of interest for the validity
limit of an elastic analysis.

In the case of 3D modal SFCs (for comparison) the common micro-damage-caused degradation is
considered by an interaction equation that reflects the micro-damage influence of all acting stress states
and associated modes. The single mode efforts are interact via the experience-based interaction
exponent m being about m = 2.6.
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mean
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‘Stressman’s’ Assessment of CDM applications:

During his engineering life CDM was often propagated to make in future a Design Verification
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possible. In literature, i.e. [Jai20], Continuum (micro-)Damage Mechanics (CDM) models are also used
to determine a RF. However, this intention faces some obstacles.

Analogous to the standard procedure then statistically-based micro-damage model parameters would be
required and a total maximum value D is to define according to D < D gpissivie < 100% at failure and
this must be statistically based. Defining such a D—value is a challenge for the application of (micro-
)Damage Models in the Design Verification (DV) for serial production certification. This challenge is
novel and higher than providing the classical strength design allowables R, necessary for computing Eff.

Further, in known standard procedures Eff runs 0 < Eff < 100%, whereas D begins at a distinct Eff-

value but should principally also end at 100%, see [CUN22, §15.3]. Here, a very essential question
comes up: “How does the designer assess a stress level that is below the ‘onset-of-micro-damage’?” In
this context another question arises: “How are to consider low stresses in Low Cycle Fatigue?”
The provision of a CDM-failure body would be mandatory for obtaining DV. Hence, up to now CDM
seems not to meet the authority-demanded DV-requirements regarding the statistically reduced design
strength R and regarding the relationship o ~ R - Eff, which is valid in the linear elastic and in the non-
linear regime.

LL:

* Stiffness decay CDM model parameters are difficult to apply
* The ‘stress-man’ will not understand that at maximum load, which is at the strength point, the sum of
micro-damage does not approach 100%.
* The author could not sort out a consistent procedure that might be used in design verification. A clear
derivation of the maximum micro-damage values seems to be missing.
* How is the interaction of the damage portions in 3D-CDM solved?
* Stiffness decay CDM model parameters are difficult to apply
* Looking at ‘well analyzing’, which requires well-mapping of the stress-strain behavior in the
hardening domain, one should always remember the scatter of the measured curves.

Engineer’s question, regarding the body text above:

“Is it possible in future to provide the engineer the necessary design verification data when using micro-
damage quantities D;?”

Fig.16.-9 left shows the scatter and distributions of some strain curves depicting strength and strain
quantities.
Fig.16.-9 right up demonstrates that a compression test can, due to barreling, can just give a value for

the yield strength RS, . This requires the determination of the increased hoop diameter, when aiming at

realistic Rp- and E-values for tensile and compression. The figure also informs that for a static test
specimen of a product the directions are marked by the subscripts L, LT and ST and that these are used
for the description of sheet-type test specimens. These specimens are machined in the rolling direction
(letter L), transversal direction (T) and thickness direction (S). In the case of thick structural parts smooth
tension bar test specimens are cut out, in the case of thin plates flat test specimens are investigated,
which better represent 2D-structural shapes.

This is similarly performed for the radial and axial direction of a cylindrical test specimen.
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Fig.16-9: AA2219 engineering quantities and curves, deformation of a compressed ductile test specimen.
(right down) Marking of sheet-type test specimens

Eventually Fig.16.10 shall show the shape of the tensile rod test specimen and a picture of the porous
fracture surface of the ductile material used

Fig.16-10: (left) Geometry of the tensile rod; (right) Voids on the fracture surface [IWM]

LL:
* Before executing any analysis with a distinct code the designer has to check whether the actual
stress-strain curve fits to the shape of the implemented curve
* For the best possible estimation of the component behavior, the average stress-strain curve o
must be taken
* The average stress-strain curve ae does not inescapably run through the means of yield

(& — &)yield and of fracture (& — &)y
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17  Multi-scale Structural modelling with the concern Material Modelling and some Analysis
Aim: Making aware of limits when applying validated macro-scale formulations at lower scales.
17.1 Structural Analyses over the Scales

Structural modelling with associate analyses is performed at many scales, see Fig./7-1, from the
macro-scale up to the Burj Khalifa building size.
Thereby, the challenging task is the input of the right material properties: Which values are to insert
when analyzing at the lower scale? What about the stress-strain curve, and which for instance for the
anisotropic UD material remains always bound to the macro-scale?

Fig.17-1: Size variety of structures.

(left) Truss structure, created by J. Bauer
and O. Kraft with laser lithography.

Glass-like carbon nano-framework R®= 3000
MPa. Advanced Materials, Progress Report,
‘Nanolattices: An Emerging Class of
Mechanical Metamaterials’. JensBauer, Lucas
R. Meza, Tobias A. Schaedler, Ruth -

Schwaiger, Xiaoyu Zheng, Lorenzo Valdevit. ~ - m
2017,Wiley Online Library Burj Khalifa, 328

All this requires investigating the applicability of the usual macro-scale formulations especially
concerning static strength, fatigue and fracture mechanics. For the assessment of a stress state, when
viewing Design Verification (DV), it is to know the ‘Onset-of-micro-damage’ and the later following
‘Onset-of-micro-cracking’.

Multi-scale modelling is executed for static and cyclic problems. In the cyclic case, there are three key
‘points’ that separate the regions in Fig./7-2:

« Ultimate strength Rmt : Stress level required to fail with one cycle, n=1
* Onset of Yield, R,: Stress value at onset of plastic behavior with being Ry <R,

* Endurance limit Se(ndurance): Stress corresponding to the horizontal asymptote of the SN-curve.

The course of the cyclic failure test data, termed SN-curve, is again mapped by the 4-parameter Weibull
formula R=constant: o, (R,N)=c, +(c,—¢,)/exp(logN /c,)*.

As the average SN-curve cannot be applied in fatigue life DV, a statistically reduced curve is to
determine as design curve. This design curve defines a full Ddesign = 100% -SN-curve from the tensile
strength as original point and ends in the running-out defining an endurance limit stress.

17.2 Macroscopic SN-curve with Relation Material Stressing Effort Eff <> Micro-damage D

There are practically two possibilities to present SN curves:
(1) Ductile: Applying the stress amplitude o (R,N), also termed alternating stress

(2) Brittle: Applying the upper stress o (R,N)

The maximum stress is physically simpler to understand by the ‘stress-man’ than the
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amplitude, according to smooth transfer from the static to the cyclic behavior, Fig./7-2.
Namely, a decaying SN curve is interpretable like a decaying ‘static’ strength after a micro-
damage process with n cycles.
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Fig.17-2, Design Verification: Fatigue average curve and design curve R = 0.1. D = D egq, for a survival
probability P with a confidence level C. CDS is ‘characteristic damage state’ of a lamina

[Hiatt, J. (2016), 'What is a SN-Curve?', Technical report, Siemens PLM Community). Nt = Ninitiai + Nerackgrowtn. RUN-0ut
below the endurance limit means crack-retardation]

Thereby, the static material stressing effort Eff’ (Werkstoffanstrengung, Ny = 1) is replaced by the
accumulated cyclic micro-damage sum D(N). Applied here is the classical 4-parameter Weibull curve

with one parameter still fixed as strength point origin, because for brittle materials the strength value R!
=0o__ (n=N=1) is preferably used as origin in the tension domain and anchor point of the SN curve

max
and in the compression domain - R¢= c . (mn=N=1).

In detail, Fig.17-3 visualizes the transfer from the static load-driven increase of the material stressing
effort (n = N = 1) Eff = 100% (expectance value 50%) at the strength point to the cycle-driven micro-
damage sum Dpapping = 100% (expectance value 50%) of the SN curve. The evolution of Eff'is not linked
to the accumulation of the micro-damage. At onset-of-micro-cracking Eff is still > 0.

If static failure - maxo = ﬁstatic atEff =1 and if cyclic failure maxo =R atD =1

cyclic’

LL:
* It is always necessary to check whether the material at the lower level behaves in such a way that physically-
based macro-mechanical formulations can be used
* The material data input should satisfy physical model demands, which includes measurable parameters

* DV demands for a statistically reduced SN-curve.
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Fig.17-3, Mapping: Eff versus D. Mapping deals with averages = 50% expectance value

17.3 Multi-scale Material Modelling regarding Infinite Life (endurance limit) of Metals

Infinite life or, in other words, the endurance limit is an ever-lasting topic of highest interest in
structural design and concerns all materials.
Nowadays, valuable investigations on the micro-mechanics level seem to bring a significant progress for
isotropic metals by using Continuum Damage Mechanics (CDM).

Mlikota and Schmauder found that the so-called ‘Critical Resolved Shear Stress’ CRSS is the relevant
fatigue-responsible quantity, (Fig./7-4), regarding the behavior of ductile metals in the micro-scale
regime. Multi-scale Material modelling (MMM), based on enough computer power will probably allow
in future ‘Computational material mechanics’ from < micro-scale models (Molecular Dynamics-treated
and test results-supported from statically and cyclically loaded 10 um thick pillars for instance) via
micro-scale to bridge with the necessary properties (hopefully statistically based) to the classical macro-
scale models in structural design.

Multiscale materials modelling could grow and become a significant tool for understanding complex
material micro-damage processes for many homogeneous isotropic materials, a benefit for macroscale
investigations.

The conclusions of Mlikota are:

e The CRSS is the resistance for the dislocations to move through the crystal. It is governed by the
present strengthening mechanisms in the crystal. The CRSS is - according to critical stress strength
- a micro-shear strength.

e The fatigue crack growth modeling procedure in the High Cycle Fatigue regime should include the
following steps: Micro-crack nucleation within a grain — Coalescence of already existing flaws
and/or arrest at grain boundaries — Short crack or Stage | growth — Transition from Stage I to Long
crack or Stage Il growth
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o The discovered relation between endurance limit and the CRSS allows the virtual selection of those
types of materials, which are more fatigue resistant! The physically-based MMM approach
represents a breakthrough in the field of fatigue research

o The higher the CRSS magnitude of the metal of interest, the higher the loading stress level ¢ will be
necessary to accomplish the transition from infinite to finite life

o The multiscale fatigue simulation approach is capable of properly taking into account the mean stress
on= maxo - (1+R) /2 with the stress ratio R = mino/maxc and capturing the stress concentration

factor K, which are influencing factors when designing structural components.

e Experimental tests demonstrate, that there is a drop in resistance to fatigue fracture with the increase
of the grain size.

Slip plan

Nucleated
cracks
: es

Crack
codlescence 20 um
—_——

2 mm

20 um
CRSS — da/dN, Nini, Qinn —» Nprop

Molecular Dynamics (MD) Finite Element Method Finite Element Method
Micro-pillar tests (MPT) (FEM) (FEM)

Fig.17-4: Full modelling approach. CRSS critical resolved shear stress, da/dn crack growth rate,
Ni» number of stress cycles until short-crack initiation, ai, initiation short-crack length, Ny, number of stress
cycles until short-crack propagation.

[Mlikota M. & Schmauder S. (2018), 'On the critical resolved shear stress and its importance in the fatigue performance of
steels and other metals with different crystallographic structures', Metals 8(11), 883]

LL:

* There is a hope for some ductile materials in future to estimate the endurance limits of various
metallic materials in the Ultra HCF regime just by knowing their CRSS values !
Available CDM models seem to be neither to be clear-defined nor classified to be used for
Design Verification (DV). A DV-procedure is searched

* A grain is usually polycrystalline with crystal planes in various spatial orientations. Hence, a
metallic material can be only termed homogeneous and isotropic if these orientations are
randomly distributed in order to become quasi-homogeneous. (By the way, this is the same for an
isotropic short fiber-reinforced polymeric material. Otherwise, the so-called orientation tensor has to take
care of the non-isotropy).

* For the analysis the Mises SFC was employed in order to localize the peaks of shear banding
(yielding) of the investigated steel material

ozgises =3-J, with 6J, =(0, —0,)’ +(0, —0,)° +(0, —0,)* = f(7), 7,4 =3, /3
* Clearly to be defined is the quantification of the D-portions for ductile and brittle behavior with a
maximum value of total D = 100%:
- static case: the achieved micro-damage value at a distinct (equivalent) stress level
- cyclic case: the cycle-associated micro-damage portions with its derivation formula.
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17.4 ‘Meso’ —Modelling of the Example UD material

Fig.17-5 exemplarily gives a look at the present multi-scale modelling performed with Fiber-
Reinforced-Polymers (FRP). Two scales are linked together, the micro-scale with the macro-scale by a
meso-model. What is meso? Meso is no scale, per definitionem!

* Micro-scale > u m, macro-scale > mm.

* The author experienced (1999) in a BMFT R&D discussion round on three MaTech Competence
centers of institutes working from the polymer-scale to the structural macro-scale - after one day -
that the term meso-scale is used in polymer mechanics by the research colleagues at the nano-
level. This level is one thousand times smaller than the solid mechanics people apply meso.

* A further classification is available for porous materials, according to pore size: ‘microporous’
pores < 2 nm, ‘mesoporous’ pores between 2 nm and 50 nm, ‘macro-porous’ pores > 50 nm.
[International Union of Pure and Applied Chemistry].

isotropic or a Constituent materials: fiber, matrix, interphase of the interface
quasi-isotropic continuum buildup a layered continuum

failure usually occurs at micro-level

Isotropic Matrix ‘ Micro-mechanical (scale) Model ‘ Transversely-isotropic Lamina (ply)

calibration by macromechanical properties  elasticity, strength

maufacturing 'significances’
| Meso-Madel (RVEs, Voxel) | flaws, waviness, matrix-nests,

calibration by macromechanical properties

Ply-by-Ply analysis of the Laminate

merely non-degraded material strain-hardening

degrading material strain-softening + non-linear analysis
beyond IFF
Failure Conditions for the Homogenized Solid = Material

Strength Failure Conditions for the Material
validation of strength failure conditions by strength test series on matenial level

Macro-mechanical (scale) Mode||

Orthotropic Laminate
Fracture Mechanics Failure Conditions for the Structural Part

final failure: FF in an lamina or delamination in a laminate

arbitray crack in an isotropic or a

quasi-isotropic continuum delamination crack in a layered

continuum (laminate}

Fig.17-5:Multi-scale modelling, example FRP, brittle. 2 scales. RVE: Representative Volume Element, Voxel:
volumetric pixel

LL:
The term meso is a task-linked chosen size level. Apply the term meso-model, not meso-scale, and
define it.

In structural engineering meso is used at about 0.1 mm.
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17.5 Note on Micro-mechanical Formulas (mixture rules) for Example UD lamina (ply)
Aim: Guideline how to use micro-mechanical models and properties with giving some warning.

Mixture rules are employed in many technical disciplines (polymer and mineral composites like
concrete). Exemplarily, here at the so-called micro-mechanical formulas of UD-materials will be looked
at, only.

Creep investigations and pressure-related effects on the matrix and in consequence on the UD material
of composite materials i.e. usually require a micro-mechanical input.

Examples of the author, a centrifuge and a WWFE Test Case: The non-creeping constituent fiber is to
separate from the creeping/relaxing constituent matrix. In order to capture these features the use of
‘micro-mechanical mixture rules’ in structural engineering is common practice. It requires properties of
the constituents and the so-called mixture rule, how these constituent properties are linked, to be able to
predict properties of the envisaged (‘smeared‘) material on the macro-scale.

Not all micro-mechanical properties applied can be measured. A solution will be obtained by setting up
mixture rules and calibrate them via macro-mechanical test results on the lamina macro-level. This
makes an inverse parameter-identification necessary.

Hence, the application of a micro-mechanical formula underlies the constraint that the given micro-
mechanical properties can be only used together with the formulas they are based on. Otherwise the
results might be pretty wrong. For example within the WWFE, Test Case 1, the organizer QinetiQ just
provided micro-mechanical material properties but not the associated micro-mechanical formula.
Therefore, the author had to apply micro-mechanical UD formulas from [VDI 2014, sheet 3] and found
a discrepancy of a factor 2 for the data to be predicted! This is not acceptable for the WWFE-task model
validation.

LL: Micro-mechanical properties can be used only together with the formulas they have been
generated with ! <« Significant Warning due to painful time-wasting experience in
the WWFEs !!

CV Cuntze_Research Findings_7jul25 * carbon-connected.de/Group/Prof.Ralf.Cuntze 115



http://www.carbon-connected.de/Group/Prof.Ralf.Cuntze

18 Some Lessons Learned from Testing and from Evaluation of Test Results

Aim: Forwarding Lessons Learned.
In structural design one basically faces 3 types of testing:

» Structural Testing (destructive, non-destructive)

» Materials Testing (destructive, non-destructive) and

» Non-Destructive Testing of structure and material (NDT, NDI, NDE).
Other tasks here are: Failure detection, localization, size + shape, Failure
assessment (risk-based).

All structural tests to be performed aim to uncover a deficiency: Workmanship, design mistake,
oversight of a failure mode, tightness, shock resistance etc.

Fig.18-1 presents the test strategy of the MIL handbook 17, a forerunner guideline for the development
of composite structures which are more challenging than developing isotropic structures.

The pyramid of tests  MIL-HDBK-17-1E
(— II\‘ .\

[ COMPONENTS |

r

LUB COMPONENTS]

NON-GENERIC SPECIMENS

STYNLYII TVHNIONYLS

35v8 viva

GENERIC SPECIMENS

Figl18-1: Test strategy of MIL-HDBK 17 (original edition about 1970). MIL-HDBK-17/1F (VOL. 1 OF 5),
DEPARTMENT OF DEFENSE HANDBOOK: COMPOSITE MATERIALS HANDBOOK - POLYMER MATRIX
COMPOSITES GUIDELINES FOR CHARACTERIZATION

In this Chapter some personal experience is presented, beginning with structural testing.

18.1 Structural Testing primarily based on the Ariane launcher development

At first, a Test Agreement is to provide. It consists of test rig, test specification, test specimen and test
data evaluation method and the Test Procedure. Therefore, one can only speak about ’exact’ test results
in the frame of the obtained test quality.

Fig.18-2 presents the so-called sub-structuring (affecting shares between the participating Ariane
partners) an example for violating mechanics: MAN was not permitted to include the neighboring
structural part despite of the fact that it was also a MAN contract part. We could not implement the
FE model of this neighboring part in order to optimally represent the real boundary stiffness
conditions in the model of the ‘studied structural part’ but had to implement the given boundary
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conditions of the contract. This caused a wrong behavior of the ‘studied structure’ and was a real
mess regarding the evaluation of the test results and comparison with analysis results. The first test
article has been allegedly strengthened, which was senseless.

Sub-structures Model Structure with its boundary
Launcher Structure ;
of the Launcher Structure conditions for buckling calculations
e
adjacent i Y
struchuge

pressue,
temperature

adjacent
stimchure ﬁ

C—> =external loads

O = mtertacs stithess

— = boundary conditions

Y
4

Fig.18-2: Sub-structuring of the Ariane 5 launcher, Front Skirt test

LL

* Test article analysis is mandatory to interpret the test results and simulation-based improve the design.
Only well-understood experiments can verify the design assumptions made!

* Splitting of a large structure (Ariane experience) is dangerous: The first buckling mode can appear on an
adjacent structure and not on the studied one

* Mandatory for a realistic qualification of a sub-structure is a realistic set of cross-section loadings and
pressure loading with an accurate structural designing of the interface stiffness of the adjacent structural
parts. If the interface is too stiff in the test assembly this will attract loading and lead to a non- realistic
failure site (experience from Ariane 5 tests). The total system determines the behavior

* Not all critical locations of a structural component can be tested, because an ‘over-testing’ of some parts
may happen to be. ‘Verification By-Analysis-Only’ is to be considered if the structure is too big or if the
test model shall e.g. be applied later as flight model

* Put strain gauges there where a clear stress situation is in order to avoid useless discussions about the
interpretation. Check locally by strain measurements and then rely globally on FEA-test result
comparison

* Specific design requirements drive testing

* Requiring different so-called system margins MoS;, (suffered nonsense in a Ariane Technical Specification) for
the various structural parts, then not all critical locations can be tested without overloading other
integrated parts. Components of such a structural assembly cannot be verified by a qualification test,
because system margins cannot be used locally like a ‘fitting factor’. They should have been considered
directly in the Ariane 5 as a usual design FoS, applying jss = (MoS,, +1);j. Otherwise, the design
process is obscured and is prevented from applying the most economic measure in order to take risk
out of the structure

* Requirement to put a design FoS j on a design temperature violates physics and structure behavior

* So-called test correction factors are applied to adjust the design verifications by accurately evaluated
structural test results linked to the test article analysis results.
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This is a good place to remind that Sub-structuring is risky, if the boundary stiffness between the structural
partners is not provided by the structural architect.

My personal experience is my inhouse response to Mr. Feustel’s mail, below:

Herrn Dr. Cuntze / EGS

tig fir uns. Angeblich (nach Informationen vom

Yes, we had a calculation error that we should have discovered through a load-balance check. All other checks
failed to identify the error because the substructure specifications were too rigid, and design changes didn't
provide a solution. In other words: the calculations led to the requirements being met within the stiffness
specifications.

Substructuring is particularly problematic in statically indeterminate systems regarding loading, different
boundary-linked frequencies. The total system determines the behavior. We could solve the problem!

18.2 Material Testing primarily based on the World-Wide-Failure-Exercises-I and -1I

The author succeeded with test-validation of 3D-strength criteria models for isotropic concrete,
transversely-isotropic UD-material, orthotropic ceramic (fabrics) with visualization of the derived
3D failure surfaces if reliable test data sets were given.

This was only partly given in the the World-Wide-Failure-Exercises-1, concerning2D-mapping, and —
11, concerning 3D-mapping of UD materials. The author’s WWFE-I and -II contributions had to be based
on an intensive assessment of provided test results. In this sub-chapter the Lessons Learned during the
examination of several WWFE-Test Cases (TC) will be collected.

Validation of the lamina-material SFCs models can be only achieved by 2D- together with 3D-lamina
test results. Since SFC-model validation is focused just lamina-TCs are now investigated in detail. The
normal user is just interested to well map his course of failure test data by a UD-SFC and not on the
laminate analysis tools.
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The laminate test cases serve for the verification of the laminate design. There the full WWFE failure
theory is required. This makes a comparison between the contributions very challenging because
different FE codes were applied by the contributing competing institutes. These better tools further had
to be equally compared to the retired author’s tools. He could just use his handmade non-linear CLT-
code upgraded by experience and using his sensibleness for the problem and the delivered input.

LL, more general ones

* Measurement data is the result of a Test Agreement (norm or standard), that serves the desire to make a
comparability of different test procedure results possible. Hence, there are no exact property values.
Material properties are the result of the material model applied inclusively mapping process.

* Stresses, strength, strains, elasticity properties cannot be directly measured

* Check of assumptions is necessary before designing (example: WWFE on UD-material). Pore-free
material, specimen surfaces polished, well-sealed, fiber volume is constant, tube specimens show no
warping and do not bulge, perfect bonding, no layer waviness, edge effects do not exist

* Sometimes one must live with a substitute test situation in order to get some approximate properties
(Example: UD-Tension/Compression-Torsion test device — Arcan test device)

* Before thinking about test data evaluation the associated underlying micro-damage processes must be
sorted out in order to get a better understanding of failure

* Test specimens shall be manufactured like the structure (‘as-built’)

* Comparisons between theoretical predictions and test data help to identify the major discrepancies,
limitations, and areas which require further theoretical and experimental work. There is always a lot to
be done and following Moslik Saadi: ”All is difficult prior to becoming simple”’! This begins with the
provision of appropriate test specimens for the various material families being extreme ductile or brittle
and ends with appropriate test procedures and an appropriate test data evaluation

* Considering FE-results: We must more and more 3D-design! However the situation of properties,
especially for composites is. ,, 3D-property data test sets are seldom sufficiently available “.

* Achievement of a correlation test <= analysis not just a comparison of numbers !

Of high interest for future scientists and engineers might be the following assessment results of the
provided properties during the author’s many WWFE-designated years. They are results which stem
from a very careful and effortful test data evaluation lasting about one man year. Otherwise, a successful
WWEFE-contribution could not have been made possible.

Thereby, some essential WWFE TestCase-examples for lamina-input shortcomings were found:

* WWFE-I, TC1: the provided strengths have been changed from Part A to B and two test points are doubtful
regarding own test results (Reason is known: non-accurate raw test data evaluation of the test engineer at DLR
Stuttgart. Organizers did not question the test data but required mapping of the false ones!).

* WWEFE-I TC2: the author informed the organizers that apples and oranges have been put here together in a
diagram. One cannot fill into the same diagram 90°-wound tube test specimen data together with 0°-wound tube
data. The 0°-stresses have to be transformed in the 2D-plane due to the fact that shearing under torsion loading
turns the fiber direction (see Fig.18-3) and the lamina coordinate system CoS is not anymore identical with the
structure coordinate system of the tube. In order to also use these test data the author exemplarily transformed
magenta-colored two fracture test points by the occurring twisting angle y using a non-linear CLT-analysis. Then
he could achieve a good mapping showing, that the two transformed fracture points accurately lie in the lamina
CoS on the 90°-tube curve.

* WWEFE-II, TC3: the same mistake happened again! However, here the much more complicated 3D-stress
situation was to face, so that the 3D-transformation of the 0°-data set could be simply performed.
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* WWEFE-II, TC2 an average stress-strain curve should have been provided because otherwise no realistic
treatment is possible. Therefore the Part A results could be only inaccurate. From the Part B information the
author could derive an average curve and then all 3 TC test data courses could be mapped and the mutual check
points in the fully connected TC2-TC3-TC4 matched. Incomprehensively, there was no response of the organizers
to the author’s idea, which made 3 TCs to successful test cases.

* Viewing the final papers of the WWFE-organizers “A comparison of the predictive capabilities of current
failure theories for composite (UD-composed) laminates, judged against experimental evidence” and “Maturity of
3D failure criteria for fiber-reinforced composites, comparison between theories and experiments”, there is not
any doubt to find - concerning the quality of the only available, provided test data sets -

One third of the provided TC test data was at least questionable
till not applicable for a reliable model validation !!!

Mind, please:

* Test results can be far away from the reality like an inaccurate theoretical model.
* Theory creates a model of the reality, one experiment shows one realization of the reality.

1:21fr (o,) basic cross-section of the fracture failure body: (right) WWFE-1, TC2, UD lamina, CFRP,

T300/BSL914C Ep ; (left) Tube test specimen picture: [Courtesy IKV Aachen] The normal user is just
interested to well map his course of failure test data by a SFC

(More WWFE etc test evaluations are found in [Cunl3, 25])

“Theory is the Quintessence of all Practical Experience” (A. Foppl)

MAN thread winding machine
(pin winding)

AL
\\\\\\ : Ly 2,

. %{_‘ i with CNC control and
' heatable multi-thread guide.
Thread placement from 0° to 90° possible.
See Fig. 18-3

CV Cuntze_Research Findings_7jul25 * carbon-connected.de/Group/Prof.Ralf.Cuntze 120



http://www.carbon-connected.de/Group/Prof.Ralf.Cuntze

Task: Determination of IFF curve, capturing IFF3, *~ ' and FF2
21

[Figure: courtesy
IKV Aachen]

Bi-axial test data could be
obtained because a

tension-compression-
torsion test rig was
available for
tubes < 0" fibees turn out of 0"direction

M,
Tube (90°-hoop wound) 0, =0, .0, =0,
— o) aig—»  {R}=(1500, 900, 27, 200, 80",

Tt
=By W0 0 - 10 PartB: b, =0.13 m=3. AT ==125°C (after curing)

Part A, prediction: Strength data only provided, no friction value (slope)

Part B, comparison: Strength data sets were provided, partly from 0°-test specimens (axial fiber direction) and partly from
the traditional 90°- tube test specimen! After transformation, the two chosen m@ , by executing a non-linearly
CLT-computed shear strain analysis, these two 0°-points exemplanly could be shifted onto the magenta envelope
The shear strength point (blue) had to be adjusted according to new B information.

Fig.18-3: Example WWFE-I TC2, WWFE-II, TC3

Finally, Fig. 18-4 presents details of the high-qualified tension-compression-torsion test rig.

_,,//:/\ Inter fiber fracture

Fiber fracture

Fig.18.5: The tension-compression-torsion test: Test set-up of Leibniz-Institut fir Verbundwerkstoffe GmbH
Kaiserslautern and (right) GFRP and CFRP test specimens of MAN Technologie
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18.4 Derivation of an accurate average strain-stress curve, example UD
The use of accurate stress-strain curves of materials builds the basis of structural fidelity.

These curves may show a vast scatter. Therefore, a practical method of handling, analyzing and
averaging theses curves has to be found for the nonlinear, statistically scattering stress-strain behavior of
materials. The measured stress-strain curves are approximated by a mapping function. That makes it
possible to extract, store and update the complete nonlinear behavior of above metals or of composite
materials in form of a distinct number of real parameters.

Three different evaluation methods are presented for the statistical analysis of a sample (bunch) of test

curves. (The derivation is found in [Evaluation of Stress-strain Test Results for effective use in Computational Analysis and
Adequate Statistical Quantities curves. Ralf Cuntze, M.A.N.-Advanced Technology Division Miinchen, and Gustav Lobel
(Institute of Technical Mechanics, Erlangen. Germany). ICOSSAR 85 4" Int Conference on Structural Safety and Reliability,
111-664—668]).

Test data recording: The material properties, usually extracted from recorded stress-strain curves are Ey,
R and &5 However, the amount of information contained in a nonlinear stress-strain curve is much

larger. A complete storage of all curves is quite an effort. For numerical analyses, it would therefore be
very advantageous to be able to work with only a few parameter values describing a substitute curve.
So, for effective storing and processing of a large number of complete curves on a digital computer it is
inevitable to substitute the test curves by analytical functions. In addition this leads to a representation,
which is very suitable for computational analysis. The industry most often applies the well-known 3-
parameter R-O function (see Mil Hdbk 5, now MMPDS), still used for aluminum before, that proved to
be very suitable for composites (the envisaged example), too. The R-O function can be applied as
mapping function (Mind: In material data sheets like in the HSB R-O-parameters for strain-hardening are
provided for metals). For shear inter fiber failure IFF3 (torsion tests) it reads

&g =0 1 Eg** +0.002 (o / Ry )" > example y, =7, / G, +0.002-(z,, / Ry, )",

and one can accept the excellent mapping quality of the R-O-function in the inelastic regime (hardening
curve part. The four values Eo, R, ez and n represent in compacted form the complete nonlinear
behavior of the test specimen. The curve, or at least a good approximation, can easily be retrieved from
them by the R-O formulas. By the way, the values Ey, R, e and Ry, are also acceptance test values
needed for quality assurance.

Statistical evaluation of a bundle of test curves: In Fig.18-? nine single stress-strain curves from
identical tube torsional experiments made of the same CFRP-material are reproduced. For design
analyses this vastly scattering bundle of curves has to be averaged. For the visualization: If we imagine
all the curves being written by purling sand onto a surface, the result would be a hill shape, Fig.18-?
right. The height of the sand hill at each point is a measure of the probability with which a single curve
passes through exactly this place. And the ridge of the resulting hill defines a meaningful average curve
€G not to be mixed up with a mapping through the mean points, indicated by €(G) and described in

Method 1.

Method I. As a first naive trial it looks plausible simply to take the arithmetic averages of the curve
parameters E,, R, z,, R,, or n, respectively. This method, described by £(&), fails due to the
strong non-linearity.

Method II: not detailed here, because to being extremely complicate. See ICOSSAR 85.
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Method I1l: To avoid the horrendous calculations necessary, within method 11, a third procedure was
developed with the following steps:

- harmonic averages for E, from values Eo; -

- harmonic averages for R, from values Roz.i

- arithmetic averages for R;, ¢, ; with computing n using the averages above.

(The harmonic average is a numerical average. It is calculated by dividing the number of observations by the
reciprocal of each number in the series. Thus, the harmonic mean is the reciprocal of the arithmetic mean of
the reciprocals. Steps to calculate the arithmetic average: Count the number of values in the set. Add all the
values together. Divide the sum by the number of values in the set to obtain the arithmetic average.)
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Fig.18-?: (left) R-O- ‘reconstructed’ curves from a torsion tube test specimen sample test. (right) Probability
‘density hill’ (fiber T300/ matrix EP)

Fig.18-? left shows the results graphically.

*As can be seen, Method I leads to a curve, which is not acceptable.

*The curve defined by the parameters according to Method Il gives accurately what is wanted but this is
not engineering-like.

*Method Il renders the same, but with less effort and is therefore recommended for usual practice.

Is this really considered in design? Always?
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19 2D-Laminate Design:
Direct Determination of Tsai’s ‘Omni principal FPF strain failure envelopes
Aim: Replacing the ply-by-ply proof of multiple-ply laminates by a much simpler method

Steve Tsai’s idea was to by-pass the effortful ply-by-ply analysis of multiple-ply laminates by using a
so-called ‘Omni-(principal FPF strain)_failure envelope’. This envelope surrounds an intact Non-
FirstPlyFailure (FPF) area whereby FPF includes Fiber Failure FF and Inter-Fiber-Failure (IFF).

Such an ‘Omni failure envelope’ is to determine for each composite material, applying a FPF-Strength
Failure Criterion (SFC), and will capture all possible laminate stacks. Naturally, the used SFC
significantly determines the shape of the envelope, see Fig./19-1.

Dimensioning is performed by showing that the design loading-caused principal strains are lying within
the Non-FPF area. Thisidea can serve as a very practical Pre-design tool!

A G,
L g By
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-J000 -3500 -ZJoos~"fi500 —fooo -Foo fo  spo 100 100 2 %_:oo !
ol =5 P
/1 5 A/
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Fig.19-1: Cross-section o, (o) of the failure body, Tsai-Wu versus Cuntze

19.1 Tsai’s indirect Determination of the 2D ‘Omni envelope’

Fig. 19-2 displays different ‘butterflies’ (name, how the author Cuntze termed the bundle of i FPF-
curves), derived using the SFCs of Tsai-Wu and Cuntze). These numerical results of the FPF-linked

4 & + &
15 - 15 - Non-FRF area Cuntze
10 - 10 -
. / i / \
0 > 0 >
& &
_5 - _5 -
—-10 A —-10 A
—151 FPF envelope Tsai-Wu —15 1
IM7/977-3 IM7/977-3
-20 -15 -10 -5 0 5 10 15 20 -20 -15 -10 -5 0 5 10 15 20

Fig.19-2, bundie of all FPF envelopes = ‘butterflies’: All ply FPF-envelopes enclosing a non-FPF failure area;
0°< a < 90° (91 ply angles). Principal strain in %o, suffix FPF is skipped. CFRP IM7/977-3. In all pictures: (left)

Tsai-Wu with z =0, F, =-05 and (right) Cuntze with zz =0.2, m=27
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principal strain curves clearly depict the significant effect of the chosen SFC, see above figure.
The different lateral properties determine the shape (wing edge) of the obtained symmetric ‘butterfly’
with its single, grey-marked principal strain curves provided by E. Kappel.

19.2 Cuntze’s Determination of the 2D ‘Omni Envelope’

The derivation of such an ‘Omni failure envelope’ is pretty effortful and no direct formulation could
be found in the past. Recently, this bottleneck could be by-passed by an idea of the author, who
examined various horizontal cross—sections 1,; = constant of the UD-FPF fracture body in Fig./9-3
below. He found that 1,;=0 delivers the smallest Non-FPF area. > Pre-
Dimensioning can now be performed by showing that the design loading-caused principal strains are
located within the Non-FPF area, a simpler pre-design of arbitrary laminates is possible.

50'2

v.Q

B 57

Fracture body = Surface of all ; '7,, 1 {0'}- (6,,0+.0,0,0, 7 )f
ez 1PVY:VHeVaVr ' N1

fracture stress vectorpins " T

Fig.19-3: (left) 3D UD Failure body. (right) FPF-envelopes for 3 planes t;;= const. CFRP IM7/977-3

Fig.19-4 (left) presents the resulting Omni principal strain FPF curves ¢,(g,) with a not
unambiguously solution ey(er) for each parameter level 12 = const. — The failure curve o,(o,,7, =0)

describes the ‘Omni envelope’.
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Fig.19-4: Mirrored envelope of the (Cuntze procedure), CFRP IM7/977-3

Originally, the ‘second’ solution-linked additional outer curve parts were excluded in the graph and the
right figure eventually shows the ‘cleaned-up’ envelope, representing the limit Eff = 100%, enveloping
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the Non-FPF area. The cleaned-up graph is identical to the Non-FPF area obtained by the standard Tsai
‘butterfly’-determination procedure.
Domains of the envelope could be dedicated to the locally faced failure mode types FF and IFF.

In a novel investigation, detailed in Zable 19-1, Cuntze could give a complete look of the different
envelopes in Fig.19-4 (left). Depicted are the ‘butterfly’ wings (outside) and internally the
shadowed Non-FPF area. For optical comparison reasons E. Kappel ‘traditionally’ provided the
‘butterfly’ procedure plots for Fig.19-4 (right) and Fig.19-5.

E
L_ L3l atead | —_
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\ on the UD envelope
e, ."' =1 } |

i < - { + load-caused principal strain point
"" - - 1 4
.+~ ‘Omnifailure /
2 envelope’

Fig.19-5: (left) Various envelopes of the Non-FPF area (Cuntze procedure following Principal Strain Procedure
Cuntze in Table 19-1)..(right) ‘Butterfly’ and Non-FPF area applying the SFCs of Tsai-Wu and Cuntze

19.3 Pre-design Example using the ‘Omni Non-FPF area’ and Determination of Reserve Factor

Of highest interest is the reserve factor which must be smaller for a simplified design method than
obtained by the classical ‘Ply-by-ply procedure’, thus remaining on the Safe Side. Laminate Design
Verification is traditionally performed by above ‘ply-by-ply’ analysis, assessing the obtained ply

(lamina) stresses {G} in the critical location of the most critical plies. Now, a simpler more global

assessment is possible (Zable 19-2) by using the in-plane principal strains of the laminate, strains

Tablel9-2: Procedure of checking a probably critical design stress state

A Non-FPF area within an ‘Omni failure envelope’ is given for the chosen laminate material
» FEA delivers the maximum state of the 3 strains of the laminate stack

» Transformation into the 2 principal strains as coordinates of the Non-FPF area

> Check, whether the strain point (&, ,&,) lies within the envelope or Non-FPF area

» Determine material reserve factor frr = vector length ratio of failure strain/design strain.
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which represent the loading. Such principal strains are a standard output of modern FE software. They
are mathematical and not material symmetry-linked quantities.

Remember, please that the execution of the Design Check runs under the Presumption:
“Linear Analysis, ‘proportional stressing concept’ o ~¢ is permitted”.

Table 19-1: Procedures, how to obtain the material reserve factor fzr

SFC Cuntze: Failure Function F({a} ,{ﬁ} y, directly) =1

Eff e = [(Eff'" )" + (Eff 7)™ +(Eff )" + (Eff )™ +(0)" 1™ '21, m=27
Input

{0} =(0,,0,,05,753,751,7,,)" — (0, =900 ,0, =20 ,0, 0,0,7,,= 25)"MPa,

{R}=(R}.Rf.R,R?,R,)" — (2230,537,71,202,78)" MPa, 41, =0.2.

{a}-loading-caused ply strains and loading-reperesenting principal strains

& =8;°0,F8,:0,, &= 85,:01F 8y, 0y, V=S¢ Ty

&g = 0.5'|:(81 +é&,)+ \/(51 -&, )2 + 7, ] g =05 [(51 + 6‘2)-\/(81 -&, )2 + 7, :l
g =00083=UD¢l, g, = f, -& =0.0009, f, =&, / & =—0.109.
*Stress Procedure Cuntze: Lamina task, solved by ply-by-ply failure analysis
Eff ™ =[(Effl°)™ + (Eff ")™ 4+ (Eff *2)™ + (Eff +*)™ + (Eff 11)™] with the mode portions inserted,

(G +|G|) )m +(O-z+|62|)m +(_O-2 +|Gz|)m+ |2-21| m }r/n

1 1 m
—— )" +(——= — —
2R/ 2R 2R 2R R, +05 4, (-0, +|o,])

| Il L

(_01 +|01|)

Eff = [(

— Eff =0.513 = material reserve factor f,. =1/ Eff =1.95.

*Principal Strain Procedure Cuntze: classical laminate task, solved by a laminate failure analysis; 7,, =0
Dueto ¢ =¢,, &, = ¢, for the 2 failure determining stresses follows, y,, =0

0, =S, "€ —Sy &) (Sy° =S, °S,) and o, =(g, =S, 0,)/S,, which is to insert into

the FPF-criterion-based '‘Omni principal strain failure envelope' formula

((G+|G|))m ((G |G|))m (Gz+—|t02|)m+('cztcz

2R 2R° 2R! 2R’
With the chosen SFC the — Non-FPF area ¢(o.c) is to derive .

+(0)™ =1=100% .
I

: £ : : :
On the strain beam  f, = <" = ZL#F it will be finally obtained

¢ €| FpF

fre :\/<3|,FPF2 +3||,FPF2> / \/(3|2 +‘9||2> = & [ 6 =106 .

Cuntze’s direct determination of the ‘Omni failure envelope’ enables to determine the reserve factor
straightforward instead of using the Non-FPF smaller internal circle in Fig./9-5, how it was usually
performed up to now, see [Cun 24a, c].

However, there was a solver computational problem:
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Mathcad unfortunately delivers a principal failure strain value ¢q, outside of the Non-FPF area as

result of its solution process. The other solution seems to be received, if a shear strength is involved.
This wrong point value can be localized on the UD ‘butterfly wing’ edge in Fig 19-4 and this enabled to
successfully use the symmetry of the envelope as it is executed in Fig-19-5.

Now, Design Verification can be performed as described below:
ell

fr = = f£ =-0.109 UDeI = 0.0083
€

Yorgahe €IFPF = 001 ol = 100 02 =10
[eIFPF = si1-a1 + s21-03 |fe -IFPF = s21-01 + s22-02

(cl+ |al|)“"‘“+ (c2+ 02| )m‘”‘+ («m |<,1|)“‘”“+ [«m |cz|)“*"“_l

2R1t 2R2t 2Rlc 2R2c
Ag = Suchen(cIFPF . cl,62) ¢cIFPF = Aso ¢IFPF = 001712

eIFPF

fe =-0.109 fRFe = - [tRF&' —307 ]

This result of the Mathcad program leads to a value which belongs to another
solution brunch (see the figure). Using the plot's symmetry the real value can
be found after the replacement of fe by fer = 1/ fe

L 1 _ EllFPFr

= = fer = 9214 fRFer = UDel | RFer = 1.06

< |fRFo = 1.95

Fig.19-6 Successful computation of fzr after utilizing the plot’s symmetry (code Mathcad 15). &, =UDg,

LL:
* The method is more or less a linear method.
* The investigation of various cross—sections t,y=constant, proved, that t,,=0 delivers the smallest
Non-FPF area, thus making a simpler pre-design of arbitrary laminates possible
* Basic result:
The principal strain approach delivers the required smaller reserve factor compared to
the conventional ply-by-ply stress-based procedure. — The approach is ‘On the safe side’ !

(My successful idea was a welcomed Christmas gift for Steve, 2023).

Note, once again please:

Tsai’s ‘Omni principal strain envelope’ principally surrounds a Non-FPF or even a Non-LPF area.
*FPF is required if the design requirement asks to fulfill a First-Ply-Failure in the critical locations of
the plies of the laminate.
*LPF, if to apply, is required to fulfill a Last-Ply-Failure limit. However, this usually involves a non-
linear analysis up to the ultimate failure load of the structural part.
In order to cope with the reserve factor definition these shall be sketched again below:
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Strength Design Allowable R

About 'linear' FPF, then a stress-defined fg =
Stress at j - Design Limit Load

For completion of §19,

a to be designed not unusual thick multi-ply laminate is displayed below:

Many thanks to Steve for the remark below:

Von: Stephen W, Tsa [mailto:s eve.tsai@m ac.com]

Gesendet: Samstag, 17, Mai 2025 19:04

Am Ralf Cuntze

Cc: Chiara Bisagni; Dransfeld Clem ens; Urs.Meier @empa.ch; Erik.Kappel @dir.de; w.wagner@kit.edu;
Michael Windisch; Meinhard Kuna; Kaus.rohwer@dir.de; permanni@ethz.ch; christianhuehne@dir.de;
joachim.hausm ann@ivw uni-kl.de; ingo.ehrlich@othregensburg.de; michael.magin@ivwe uni-l.de;
t.weber@fh-aachen.de; GABOOS@ibero.it

Betreff: Re: My private sdentific papers: Excerpt from my overall CV

Dear Ralf

Thawe never seen a master piece of work that vou have shown o be possble. An meoredible
conmbution treatise of the filure of composite matenals.. You have set a standard that others
have to leam to meet.

Congratiations for vour achiesement.

Steve

ICCM V, San Diego Chairman: Dr. Steven Tsai, Chief, Mechanics & Surface In-
teractions Br., AFWAL, Wright-Patterson AFB, OH 45433

San Diego 1985 Vice Chairman: Dr. R. Cuntze, MAN - Nene Technologie,
Tuesday, July 30, PM AbC, EGS, Dachaner Str. 667, Post fach 500620, D-8000

Mechanical Properties of Composites 1 Munich 50, West Germany
ROOM: Council/Chamber 40 years now

Below an associated Abstract for the annual

“Munich Symposium on Lightweight Design 2025
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Engineering Strength Assessment of UD-multiply-composed Elastic Laminates
Ralf Cunize, Praf. Dr.-Ing. habil *, supported by Erik Eappel, Dr.-Ing. **

* Refired from industry, MAN-Technologie, Augsburg, Germany, Balf Cuntze(@t-online de
** Institute for Lightweight Systems (51), German Aerospace Center (DLR), Braunschweig

In practical multiply-laminate development there are to capture so-called “Quad-stacked’
lanunates of the (0/4390/45)-famuly and Tsai's novel “Double-Double-stacked’ laminates of
the {q:t-"—w.-'-cp.-ur} -family (NCF, stitched layers product). Due to the fact, that these laminates are
just in-plane loaded it is very helpful for a structural engineer to have 2D Design Sheets, at least
for checking Finite-Element-Analysis results of arbitranly-stacked multi-ply laminates. Since
strength failure envelopes significantly depend on the applied Strength Failure Criterion (SFC)
exemplarnily two SFCs, those of Tsai-Wu and Cuntze are examined, which requires a challenging
transformation of the Tsai-Wu SFC into the more often used notation of the DI 2014 guideline.

An idea of Stephen Tsai is followed on ‘Designing Laminates to Fiust-Ply Failure (FFPF)’,
which includes Fiber Failure (FF) and Inter-Fiber-Failure (IFF) and thereby marks the *Onset-of-
fracture’. When realizing this, failure stress-based “Ommi-(principal stram) failure envelopes’
(term fiom S5.Tsai) are to derive. These envelopes swround the intact “Non-FPF area’. The
process requires that combinations of each ply orientation angle with principal strain ratio (here

361, chosen 1°-increment) are to evalvuate. Thereby the smallest reserve factor determines the
FPF limit and thereby generates one point on the bias-symmetric envelope. Each computation

represents a faint *vein’ in Fig J (%}_ The principal strain approach delivers the required
smaller laminafe reserve factor compared to the conventional ply-by-ply stress-based procedure
with its minimum ply reserve factor. The approach is ‘on the safe side” if thFm < rmnfR’F !

The determined Non-FPF areas are further reduced to an internal circle in order to find a FPF-
limit-defining envelope-function for the computation of the laminate reserve factor. The circle’s
radius depends on the principal strain magnitude r = min,/ef + £ . Cuntze sorted out a function

for the envelope, because he found that (g, =0,.0, =0,.7, = 7,; =) defines it. This means that

4
the full area can be exploited for fR]‘}m . not just the internal circle area, Fig.J.

A thereon based design sheet would enable to reduce the effort for Design Dimensioning.
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Fig 1:Faint "Veins’ of all computations for IM7/977-3 Fig.2: SFC-dependent Non-FPF areas for
Sforming the merely visible veins of a butterfly s wing T300/Cytec (Tsai-Wh bottlensck in nezative domain)
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20  Note on Criticality of Fiber Micro-Fragments and Dusts of CFR-Plastic/CFR-Concrete

Matter of my heart:
Supporting the application of sustainable carbon concrete with low-risk PAN-CFs in Production and
my special concern regarding Recycling.

Carbon Fibers (CFs) usually are produced using the precursors Polyacrylonitrile (PAN) and Pitch.
Problem and question: Machined Pitch CFs generated many toxic split-up fiber fragments. What about
the PAN-based CFs? They can be classified into the types: intermediate-modulus (IM), high-modulus
(HM) and ultrahigh-modulus (UHM), whereby UHM-CFs seem to show some and the lower modulus
Standard PAN no hazard. These facts ask for an investigation of the UHM-CF with the objective to
finally sort out that the use of the less ‘risky’ Standard PAN CF causes no threat.

Inhaled particles with its size, geometric shape and contaminants adhering to the surface are relevant
for a health effect. Of course, targeted workplace prescriptions always have to counteract the occurrence
of excessive stress on the lungs from inhaling too large amounts. Respirable bio-persistant particles
accumulate in the alveoli of the lungs. These so-called “WHO fibres' pierce the macrophages in the
lungs and can migrate into the abdomen and pleural tissues and cause cancer.

CF application in Construction

As structural engineer, who has founded and led two working groups in the carbon concrete sector for
10 years: “It is my deep wish to use more fatigue-resistant [VDI2014] PAN-CF in the construction
industry in order to increase the life of bridges and to save concrete, a composite material, which has a
negative CO; footprint due to the necessary clinker (cement constituent) production.”

The next figure displays a CFRP application by a fiber grid (mat) as a slack reinforcement (no

pretension) of a bridge.

Fig.20-1: Bridge Wurschen, 2022: (left) Superstructure made exclusively of carbon concrete, shell construction.
(right) Textile FRP mats in the super-structure) (Foto: Stefan Groschel, IMB,TU Dresden)

Note: Full exploitation of the Carbon Fiber (CF) is only to achieve by pre-tensioning, which will
advantageously compress the usual low tensile strength of the matrices concrete and plastic. Just pre-tensioning
of plates is still series production.

Carbon Fiber Production

CF-properties strongly depend on the production process and above precursors which need different
conditions but the essential processes are similar. A CF requires a heating and stretching treatment to get
the high strength products. A thermoset treatment is first applied in the temperature range from 200 to
400 °C in air under stretching to get the stabilized fiber, followed by a carbonization process in the
temperature range from 800 to 1500 °C in oxygen-free condition to remove impurities and to improve
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the crystallinity of carbon. To further improve the performance of CFs, a graphitization process is
required to graphitize carbonized fibers with temperature up to 3000 °C. During these processes,
stretching is required to get preferred orientated carbon crystals, because the crystal alignment makes
the fiber incredibly strong and stiff. The graphitization process leads to differences between PAN and
Pitch and within the PAN-CFs. This will be later of interest.

The very expensive Pitch CF is mainly used in spacecraft and antennas. The market is dominated by
the PAN-CF. With regard to possible toxic fragments, PAN-CF (@ 7 um, usually) is therefore of interest,
especially the 'highly' graphitized UHM-PANCF such as Torayca's M60J, which comes next to the
Pitch-CF considering the tensile modulus (stiffness). CF tensile modulus and fracture toughness
naturally depend on the fabrication regarding precursor, on carbonization and graphitization.
Furthermore, Pitch-CFs are more layer-like in their crystal structure in contrast to the more granular
PAN-CF. This probably further explains the higher tensile modulus compared to the PAN-CF. Knowing
the different crystal structure is therefore important for explaining the splintering process, originator of
possible toxic fragments.

‘WHO-Fiber’ criticality

WHO criterion for respirable fibers: ‘WHO-Fiber‘ = tiny fragment of a filament with a diameter @
of less than 3 pum, a length L of greater than 5 pm and a length-to-diameter ratio of L/@ > 3:1.

Naming Fiber: (1) Does not address a long CF, which of course never meets the WHO criterion. (2)

Asbestos fiber, for example, is just a fiber-like looking particle, which may break into above tiny WHO-

size fragments).
Too many dust-related particles, smaller than the WHO 'fiber' size, can also cause a hazard. A so-called
Particulate Matter of the um-size PM2.5 can penetrate into the alveoli and ultrafine particles with a
diameter of less than 0.1 pm (Corona virus size level) can even penetrate into the lung tissue. Aerosol
particles from the environment have diameters ranging from about 1 nanometer (nm) to several 100
micrometers (pm). Larger particles quickly sink to the ground, particles smaller than 10 pm can remain
in the air for days.

The figure below summarizes the topics faced when considering the criticality.
The macrophage lifespan of a few weeks is one of the decisive factors for the success of disposal or
'cleaning'. “WHO-fiber’-pierced macrophages usually die.

" 1
WHO-'Fiber
Toxicity
macrophage =
eating-up cell
Alveolar macrophages (beige) in
/ the lung tissue (red) ensure that
breathing is ensured despite attack
by influenza viruses.
blood cell = * ETH Zurich.
Copyright: Eye of Science
SlidePlayer.org 60pm — 200 pm
froma graphic of Brandau-Pollak Verandert mit Erlaubnis von Krug H.F., Wick P. (2011). Nanotoxikologie - eine interdisziplinare

Herausforderung. Angew Chem, 123(6): 1294-1314. Copyright © 2016 John Wiley and Sons

Fig.20-2: Effect of WHO- ‘Fibers'
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A distinction must be made between long fibers, micro-fragments of fibers such as the “WHO-fiber'
size, as well as the micro-fragments of composite constituents, i.e. fiber-reinforced polymers FRP or
fiber-reinforced concrete FRC. In addition to the fiber, the matrix with the interphase material in the
fiber-matrix interface must be considered, too.

Criticality-relevant variables are geometry and bio-resistance:

Geometry: Critical are the already defined ‘WHO-'fiber’, as well as dusts and fiber fragments with @ <
3um, which penetrate directly into the alveoli and the lung tissue. Since the ‘WHO-fiber’ size is smaller
than the diameter of common CFs, the fiber fragment must experience a reduction of the diameter. This
can happen by splintering or by burning. CF is not toxic per se!

Bio-persistance: High bio-persistance causes high toxicity, a low bio-solubility in living organisms
already speaks as an indication of possible carcinogenicity. Fragments with short residence times that
are quickly dissolved or removed are less risky.

Only if a sufficiently high amount of CF-*“WHO-'fibers' is produced and inhaled there is a potential for
danger, whereby the following applies:
Risk = hazard potential (severity) || probability of occurrence.

Hazard potential = exposure to CF-WHO (size) particles combined with toxicity.
The duration of the exposure in terms of quantity and the possible frequency of occurrence of the event
per unit of time are therefore decisive.

Generation and Counting of WHO ’fibers’

A quantity for the risk assessment delivers the counting of the fragments which are generated in
machining processes. Question: Which machining processes seems to be the worst for the generation of
‘WHO-fiber' shaped CF particles, faced in production and recycling?

WO RN bou)se AL 1)

Fig. 20-3:(left) PAN-based, (right) Pitch-based. ( Courtesy BAUA, Berlin)

Some answer is given in the BMBF research project CarboBreak (headed by BAuA: the Federal
Institute for Occupational Safety and Health conducts research for a safe, healthy and humane working
environment): Investigation of the release behaviour of respirable fragments made of pure fibres and
fibre composites (consisting of CF, sizing, matrix etc.) under mechanical stress. Basically here, rovings
were subjected to an extreme mechanical stress in a so-called ball vibrating mill (an assumed ‘worst
case' machining process), the resulting CF fragments were evaluated with regard to their morphology
and then the WHO 'fibers' counted, namely the “WHO-Fiber’ quantity / unit volume. The CF portion is
considered to be the critical part of the full composite. One significant finding was the different
splintering process between PAN (left) and Pitch CF (right).
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Fact & idea:

(1) Pitch fibers are obviously more dangerous because they do extremely splinter. Since the
UHM-CF comes closest to the pitch fiber in terms of stiffness of all PAN-CFs, the PAN-
UHM represents the more critical PAN CF in terms of risk of splintering.

(2) A CF-parameter is being sought that could be a parameter for explaining the fiber
splintering hazard and finding a characteristic.

The sought-after, splinter hazard-descriptive parameter could be the fracture toughness. This property
is likely to show some difference in relatively similarly stiff (Young's modulus) brittle materials. The
author lectured fracture mechanics, which he also had to apply at MAN. His
test proposal was a micro-fracture mechanics investigation of a laser-notched single fiber to determine
the different brittleness based on the fracture toughness values of Kj. to be measured. In fracture
mechanics, fracture toughness describes the resistance of a material to unstable crack progression An
ultra-high graphitized UHM PAN CF such as Torayca's M60J is to be basically investigated, because it
is to place narrowest to the behavior of the critical Pitch-Fiber.

Asssumption: Different fracture toughness values indicate different risk of splintering.
*The proposed test specimens, together with the difficult notching of a single CF by a laser
beam, have already been realized in Kaiserslautern by the institutes IVW with PZKL!
*The search for a fracture mechanics model that allows us to estimate the fracture toughness of
a CF is essential for the qualitative differentiation of the envisaged fibers. A formula will
provide a not realistic ‘exact’, but a quantified relationship which is fully sufficient.

The searched characteristic for the tensioned notched test specimen is the so-called critical stress
intensity factor (SIF) Ky (= fracture toughness), at which unstable crack progression begins. Its formula

reads K, = Opacrure “ /7 8 - Y , with the so-called geometry factor Y taking the fact into account

that the SIF value is theoretically independent of the dimensions of the test specimen only for infinitely
large plates. Therefore, the corresponding function Y must be sought for the intended test specimen
Notched Single Fiber'. This was made possible by the author-available Manual "NASGRO Reference
Manual Version 9.01 Final; December 2018. Fracture Mechanics and Fatigue Crack Growth Analysis
Software".

The application of the full model requires several assumptions:

CF is a very brittle material

The crack instability, expressed by the formula, can be applied at the pm-level (micromechanics)
for these brittle materials!

The cross-section, cut by the laser beam, is just a circle section but can be transferred to the
elliptical shape of a typical crack

The 'model for a full cylinder' given as SCO07 in the NASGRO document is applicable.
Experience has shown that the impact is small, the model can be used also in the pm range

The crack depth a is given by the laser notch depth.

Diameter D = @ = 0.007 mm, UHM 60J.

The applied stress Ggacture at the fiber ends = breaking tensile force F / area A

The cross-section cut by the laser beam can be transferred to the elliptical shape of a typical
SCO07 crack. The difference in surface area is neglected because it is the same for all tested fibers.
In the SCO7 associated Table C15: For R/t =0, i.e. a solid cylinder with R = 0 (¢ = wall thickness
= R), approximately to be expected a/t = 0.3, gives ¢/t =0.35 and thus Y = 1.6.

VVVvYVY VY VYV VYV
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(2
P suitable in the present application
e 2c D a-(D-a)
€ =—-arcta | ——————
2 D-(0.5-D-a)
a for a<035.D
O~
VIV D

Table C15: CCO7 (one crack) - SIF Correction Factors by BEM Analyss (FRANC3D)

Fig. 20-4: Thumbnail crack in a solid cylinder. Surface crack case SC07
Manual NASGRO Reference Manual Version 9.01 Final; December 2018.
Fracture Mechanics and Fatigue Crack Growth Analysis Software

The author's big wish, driven as a GROWIAN wind turbine co-responsible (about 1980), in view of
future fear-spreading media about a wind turbine fractures with blades made of standard CFs, i.e. not
UHM-CFs:
Submission of an ‘official recommendation’ by the BAuA, together with Composites United
(CU), including adapted recycling safety requirements. on working with CFRP in general and
specially on PAN-CF carbon reinforced concrete.

LL:

** The test idea could be fully realized, which is a seldom experienced luck when testing.
Unfortunately there is no deeper research ongoing, which would give the basis for the realization of
the author’s desire to open the CF-market in construction by providing an answer to the many
sensitivities, published in media, concerning new carbon fiber-reinforced products.
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Read in Sikkim, about 2011 !

Personal Note on Oil consumption in CF-production and Carbon Concrete Recycling (rCF)

Fig.20-5 shall give a survey about the portions of the structural materials in the market, dated 2016. It
shows how insignificant the carbon fiber content presently is in relation to its origin oil and to the
material competitor steel. A yearly CF output of 50000 t equals 4 min steel production (2018). The
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yearly concrete production equals oil production. This is of basic interest and helpful for many
discussions. CF is not yet a real market in construction, basically due to the present regulations of the
authorities which does not permit a faster gain of knowledge which is always the result of widespread
application, only.

Of course, if the concrete mass saving Carbon Concrete market will become significant (presently about
100.000 t / year), then the CF-production has to be multiplied.

In the context of this chapter’s focus and considering recycling: (1)Why is this marginal crude oil

consumption very often considered to be very harmful to the environment. (2) Why must Carbon
Concrete be recycled by separating the CF and thereby downgrading it to rCF! The author does not
consider it reasonable for ecological and economic reasons to extract CF — as required by the current
regulations — from shredded carbon concrete parts instead of bringing the recycled CF material parts
together with the multifold concrete content into the superstructure of a bridge or street. For safety
reasons one can provide measurements of the traffic-generated abraded dust if no further cover is
foreseen and the official recommendation above is not yet available.
If basalt fibers BsF will reach a general approval from sustainability reasons they would be much better
ecologically and economically due to the fact that enough base material is available. Added ZrO, is
foreseen to provide alkali resistance. Unfortunately, the available reliable property knowledge is not
made public. Of course, the production of carbon fibers still requires energy. However, this will also be
the case if carbon fibers are produced from natural fibers in the future.

Graphic source: Chin e
Mutel, JEC J t’] ‘

GROUP

> x500 ! by weight
> x50 by revenues
Auminum | A | CFRP: 100 kT |
57,770 kT (2016) | i CF: 64 kT (2016) !
- o ki

| AR

/ Glass Fibre
/ 4,700 kT
Plastics / i
299,000 kT ! Titanium |
192 kT

Fig.20-5: Weight ratios of structural materials, year 2016

Please keep in mind:
40000 tons carbon fibers would require just about 40 /4,000,000 = 0.001 % crude oil.

CF total / Steel = 1/10000.
In Germany it is CF total / concrete reinforcing steel ~ 0.1%.
Concrete / crude oil =1, GF/CF =100.
Single car consumes about / ¢ 0il / year.
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rCF = Erhalt einer faserlingenverteilung, so dass ein Festigkeitsverlust gegeniiber langen Fasern die
Foge ist, also degradation eingetreten ist. Aufierdem darf Dauer- und Dauerstandfestigkeitsverlust
durch die notwendige Matrixiiberleitung - infolge kurzer rCF - von Kriiften nicht vergessen werden
beim Design. rCF-Gewinnungskosten sind hoch durch hohen Energieverbrauch mit Sortierung und
sind preislich relativ gleichwertig zu jungfriulichen CF.

21 A novel Determination of the Residual Strength Rres, non-cracked, Fatigue Phase 2
Aim: Derivation of a procedure to determine and rendering the design-significant residual strength value Rres

21.1 General for a Proof of Structural Integrity in Projects

Residual strength Rres is the fracture stress after pre-damage and re-loading. Not only in mechanical
engineering design but also in civil engineering residual strength values are required such as in soil
mechanics or for UD-hangers of a railway bridge at Stuttgart, below a hanger or for tension rods of

crancs.

Fig.21-2 Stuttgart Stadtbahn bridge.

World's first network arch railway bridge
(127 m) that hangs entirely on tension
elements made of carbon fiber-reinforced
plastic (CFRP). The 72 hangers are
produced by Carbo-Link AG

The value is of basic interest, because — due to authority demands - Design Ultimate Load is to sustain
even after a distinct fatigue life. The residual strength task is one task to demonstrate structural integrity.

This subject is linked to cyclically micro-damaged structural components (Phase 2 of fatigue life,
strength tools applied) and macro-damaged ones (Phase 3 of fatigue life, fracture mechanics problem,
damage tolerance mechanics tools applied), as displayed in Fig.21-2. The cyclic loading may range
from constant amplitude-loading up to spectrum-loading and has to capture proportional and non-
proportional loading scenarios.

Inspection of Damage

Microdamage-linked Y Macrodamage-linked
fatigue mechanisms —| Assessment of Damage State |7 crack, delamination
Phase 2 Phase 3
Y h 4
Static Strength | , Residual Strength Demonstration —y{Damage Tolerance
Evaluation Evaluation

Fig.21-2: Ways of residual strength determination
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This task especially comes up in cases such as: A multiple site damage phenomenon is faced with
aerospace components such as fabrication-induced flaw clouds (fatigue strength problem, Ariane 5
Booster wall) or real short-crack ‘clouds’ from e.g. multiple rivet holes in stringer-stiffened panels of
aging aircraft components (fracture mechanics problem). Here, the focus is on the Phase 2 residual
strength Rres. Mind: R, should not be confused with residual stress o e ).

In some projects a number for the residual strength at a certain operation cycle value is required. This
is well known from impact cases of laminated panels. There, a Compression-After-Impact (CAI) test is
to execute after the impact event because the impact may result in a barely visible external damage and
it may generate a dramatic reduction of compressive strength due to separation of layers resulting in a
large bending stiffness loss. Regarding crack-linked fatigue life Phase 3 residual strength problems the
reader is referred to fracture mechanics.

Residual strength tests are long-lasting and expensive. Therefore, procedures are searched that help to
reduce the test effort if enough physical knowledge is available.

First step is to map the relevant SN-curve (Wdhlerkurve) by taking the widely used 4-parameter
Weibull function

stress ratio R =0,/ e = cONstant : o, (R,N) =cl+(c2—cl)/exp(logN / c?:)c4 .

(stress ratio — straight letter R, strength— bias letter R).

A SN-curve describes the relation between the cyclic loading and the number of cycles to failure N. On
the horizontal axis in Fig.2/-3 the number of cycles to failure is given on logarithmic scale. On the
vertical axis (either linear or logarithmic) the stress amplitude Gampiide Of the cycle is often given. In the
case of brittle materials sometimes the maximum stress opq... The provided mean SN-curves, R =
constant, base on the fatigue test measurement types ‘pearl-chain testing’ or ‘horizontal load level
testing’. Fatigue curves are given for un-notched test specimens (K¢ = 1) and for notched ones, the
loading can be uniaxial or multi-axial. Considering residual strengths, measurements on the vertical axis
at n = constant are required.

In design verification very often as fractile (quantile) numbers, representing the failure probability p;,
5% or 10% are taken in order to capture some uncertainty compared to the average of 50%. For the
loading side the design FoS j, in construction y, capture the uncertainty of the loading. The residual
strength design verification has to meet Design Ultimate Load. Following HSB 62200-01 the
determination of the static residual strength for single load paths must be made with statistically
significant A-values; for possible multiple load path structural parts B-values may be used.

Moving to the required statistical properties some notions are to depict. Capturing the uncertainty of
the resistance quantities, the following is performed: Denoting P the survival probability and C the
confidence level applied, when estimating a basic population value from test samples, partly enriched by
some knowledge of the basic population. Regarding C a one-sided tolerance level it reads:

Static — Statistical reduction of average strength from (P= 50%, C= 50%) to e.g. (B-value: P =
90%, C =95%).
Cyclic— Statistical reduction of average SN curve from (P=50%, C= 50%) to e.g. (P=90%, C=
50%).
All this is executed to keep a generally accepted survival reliability of about R =1—p¢ >1-107.

21.2 Classical way to determine Rres
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Determination via the interpretation “The course of the residual strength is the difference of the static

strength and the maximum strength Oy, (N) of an SN curve R”, see Fig.21-3. This leads to the

formulation ~ R =0, (N) + [R' o (N)]- p(n) with p(n) = 1- (WN)° =1-DP
where the exponent p describes the decay of the residual strength capacity and D the micro-damage

quantity, (see Hahne C: Zur Festigkeitsbewertung von Strukturbauteilen aus Kohlenstofffaser-Kunststoff-Verbunden unter
PKW-Betriebslasten. Shaker Verlag, Dissertation 2015, TU-Darmstadt).

Fig.21-3 depicts for R = 0.1 the mean (average) 50% SN-curve and the 90% SN-curve. The residual
strength curve Rres is given for the point (10° cycles, 6 = 34 MPa). The stress ¢ belongs to a so-called
‘one stage test’ or constant amplitude test. Regarding the residual strength value at the 90% SN-curve
the question arises: “Where does the necessary statistical basis for a reduced SN-curve come from, if not
sufficient test series on vertical and horizontal levels were run’?

Due to missing test data a test data-based work case cannot be presented. Therefore, the author tried to
figure out a procedure which gives an understanding of the subject.

&
100)
IN[Pa )
_ R[e-‘.
R: SG@-' M1 T -
R [ _——*>\
1~ IN(50%)
60} 2y
’1‘.
N(90%) \&e
40 >
20}
‘ )
1 L 1 - - 1 1 - NN - h
1 10 100 1x10° 1x10* 1x10° 1x10° 1x10' n,N

Fig.21-3, Schematic example, uniaxial loading: R=0.1. R, is mean tensile residual strength

21.3 Idea Cuntze, probabilistic way to determine a 90% value by using the convolution integral

A possibility to determine a 90%-value is given by the application of the so-called convolution

integral, using density distributions of R, and of N with just a little hope to find the distribution

res
measured, Fig.21-3. The output of the mathematical expression convolution integral represents the
probability of failure pr The numerical analysis is based here on the assumption: ‘The density
distributions on x- (fy) and y-axis (fres) are approximately basic populations and of Normal

Distribution-type’ fyp (for the density distributions also a logarithmic, a Weibull density function or a

truncated function could be employed). The convolution integral, solved by Mathcad 15, reads

©  ® Data
I-p)= R=p; = I ( I fres(R)-dR- f (N) dN = 90% fractile for ND density distributions ~ base
—o  Rres of the
with o (X) —#-exp [_E(x—_,u)z] for abscissa N and ordinate R" nume
ND \X) = :
o2 2" o rical

probabilistic example (statistical: p = mean, ¢ = standard deviation) is:
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* Static strength distribution p = 80 MPa, o = 3.2 MPa

* R, distribution in computation point, y-axis, p = 43.5 MPa, 6 =2.9 MPa

* Cycle distribution in computation point, x-axis, u = 3431 cycles, 0 =446 cycles and the
Coordinates of the chosen computation point * (38 MPa, n = 2000 cycles in Fig.21-4).

(Note, please: The presented application outlines a limit of the Mathcad 15 code application. Mathcad has

(Note, please: The presented application outlines a limit of the Mathcad 15 code application. Mathcad has no

computation problem with the computation of the required so-called convolution integral. However, when

visualizing the probability hill in Fig.21-5, it was only partly able to manage the ‘big data’ problem and runs into

endless loops. Therefore the author had to sort out a work case with reduced stress and cycle regimes. The

original SN data set was for fiber fracture (FF) of CFRP considering the hanger. This reduction to a relatively

simple numerical example does not matter because the procedure is of interest and will explain the posed task.)
C 4

=
‘ \>S<
Ul

>

1 10 100 1x10° 1x10* 1x10°
Fig.21-4, Simplified Mathcad calculable example: Assumed distributions of residual strength and cycles linked
to R (38 MPa, 2000 cycles). SN-curve, R = 0.1: c1= 20 MPa, c2= 80 MPa , c3=3.77, c4=2.92

Fig.21-4 depicts the SN-curve, the chosen computation point, static strength distribution with an
assumed residual strength distribution and cycle distribution, all through the computation point *. It is
a semi-logarithmic graph. As it is a brittle example material, the use of omax (involves R' as origin!) as
ordinate is of advantage for the ‘strength-oriented’ design engineer compared to using a stress amplitude
Gy -

The probabilistic treatment delivers the ‘joint’ probability hill of both the distribution functions in
Fig.21-5, (right). The hill’s average center coordinates are 43.5 MPa, 3430 cycles. The figure further
depicts the density distributions of the residual strength R, (6) and of the fracture cycle N .
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Fig.21-5: (right) Cyclic distributions and assumed residual strength distribution with survival probability hill
applying the convolution integral. (left) Projection of lines of equal probability with two chosen residual
strength cut-offs , M is the hill designation

In the right part figure, the residual strength distribution is not clearly visible due to additional
Mathcad-drawn beams running out from the origin, which are to neglect. The task seems to be an
overloading of the Mathcad code which could not anymore handle the numerically effortful task for too
large cycle numbers. The left figure shows the projection of the probability hill with lines of equal
probability belonging to the chosen computation point *. Below, the computation parameter input set is
depicted.

Design Safety considering the scatter of the design parameters is tackled as follows:

The scatter of loading is considered in the residual strength design verification because DUL with its
design safety factor j,;, has to be verified. The scatter of the residual strength R, and of the fracture
cycle N is captured by a joint probability calculation indicated below. This procedure is effortful,
however of high fidelity if test data is available.

Under above assumptions an estimation of a required 90%-linked residual (tensile) strength value can be
determined according to the formula below representing the probability hill volume truncated by R,

uNR = 3431 GNR =446 uwoR =435 oaR =29 0 =2000_ 6000 =080

X, = dnorm (n.uNR.GNR) Yo ™ dnorm (¢.uoR .GGR) F(x.y) =xy Mn.c = F‘ “n‘-vc)' 750

=1 (y-poRY’ :l[*-m ;
. 1 2 aoR 1 2 | oNR
R}&h:- —— o —
agoR{2x oNR-27
ores  ~2500

Rt+oRt 5500

dxdy

The computation delivers for the point (0 = Ryes= 38.0 MPa, 2000 cycles) the value pii =P = 95% =

R.
Setting the value 39.5 MPa, the demanded survival probability pi = 90% = (1- py) is obtained for R .

LL:

» The proposed procedure clearly shows how to statistically understand a residual strength value

> It could be proven that the proposed model leads to an acceptable value for the residual strength of
fatigued, non-cracked structural parts.

21.4 Residual Strength R,., pre-cracked, Fatigue phase 3, Fracture Mechanics (for completion)

To estimate the residual strength of a pre-cracked structural part or the critical length of an initial
macro-crack is essential regarding the questions:

(1) Is the crack-length at the end of static loading critical?

(2) Is the crack-length at the end of cyclic loading critical for further static loading, considering
a SN-curve? Here, the certification of cracked components in aircraft structures requires a
damage tolerance assessment.
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22 Full UD-Mohr Envelope tn(on), Derivation of ®s,(c,) and of Cohesive shear Strength
Aim: Unlocking the ‘mystery’ behind the shear quantities R, Rj; and RZA3 faced in UD analyses.

22.1 Shear Strength Quantities in Analysis, Survey

Fig.22-1 collects all figures which are necessary to understand the difference of applied shear
quantities (upper part figure): Shear fracture stress (Tsai-Wu, Hashin) and so-called cohesive strength

R2; (construction, rock mechanics) and the Action plane shear strength RZA3 (Puck).

— T > ¢

nt
o5 2 X =0

>

-

e

Fig. 22-1: Difference of transversal shear fracture stress and cohesive strength.

The brown curve in Fig.22-1 is the Linear Mohr-Coulomb (M-C) curve. This approach is a simple
IFF2-extrapolation from the compressive strength point, keeping the fracture angle measure C=C{

constant, when estimating the so-called cohesive strength by R}, =7.° + u-0,° at o, =0. The
letters p = ¢ address the so-called friction angle. The 3 sketches above the bottom figure demonstrate
that the cohesive strength point R}, is located in the mode’s transition zone and cannot be reliably
estimated just by an IFF2-Extrapolation, employing just SF! The parallel acting normal fracture part NF,
namely IFF1, was neglected. But IFF1 usually causes much more failure danger than the compression-
linked shear mode IFF2 from the transition zone beginning on.

The analytical determination of the M-C failure curve and of a value for the cohesive strength
depends on the quality of the used IFF2-model and the interaction of both in the transition zone.
Therefore, in order to accurately determine t (o, ) both the modes are to include in the derivation
process of a realistic M-C curve, the determination of the fracture angle ®¢° and of the cohesive
strength F?sz at (rr':{acwre,an =0). An
improved treatment by a correction f.r of the M-C curve has been effortful executed by the author in
[Cun23b]. This became necessary because any SFC has to be as simple as possible. Of course, this
means that all presently applied SFCs have a deficiency in the mode transition zones. The author has
compensated for this with a correction. The bottom figure in Fig.22-1 displays, how the fracture angle
increases, when approaching F_{i. Thereby the bold curve represents the optimum corrected mapping of

the M-C curve in the transition zone around op = 0.
Now the steps of the tedious way to obtain Fig.22-1 shall be presented.
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22.2 Relations for a Transformation from a Test Fracture Curve 63 (c3) to Mohr’s Tp (¢ O'n)
The general stress state {c} in the material point of the lamina has to be transformed around the 1-

axis to the arbitrary Mohr stress state {o} = [To(&)]-{c}, a fibre-parallel plane, by applying Fig.22-1,
wherein ¢: = cos 6, s = sin @ and n is normal to the ‘action plane’ [Cun22]. Values of the parameters
depend on the approach, whether it is a linear or a parabolic one.

[0, ] 1 0 0 0 0 0]aq]
>l o, 0 ¢ s 2¢ 0 0o,
oy 0 0 s ¢ -2c 0 0fc
:{O- }:[TG(H)]{G}: _ 2_ Q2 3
| Ty 0 —-sc +sc c°=s° 0 0|7,
Ty 0 0 0 0 C -S| 7y

| Ty | 0 0 0 0 45 ¢ |[7y]

Fig. 22-2: Visualization of the transformation of lamina stresses into associated Mohr stresses. 6= G, denotes
the angle of the anti-clockwise transformation from the (1, 2, 3)-CosS to the (1, n, t)-CoS

According to

o (0)=C" 0, +5 -0, +2-5-C- Ty, T4(0)=C- Ty +57, T4(0) =—S-C-(0,—0,)+(c*—5°)-7,, the
transformed stresses on(6), ot(6), tnt(6), which Puck termed 'Action Plane' Stresses, Fig.22-1, right, in
the turned CoS depend on (o5, o3, T23) only, whereas ty1, T, IS linked to (131, Tp1). They are acting in

the potentially physical (fracture) failure ‘plane’ and are decisive for fracture. In case of normal stress-
induced fracture (NF) o, will be responsible for fracture and in case of shear stress-induced fracture tnt

will be the fracture dominating Mohr stress. The Mohr stress 7, has no impact but has to be considered

in the derivations of the Eff-functions until it vanishes during the later transformation process.

Fracture plane will become that ‘action plane’ where the material stressing effort Eff(c(6)) will reach the
value 1 = 100% at (maximum) failure loading and by that, where the theoretical material reserve factor
fre will become a minimum.

22.2 Accuracy Problem of the IFF2-model in the transition zone IFF2 (SF) - IFF1 (NF)

In this subchapter the cohesion strength R»;", activated by 7, in the quasi-isotropic plane of the UD

material is envisaged. This quantity is located in the transition zone of the two modes IFF1 and IFF2.
With isotropic materials the author learned that a transformation from UD lamina stresses into the
desired Mohr stresses Ty, o, Must be also possible. Thereby a closer look at R,;" and at the Mohr
envelope Tn(c,) or M-C curve will be possible.

Here addressed is the quasi-isotropic UD plane (works similar to isotropic concrete materials, using
available multi-axially compression test-based data [Cun22]). The compromise is on the ‘safe Reserve
Factor side’. This means: The engineering approach of above Eff'* (SF) is not problematic for Design
Verification, because Eff = 1 delivers conservative RF-values in the transition zone, since the curve runs
more internally due to the generally minimum value choice of the interaction exponent m.

Focus here is the derivation of tni(on), 0f(on) and Rys® from a measured fracture curve o3(o2) and its
course in the 2™ quadrant of o3(c2). In Table 22-1 all relations necessary for the transformation are
compiled and formulas for the searched entities z: . on , 05,° are presented. After transformation of the
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UD lamina (layer) stresses o,, o3, 7,, in the quasi-isotropic plane into the principal stresses o (index ™

means principal), the shear stress z,, vanishes. Therefore, with no loss of generality ¢* can be simpler

written in the further text, back again as plain letter o, but thinking they might be principal stresses
acting in the quasi-isotropic plane. In the addressed quasi-isotropic plane this transformation of the
lamina stresses into Mohr stresses practically works via addition theorems and using C(O,°) = Cos©O” -
sin©?, which is termed here “fracture angle measure’.

As the author still found with isotropic materials, the interaction considering magenta curve (thinly-
marked) in Fig.22-3 cannot accurately map the course of test data. The improved bold-marked curve is
physically more accurate and this local mapping shortcoming is to model more detailed as follows. Fig
22-1 shows that with the IFF2-function the shear effort Eff"" cannot become zero in the M-C domain at
o2 = 0. This numerical behavior is a shortcoming in the transition zone of the ‘simple’ engineering
FMC-based IFF2 approach. An accurate alteration of the fracture angle ®¢,° and of the associated Mohr
stresses Tnt, On 1S not to achieve with the mathematical course of the given ‘engineering’ IFF2 function.
The mapping quality of the given IFF2 is not fully sufficient if the alteration of the fracture angle &, in
the transition zone is to determine. This bi-axially stressed transition zone between the normal fracture
mode domain NF and the shear fracture mode domain SF is ruled by interaction and therefore requires
both the Eff-modes to be inserted into the interaction equation Eff = 1. Specific points of the

investigated M-C domain are: (o,= -Iif, 0 —» (o,,0,=-0,)> (0, o,= Iiﬁ). In order to sort out a
better mapping description it is essential to know how the pure mode efforts of the activated modes IFF1
and IFF2 change its influence along the o-axis, which is depicted in Fig.22-2. Eff"" firstly becomes zero
at the equi-biaxial tensile ‘strength’ point (R ltt,ﬁ Ltt) <R Lt. This zero point lies physically ‘too late’
for a more accurate revised local mode description. An improvement is to achieve.

22.3 Improvement of the IFF2 Criterion in the Transition Zone

The required entities oo, on, O,° and F?zg only become accurate if a physically necessary correction of

Eff *" is considered by using a correctively acting decay function e . In order to implement feorr ONE

just has to replace a,, by fer -a, and b, by feorr -b . For a realistic transformation of the test
curve, formulated in lamina stresses into a Mohr stress formulation, it is considered that Eff" (SF)
physically must become zero when reaching the pure NF domain at the point (o5 = F_il,ag =0), see the
course in Fig.22-3):

. & Eff
. IFF2 IFF1
0.9 e el —
08 \__3(_‘__ il
0 Eff~O. fiore s aaul ]
0.6 \{-.H
03 |,/ EffL0 \\ [
04 /'/ \'\
03 W ™,
0.2 ‘é/ Eff LT -fin :\\
01 ./ L L 0-2
% MPa | R

—DllD -100  -%0 -30 =70 — &0 =30 —40 =30 =20 -10 0

Fig.22.3: Course of the two efforts Eff ', Eff * composing the fracture stress curve Eff =1= 100%.
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Table 22-1: IFF2-1FF1-interacted Derivation of Tot (O'n)' R2T3,¢9 . from a measured curve 03" ((72)

li

SF: Eff " = [a,, -(1,) + b, -I,] /R® =1

=la, (6, +05") + b, -\/(02pr —0,")? +0%] /RS =1 (lamina stresses)

= [a, (6, +0,) + b, -\[(c, ~6,)? +47,2] IR =1 (in Mohr stresses)
NF: Eff 7 = (6, +0,”) +4(0," —03")? +0?] /2-R! =1
= [(o,+0,) + (0, ~0) +47,’] 2-R' =1.

Known: o,”, o,”. Searchedis: o, 7,0, with C=cos(2-0° 7 /180°).

nt?’
Use of addition theorems, o, =0. For lamina stresses ™ now dropped for simplification
— Ot =c’ (o, _63)_52 (0,-03)=C-(0,-0;), S= 1-c*

On

0,=0,-C-(0,-0,), C=c’-s*=2¢*-1=1-25°, 0, +0, =0, +0,,
ty =-05-S-(0, —0,)=-05-y1-C? -(5,—03,), 0, =(C+1)-05-0,+(1-C)-0.5-0,.
Differentiation of structural stresses-linked Mohr stresses delivers (minus due to implicit derivation)

d 2 2y, _ ) ) ] .
T (s -¢)(0; =) :%, valid uni - and bi - axial (like isotropic?).

do, -2-s-¢c- (0, —0,)
Fracture (interaction) equation = mathematical equation of the fracture body
Eff =[(Eff )" + (Eff ¥)"]""  or computationally simpler
(Eff "*)™ + (Eff )™ =1=100% total effort fracture curve
From differentiation of the interaction equation (o, goes away)
{l(6, +0,-C-(0,-03)) + \(0,~0,~C-(0,~0,))* +4r,2] 12-R}" +
+{la,, (o, +0, -C-(0,—03)) +
+b,, \J(o,~0,-C-(0, ~0,)) +4r,2] IR} = L.
are obtained the two equations
d[(Eff "")™ + (Eff )"}/ do, =
m-{20, ~C-(0, ~0,) + \(C-(0, -0,))* +47,21/ 2R} IR, +

+2a, -m- {a, (20, ~C (0, ~ 0,)) +b_[(C (0, — )’ +47,°] IRYHIRE,
d[(Eff NF)™ + (Eff 7)™ dz,, =
2m-7, {20, ~C-(0, ~0;) + /(C-(0, —0,)) +47,’1/ 2R} .
R \(C (0, ~0,) +4r,’
+b,, -m{a,, (20, -C (0, -0,)) + b, |(C(0, ~0,))" +47,°] IRF IR,
Equating above two equations and replacing Mohr stresses by ply stresses
via o, =(C+1)-05-0, +(1-C)-0.5-0,, 7,, =—05-y1-C? (o, - 5,)
yields an implicitely to solve equation for the fracture angle measure C
C(o,,03) 2-a,-B 2-A 4-b -7,(C)

/
o g

=—[%+ 1 with

ﬁLc Fit\[(ﬁz -a,) : Fif\’(%fz -a,)’
A= [52 E +V502 -a;)’° 1™, B= [au (o, +U3)+ELL (o, -03)* 1™t
2-R! R’
and finally via C = cos(2-6,,) > 6,, = 05-arcos C, 6,°=0,, - 180°/ .
By insertion of any stress state the associated 'running' C can be computed.

Cohesion strength R5, is determinable for 7' (5,) =0

nt
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Similar to the isotropic case the bi-axial stress-ruled quasi-isotropic M-C curve, located in the quasi-
isotropic plane, is oppositely dominated by two modes, IFF2 (SF) with IFF1 (NF). Therefore, attention
was paid to the interaction of both these modes in the transition zone in order to finally obtain an
‘accurate’ fracture angle @y,°, being the pre-condition to determine the envisaged two Mohr stresses Tny,
on. the shear material stressing effort Eff* = Eff*" must physically become zero at the tensile strength
point (0, R"). This specific shortcoming is brought about by a correction function that defines the decay
of Eff* and is practically performed by setting Eff* = 0 at o, = 0. As decay function the author often

took (§10) an exponential one: f, =1/ (L +exp(2 1) with c,,, c,, fixedat (-R®, 0.995) , (-0.01,+0.01).
2d
Here it is sufficient to apply for the decay of Eff * : f_ =1+c¢, (RS +0,)? .

corr

o T S ST,
| eiicaizd | i | I T_= _I_
$ %
..-""""'#
"'. 8.I -f""'
.-F"'Jf;.:—‘
Effcorr __[.-—r""'_'_“-
__..'“"f'-’--' T - O I'Ff_ ..Ff_ )
/f"f 1 =1
Tt a,
‘v’l.'Pa1 - >

=
~110 -100 -9 -80 -70 -60 =50 -40 =30 =20 -10

Rf transition zone between 5F and NF

Fig. 22-4: Interaction curve asffa“”fe (o,) with Eff = 1Failure stress curve c,(c,) with alteration of
fracture angle 05° in the transition zone. (Numerical example stems from a measurement of the

fracture plane angle 6;,° in [VDI97, bi-axial failure stress R ltt ). Marked R>;"-point.

> IFF2-IFF1- interacted fracture curve (thin, original IFF2. With this ‘simple’ approach, the

curve cannot run through ﬁlt =35 MPa)

P> IFF2-1FF1- interacted fracture curve (bold, IFF2 decay function corrected, which better maps
the course of measured fracture stress data) and
» Course of the fracture plane angle 65,° (bold, corrected)
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Data set:
RS =104MPa, R =35 MPa, ©°=51°,C° =-0.21«> a,, =0.26, ,, =0.21.
foorr =1+ C, - (RS +0,)? with ¢, from inserting (o, =0, o, =R"), ¢, = 8.910°.

IFFL: Eff " = [(0, +0,) + \o,° —20, -0, +0,21/ 2R,

IFF2: Eff “ = [a,, - foory - (0, +03) + b, - fcorr\jazz ~20,0,+0,°] IRC.
This correction changes the formula for the determination of the fracture angle measure C in Table 22-
1.

Therewith, after effortful MathCad programming and implicit numerical computations the desired
accurate bi-axial fracture stress M-C-curve tnt (o) could be derived by the refined IFF2 model and by
re-transformation also ply stresses could be obtained. The fracture angle becomes now the realistic value
of 90° instead 71°.

C A 2-aLL_-fco"-B]/[ 2-A L 4b, Bt
1-C? R/ R/ R'Y\(o, -0, R°(o,-0,)

a, -(o,+0,)+b -\(o,-0,) L
== -z 3 U o] ™ with  f

22.4: Determination of Cohesive shear Strength 7-;°
The interaction curve can be dedicated to the basic Mohr-Coulomb curve which runs from the
compression strength point till the tensile strength point o, = F_Qi. In order to find all relationships in

one diagram the Mohr stresses are also inserted as functions of the lamina stresses o5 (o3) and not of o,

alone, which is the usual diagram form. Fig.22-4 includes the development of the fracture plane angle as
function of the lamina stress o,  Fig.22-1 still presented all MathCad-computed Mohr entities providing:

* Extrapolation from compressive strength point (IFF2-determined Mohr-Coulomb fracture curve)
- A straight Linear Mohr-Coulomb curve, considering o, (linear Mohr), Cohesive Strength

- A straight Linear Mohr-Coulomb curve, considering 6, and o3; Cohesive Strength F§2T3
* Full IFF2-1FF1-interacted Mohr-Coulomb fracture curve (bold, decay function- corrected)
* )

The definition of the cohesive (shear) strength is (r,@" = R}, o, =0). Searching RZ (C), the derived

formulation permits to continuously MathCad-compute the alternating fracture plane measure C with the
associate fracture angle pro. The interpretation of the figures leads to the following conclusions:

» The general macro-mechanical IFF2 approach cannot offer a full accuracy of the realistically
predicted Mohr-Coulomb curve. Just the physically-based decay function correction delivers the
desired fidelity

* A SFC in lamina stresses can be transferred into a Mohr-Coulomb version

» The course of the fracture plane angle 65,° can be determined, too

« The idea of the FMC that IFF1 and IFF2 commonly add its Eff portions, which leads to the result

that s, is in the sixty degrees ° at the cohesive strength point R,, with a degree value being the

higher the higher the strength ratio R® / R} is.
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Fig. 22-1: Mohr-Coulomb curve characteristics, Mohr shear curves z.; (5,,) with its special points
and the 3 Mohr half-circles

Failure stress under pure shear rg"““re

=MaX7,; < Ri, an in literature often applied approach-
formalistically termed quantity

Mohr-based approach linked so-called cohesive strength Ry, =7, (o, =0)

Puck’s Action plane shear resistance RQ';: Puck formulated a full IFF-SFC and could model-
associated dedicate his action plane resistance a relation with the inclination model parameters p

and the other strengths reading F_QZAB =[|§M .J1+2. p¢, -R°/R,, _1}/2. pS, - Above

guantities are not measurable ones

Generally, assuming a transverse shear failure stress , which would be a sixth strength, will
contradict material symmetry demands, which seem to require for UD materials a ‘generic’
number of 5, meaning 5 measurable strengths and 5 elasticity properties

The ability for mobilizing friction processes depends on active compression stresses that cause via
the friction value [ the necessary shear stress.

Analogous to the saying
“ If something becomes a fact it is no science anymore”,
Here, transferred to the input Ry3 in analysis:

“The cohesive shear strength R»;" should be no mystery anymore”.
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23 Replacing fictitious UD Model Parameters a, ,a,, by measurable Friction Values p

Aim: Engineers prefer measurable friction values instead of fictitious friction parameters.

23.1: Relation of Friction parameter a;; to Fracture angle 6" and Friction value x|

The measurement of a realistic fracture angle is practically not possible, just the determination of the
friction curve parameter a  (x,,) by mapping the course of test data points is a practical approach.

Then, from the mapped test curve the relation of the curve parameter a,, to the friction value x, , and
to the fracture angle &;,°can be derived according to the formulas in Table 23-1. This is to perform in

the compressive strength point R, ©, see also the chapter before.

Basic assumption is the brittle-fracture hypothesis which goes back to O. Mohr’s “The strength of a
material is determined by the Mohr stresses on the fracture plane”. This means for the Linear Mohr-
Coulomb (M-C) formulation 7, = I§2’3 - i, -0y including the friction value x, being an intrinsic
property of the UD material.

Table 23-1: Determination of the friction curve parameter a (s, )

IFF2: F[ =[a,, (o, +0;) + b, -\/(0'2 —0,)? +41,°] /RS =1, in Mohr stresses, after inserting R °

=la, (o,+0) + b -\/(0'n -0,) +4r,’] IR =1 and a,, =b | —1 is friction parameter

;ﬁfﬁhfm + b, (0, -0) (0, ~0,) +4z,7, dTF-§j=4-bu-z'm/\/(an—at)2+4rmz
n nt
b, -(c,-0,) + (b, -1)- ~-0,)’ +4r,°
ST"‘ :_ddF /ddF = [= (0, ~ o) (4% ) \/(O-" o) + 4t ], minus due to implicit derivation
O, O, Tht DTy

Use of addition theorems (o, =0), gives the relationships ¢ =cos(&,,°- 7 /180°)
o,—0y=¢"(0,-0,)-5"(0,-0,)=C-(0,-0;), S=V1-C?, C=cos(2-6,,° 7 /180°)
0,=0,-C-(0,-0;), C=c*-s*=2¢*-1=1-28*, o,+0,=0,+0, and

7. =—05-S-(0,—03) =—O.5-\/1—7- (0,-0y), 0,=(C+1)-05-0,+(1-C)-05-0,.

Stress o, has no influence, as Mohr assumed! Failure responsible due to Mohr are just 7, with o, !

dry ., - C__bu(o ) + (b, ~D- (o, —0,)? + 4z,
do, Hos S 4.-b,, -7,
b, -(C-0,) + (b, -1)-{(C-0,)* +4:(-05:S-5,)’
4.b,, -(-05-S-0,)

b, -(C-0,) + (b, ~1)(C-0,)? +4-(-05 5,)*-(1-C?)

1=

- ]

C=- :C—>C.° inserting strength R ©
[ 40, (-05-0,) : ® 9 ST
S C.t= _[bu 'CfpC .(_ﬁlc) + (bLL _1) : \/CfpC2 '('ﬁic)z +4- (_0'5.(_§LC))2 '(1_Cfpcz)]
P 4.b,, -(-0.5-(-R,%))
C C
Resolving: b, = 1 .1 ya,, = Au v M = C__n = - C,° (being a small value).

Cfpc+l_l_luj_l I-pyy S Sp

C o

2-0
Assuming 6¢ ° =51°: Example C{ = cos( 18(;2 r)=-021, p,, =021=-C{,a,, =0.26.
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If IFF occurs in a parallel-to-fiber plane of the UD lamina, the components of the failure stress vector
are the normal Mohr stress o, and the two Mohr shear stresses oy and c,1. The shear stress oy and the
normal stress o; Will have no influence and this was proven in the derivation. Further, the Mohr stress
on1 belongs to IFF3 and is not of interest, here.

The transformation of the IFF2 SFC in lamina stresses into Mohr stresses-based formulation works via
above addition theorems.

During this transformation procedure there are a lot of Lessons to Learn:

* The Linear Mohr-Coulomb model can be employed to obtain a sufficiently good relationship for
the determination of the friction value p in the compressive strength point o, = - RS

Establishing the relationship a, (g, ) it is assumed that the tangent of the FMC-curve has the

same value as that of the straight Linear Mohr envelope curve t,,;(o,,) in the touch point of
Mohr’s circle, see Fig.23-1

* oy isnot relevant. The shear stress z,, can be assumed zero because it would anyway vanish after
a principal stress transformation. No reduction of generality is caused

* The stress ¢, has no influence! It is not representative such as Mohr supposes. Failure responsible
are 7y and o, only. But mind in the differentiation process: the Mohr stress o, cannot be
simply set zero at the beginning of the derivations, it must be considered due to its relation to oy,

» Above derivation demonstrates that, if really desired, the fracture plane angle 0, ¢ of an UD-
material could be also determined from an invariant-based SFC and not only from Mohr-based
formulations

* Viewing Fig.23-1, it is obvious that the cohesive strength Iizf3 (Civil engineers take the letter c)
belongs to the transition zone of the normal fracture mode domain IFF1 and therefore not alone
to the shear fracture mode domain IFF2. Hence, one cannot simply extrapolate from the
compressive strength point.

* Reminder Mohr’s Concept:

F* =7,/ (R" —u-0o,) =1, shear stress hypothesis. F° =0, / R =1, normal stress hypothesis

62 - P,¢ ~\~\ tnt ‘
=335 G,= '
Z?-Zl/ ot =
=70\ =
Ay n /
- ductile brittle
Oy = 45° 0 4 I
Ry 05R{ Oy 0

Fig.23-1, Shear stressing situation: Shear fracture plane angle in the touch point and ‘linear’ Mohr-
Coulomb friction curve. The touch point is defined by (o= ,z5, ) and linked to RS 90°=2 pr °-9°

23.2: Relation of Friction parameter a, to Friction value .,

The same procedure is analogously to perform for the mode IFF3, see Table 23-2.
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Table 23-2: Relationships for the determination of friction curve parameter a, (x,,)

1,1
— '3 2 3 5 _ H _ 2 2
Fo==5+b,-—=5—=1 with l,,;=2-0,7; +2-0, 75 + 47,5757, from
Ll Ll

Py

l,=0,+0;, ly= 1 +75, I Z(O-z _0'3)'(7:51 _7221)' 47y Ty Ty
The transfer to a Mohr-shaped SFC is directly possible, because the fracture plane is already
known (parallel to the fibre direction) , via (7, 0,)=(ry, 0,), |tu|=Ry—u, -0,

4 2 2 2 R 3. (4 /P 4_
2.0, - 2.5 - R 7, | R 1
* FMC: =2 ta, S22 Tt Ty g S0 I g o ( 2 )
R, R, R, R, 2:7y -8y,
d d 2. R (IR -1
“Il, simpler to performis  —or = = fa M ( i )
o, dr,, RJLII\ -a, Ty -y
. . _ R, -7 d -1
* Simple linear Mohr: 7, =R, —p, -0, — o6, =—1—2 and -—n-_=
Hy dz, Hy
In the strength point 7., = Ii” an equal slope exists, then equating delivers
27Ty §L||3 '<T;1 / I§¢||4 _1) -1 Hy '(§L||4 + 731)
> - == ™y = 3 =ay =24y,
Ry ‘b 73 -a 7] 7o -a
Py 2y 1] 21 Ay

being a good guess for 4, and sufficient for application.

23.3: Evaluation of friction values p,,, g, from test results

The determination of curve parameters a(u) and thereby also of i can be performed differently:

1. One strength value with one multi-axial failure stress point on the respective pure mode
curves, usually applying a linear Mohr friction envelope (sufficient, see Figs. 23-2 and -3
below, it requires some fitting to optimally map the course)

. A more sophisticated fitting optimization process of the test data course in the respective
pure domain (min error square) in ‘pure‘ failure mode domains

. The so-called Tension/Compression-Torsion test machine delivered the test points in
Fig.23-2 left. If such a test rig is not available, then, one point on the pure mode Iff2-curve
plus one in the transition zone IFF2-IFF1, see Fig.23-3, become an approximation basis,
see Fig. 23-3 right

. For g, |, in addition: Derivation from fracture angle measurements O?p °, see experience in

the associate figure in [VDI 97, p. 138], facing a pretty high scatter.

The formulas for the friction values read:

Linear Mohr envelope: u = (2'21fr - F_QL”)/ crz" from tension-compression/torsion test machine

with tube test specimens, evaluating at least two curve points or if sufficient tests from curve fitting .

From bi-axial compression test in order to compute the friction value from evaluating
1, =(RS + ")/ o7 . However, the danger to buckle is to face
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e If the test machine only allows a u, | -test in the transition zone of the modes, Fig.23-3, then, the

estimation from strength point (c5™, o5 ™) demands for a qualified stress interaction-mapping SFC.
For the evaluation the interaction equation has to be employed, shown by the following MathCad
procedure below:

Mathcad implicite calculation: Forgabe p =0.1 (estimation)

~ = . ! . :
([(03+05) + Jlor—0, ) +0]/ 2R )" +([(LL ) (o, +0,) +

11—,

+ 1_11 -\ffJ: —oy )P dr ] /R =1= Eff =100% .
Search  Suchen (n )
m'Tm ’ L o Z’T
| e 4-! > S il s

i
f
J 4
A
=1
[

a

G2

000000
000000
000000

000000

300
TeR>

Fig.23-2: Determination of the friction values £, , 1, (own results)

%
150 .‘ll ;l - 150
% Testds MPa
— Failure envelope 100
=== straight line approach
............................ %0
..... L
250 200 150 -100 50 0| 50 100 150
50
-100
MPa ® Testdata s
~150
o 150 360 —— Failure envelope \
200
VA
Fig.23-3: ARCAN tests performed on distinct stress paths. UD prepreg [Pet15]
LL:

A relationship of the measurable friction value and the fictitious friction parameter could be derived
- The application of the tension-compression-torsion test machine is recommended.
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24 Fracture Envelopes and Bodies of Grey Cast Iron, Glass C90, Normal Concrete, UHPC, Foam

Aim: Making together with §26 ‘optically’ familiar with multiaxial fracture stress states of isotropic materials.

24.1 Introduction

Used Stresses and Invariants

ot
?[ Op The stress states in the
e ?.___I vartous COS canbe
- - transferred into each other

Princival Str Stractural Q Str , ﬁ:. %y Mohr's Fracture
nocipa 5508 ructural (component) 05505 plane Stresses

T T
{O-principal} = (GI 1011, 0y ) ) <{Gstruct} = (O-x 101070717 !Txy) ) {GMohr} = (0',1 100100 Tt Tt ,TM)

In the transformation of structural stresses into Mohr stresses the advantage of invariants fully comes

out: They do not depend on the coordinate system, one can simply switch between the systems.
Structural Stresses and Invariants, 3D and 2D:
l,=(o, +o, +o,) = f(0), 61,=(5,~0,) +(0, —0) +(oy —,)°
21d;= (20, -0, —0oy) (20, -0, —0y)- (20, =0, —0y),
3.0,=0+0,+0, =0,+0,+0,; 9-7,°=6J),=4-(r,° +7,°+1,°), 7, = maxc(mathem.)
o,,0,,0, are principal stresses, o, > o, > o, are mathematical stresses (> means more positive).
Mohr Stresses and Invariants, 3D and 2D:

l,=(c,+0,+0,), 6),=(c,-0,) +(0,-0,) +(0, -0,)° +6'(Tnt2 +1.,° +1-mz),isotropicrm -7,

= f(7) 'Mises invariant'

Strength Failure Criteria (SFC), Eff-linked

At first the ‘basic’ formulations are displayed. Then, according to the ‘proportional (stressing) concept’
the relationships Eff (F) are performed. And finally, how the two shear mode parameters depend on
another after having inserted R into F* . Some basic relationships are:

I'I: I 1.642
1I4-JE—T+I1 FSFmFracl— + o= |
FNF=Fos Y °  _Efios Re 5 Re?

2-Rt
1.02 i 1 I 1.6J2 Jite?
. 3 . . c * _m | Effr = M7c2™ + 12-J2-¢c1 + 11-c2
| ~ 2-Rt Re-Bffr 5 Re® Efie? 2-Re
due to homogeneous F
-Re  ¢l1-2-Rc”
Insertion of the compressive strength c2.— + ]
T

delivers a parameter -relation
Monotonic stressing of all stresses

Interaction requires to go from F to Eff , linked due to the ‘proportional stressing concept'

I, | Eff -J, | Eff?
for instance CzSF -MT"‘ > % =1
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Table 24-1 summarizes the Eff™% formulations for the usually as rotationally-symmetric assumed
fracture failure body, and further the realistic isotropic 120°-rotational symmetry relations.

Fig.24-1: Procedure how to determine the Fracture Body

(1) Fracture failure body is rotationally symmetric (like the Mises yield body)

* Normal Fracture NF, 1, >0 o * Shear Fracture SF, 1 <0
J43, 17213 +1 6-J
NF _ o _ 2 1 1 SF_ 7 _aSF N1 SF 2
F" =F" = R F* =F" =¢; ?+c1 > R

with o and 7 as failure driving stresses. Resistances R are average values (We model !).
Strength Failure Criterion (SFC), mode interaction exponent m, friction u

£ a3, -1 341, ol o Eff :CfF-lﬁx/(CfF 1) +12ecT 30, o

2-R R 2-R° R
with ¢F =1+¢;", ¢;" =(1+3-4)/(1-3-u) from u = —cos (2-65°-7/180)
or from fitting of the test data course.
(2) Fracture failure body is 120°-rotationally symmetric = Reality !
In a chapter before we had to learn: Each isotropic material is "120° — rot. symmetric",
which leads to the little more complicate Effs below

NF 2
v 4,0 _]1 /341, Eft 5
2.R 2.R"
cor -®% =1+c)", and above friction parameter ;" (later denoted c, )

¢ 1, (e -1,)2 0% +12.¢F -3y,

(c]

Eff,"" =c¢

I O max |
Modelling of the cap is performed by the function Y, = —="— = s - (~— )+ Vo —
3R

J3-R R'
ForR®>>R' canbeset: @ — @™ =31+d" -(+1), ¢V =0" =1.
® as non-circularity function with d as non-circularity parameter , (d* later d*)

oF :3/1+ d* -sin(34) =§/1+ d*f -1.5-\/5-33 -J,7*%, compr. angle -30° — © :13/1+dSF (1) .

3D-tests are performed by adding an axial load, generating a stress g,x, upon a hydrostatic loading ppyq.
The associated 3D-concrete test data sets have been forwarded by Dr.-Ing. Silke Scheerer and Dr.-Ing.
Kerstin Speck (IfM, TU-Dresden, Prof. Dr. M. Curbach). From their provided raw data sets as sub-sets
the meridian data sets, the constant Lode angles for the envisaged meridians had to be extracted by the
author. The usual tests are run along the tensile meridian (TM) and the compressive meridian (CM).
This situation causes to apply the realistic isotropic 120°-rotationally-symmetric model in order to
account for the Lode angle 3.

Determination of the model parameters in the mode domain of F* : The measurement of @, —based on
the usually small-scale test level - is practically not possible. The determination of the curve parameters
¢; by mapping the course of test data points is the better and practical procedure. Then, the relationship
of the curve parameter c, to the friction value u and to the fracture angle @y can be derived. These
relations are obtained in the fouch point, still pointed out in Fig.22-1 for UD-materials.
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Circularization of the fracture body

From mechanics is known that the fracture body possesses a circle-shape for /; =0 and from testing is
known, that the body becomes circular with increasing negative /.
At least for the Ultra-High-Performance-Concrete (UHPC) this must be considered when mapping,
because the SFC F* cannot capture this effect. In the next box are collected all relationships and further
the determination of the two additional parameters art, Bt :

Maximum @rcc in the bi-axial reference point (-Rcc, -Rcc.0) on the TM

OTCM = J\,‘l — drex

~

O1TM = 31 + drex

Model :

drex(y) = a-p- ()" expl—a- (3"

B

-dTred

X

212
Rc

I1=\3Rcy

Two unknowns require two equations

* Differentiation, in order to obtain a formula for the horizontal tangent in (-Rcc, -Rcc.0)

:—v[a-B-(—.»-)B"-exp[—c-(—.v)ﬁ]-dtcc] > phatdtec(~y)

28-2 a9 _ :

ooy
~<1~dt<:<:~(—_\-')B “e

cocgeg e
S =y

( e \P ( Tiec \P ( e P
y B-1 o= | y B-1 |~ o -——]
a-p — \; H i B \ V3R 262 = ) AR, e \ ABRE) | srewin
L 3Rt Ilcc L 3Rt Ilce

3Rt

3Rt

drcc vanishes ar= pr-1 :

-~ BT
Dissolved for at = a (NF, ao not of interest here) ]'/ -1 ~0.3"l
delivers an equation for the first curve parameter BT';\?'HCC' = )

* Second curve parameter is determined by assuming that the non-circularity reduction is 50% at 2 xIlcc

Material data insertion now !

Vorgabe BT = 1.5
pr-1 gy _Hec2’ BH.exp pr-1 ( Iee2’ Br o
(s 05\BT L 3Rt ( 05)FT L B3Rt
Br-! = Tec= pr- = Tee:=
W 3 Rt L \3 i
Br -1 -BT-’/ Icc \Br'l_exp Br -1 ( Tcc Bt
- o0s\PT L3Ry (05 BT | 3Rt/
Br-i — Ilcc- : Br-i — Ilcc- E
I\ 3 I\ 3 i
AT = Suchen(fT) Br = AT e
3 — =
o) = YITFG B0 wih  dr(y) = arprn)P espl-ar ()P ar

3 3
Orecc= J 1+ 0T-BT~(-ycc)BT_l-expl_—cxr-(—ycc)BT_l-dT-( 1) Orc= J 1+ GT-BT-(-_\'C)BT_1vexpl_—GTv(—yc)BT_l-dTv(—l)

3 J
. \BT-1 \BT \BT-1 \
@TTM}.= J1+ aT-ST-{—yj) -exp|-aT-{-yj‘) J dr OTCI\{J.= Jl+ GT-BTv{—yj)BT -exp‘-—aTv{—yj‘)sTJ- dr-(-1)
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Some 2D-test data are provided in literature for Grey Cast Iron and Glass C 90, the latter used as
window pane of the ISS. For completion the author’s accompanying evaluations shall be presented at
the end of chapter 24.

(The generation of the following §24-figures has been performed about 2015/20186,
whereas §25 is a present complement elaboration).

24.2 Visualization of 3D compression test data: Normal Concrete

In Fig. 24-1, left, the course of test data is mapped. As coordinates, the Lode-Haigh-Westergaard
coordinates are used which equally count in all directions of the 3D stress space (for understanding see
Fig.14-9). The tensile strength is used for normalization in the case of brittle materials.

The right part figure displays the fracture failure body, on which the 3 main meridians are depicted.
For the tensile meridian a Lode angle $ = +30° is valid and for the compressive meridian § = -30°. The
shear meridian was chosen by the author as neutral meridian with the Lode angle $ = 0. For each mode,
the SFC model parameters must be determined in each associated ‘pure‘failure mode domain. In this
context physics of slightly porous isotropic materials is to remember: *bi-axial tension = weakest link
failure behavior (R”<R’, which partly seems to be not accepted in civil engineering) and * bi-axial compression =
redundant (benign) failure behavior (R“>R").

(-R°,0,0) (R%,0,0) o

- . w—— bi-axial tension point
interaction bi-axial /

.  domain i tension
MPa compressive
» \—" meridian
-60 -|50_-]40 -j30 20 |10 0 0 O
NF uni-axial
£ =16 tensile compression
meridian l Streng_th
s ' H point
—1 \4\
{ . interaction
=i domain
= uni-axial ; 4
+ strength -
SF I e .
1 5 (—R ) 07 0) \\\“
4 & biaxial shear meridian
?: compression strength point X
(-ﬁcc, 'ﬁcc, 0) bi-axial strength = ﬁc Eff — ( Eff NE )m +( Eff S )m _1

bi-axial compression

Fig.24-1, Normal Concrete: mapping of 2D-test data in the Principal Stress Plane as the bias cross-section of
the fracture body. R= strength, t=tensile, c=compressive; bar over means average (mean) value. p = 0.2.
(test data, courtesy: 1fM Dresden)

Fig.24-2 through 24-4 present a hoop cross—section (octahedral stress plane or so-called m-plane), two
axial cross-sections, the meridians of the failure body, and two views of the failure body.

The interaction to be performed has to capture both the modes. Hence for a common display, a
normalization strength is to employ, generally the tensile strength.
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Table 24-2, Normal Concrete: Data set

2
ENF _ Eo _oMF .\/4‘]2 B |1 3+ |1 FSF B _6\]2 '®SF
2-R ' 2.R%
Normalizing here with R'and R®. Tension dent too small to be practically of interest — cNF =1

: + C,(u)- % =1
2 remaining unknowns require 2 fix stress fracture points on the surface of the fracture body:
{o,): (-R%,0,0)', (-R®,~R™0, 0)', m=2j,
with the values in MPa = N/mm*: R' = 4, R® =40, R* =49, 0, o =51°— 1 =021,
e @M= 1+ ¢, with c,= 4.3 as friction parameter, $ = —30° for CM, +30° for TM
cF =638, d¥=051,0% =1+d*¥ -sin(39) — O™ =1150" =0.79= O,
For the determination of the closing cap and the open bottom of the fracture body:

R"™ =3.6 — closing cap point max 1, =3- R™, R® =1000 MPa (set for computation).
With Awaji-Sato the non measurable R™is estimated: R™ = R' /3™ M =In(2)/ In(R* / R").
R" =0.9-R"(assumed) , s =-0.57. Further «,=0.0037, 3, =1.92.

compressive V212
meridian | _“ Rt

-30° 30°

- B - ~J’/
(-R%0.0)| / \/ )
= 4 IS

Vi F
tensile meridian

Fig.24-2, Normal Concrete: Top view: Octahedral stress plane (z-plane) exhibiting the constant Eff- lines on the
body (the blue line refers to 1, = 0). Right: < R“, ® R“.

In Fig.24-3 the modeling of cap, NF domain (marginal) and of the SF fracture domain is depicted.
Modelling of a cap is shown in the sub-chapter foam.

Fig.24-4 shows the three basic meridians and two strength points, compressive strength (dot) and bi-
axial compressive strength (cross).

Fig.24-5 informs about the test data scatter of the 3D fracture states experienced under hydrostatic
pressure when running test on the tensile meridian and on the compressive meridian (-30°), selection of
test data performed.
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The Neutral Meridian represents the shear meridian.

I Oy, 4 -axis
tensile meridian ﬁ_!;' T hyd compressive meridian
= (Rt_t_:' Rttt R'tt:)
NF N cap AN " NF
‘ (R“,R“,l]]
- j
(O'R ,n] hyperbola -‘P__z
Fi \ Rt-
5 y 7 b /\; —
interaction in
/ +}— transition zone N
30° | R -30° _.(n..Rc.o]
/ | paraholoid\
SF ‘I‘-.1|i_=,e-s'~C\,,iI|nder SF

Fig. 24-3, axial cut: Visualization of the courses of the 2 mode mapping functions for NF and SF along the
meridian cross sections of the fracture body (180° cut of the 120°-body) and after interaction

5 iz compressive strength point
tensile meridian

ompressive
o meridian

biaxial compressive strength point

Fig.24-4: Two views of the 120°-rotationally-symmetric fracture body (hoop cross-section) of Normal Concrete
with the basic three meridians and the strength points [Cun17]

In Fig.24-6 the meridian failure curves are depicted and CM test points are inserted indicating where the
determination of the Mohr quantities 7,,, 0, , 65 has been performed. As coordinates, the Haigh-Lode-
Westergaard coordinates are used which equally count in all directions of the space.
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ARt 1 Ohyq -axis

NF
(Rt Rt,0) Near)
! Rt

Fig.24-5: (left) Tensile meridian curve (TM) and associated test data ( x, 30°), (right) compressive meridian (-
30°) curve (CM) and test data on the respective hoop ring o (these circles o are located at different meridian angles %),
courtesy IfM Dresden

Extrapolated guess of the CM-curve on basis of mapped TM test data and vice versa:

Just replace the Lode angle part for 30°, sin (33) = 1, by that for -30°, sin (33) = -1.

RN -
ra N ’
/o HENS

+
NM

[
3
iy

+

=3

Fig.24-6: Display of all basic meridians of Normal Concrete. The + are the points where the evaluation of Ty,
on, O, Was performed. p = pnyg. TM Tensile Meridian, CM Compressive Meridian, NM Normal Meridian.

(Mathcad unfortunately did not draw below y = -15, an often faced Mathcad problem)
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The above depicted basic three meridians are: Tensile Meridian TM (8 = +30°) inside, Neutral Meridian
NM (0°) and Compressive Meridian CM (9 = -30°), outside. Test points lie on the respective meridian,

determined by 9, which means on different distances from the axis for a specific x =1, /+/3-R" value.

For Normal Concrete, Fig.24-6 significantly supports the existence of the 120°-rotational symmetry of
brittle isotropic materials.

24.3 Visualization of 3D compression test data: UltraHighPerformanceConcrete (UHPC)

Fig.24-7, left depicts the separated and later intensively investigated TM and CM test data points.
Fig.24-7, right presents all 3D test points located at different Lode angles.

ﬁ ﬁr Jg ﬁr .
| 2-12 !\f2-12
compressive meridian Rf Rf

test points
-5 t\ -5 ""O~
4 %Q»

+ @4
- 10 \ 5 -10 S o
* @ Y

s + d @
- * ‘;:3‘: o o
P & <
-15 = ' =18 9 %
+ "f 4;#
tensile meridian ¥ 2
test points g ‘3?!:;
-20} - -20 =
++ %
fg.
=25 -5
1 5 10 15 20 - 5 10 15

Fig.24-7 UHPC: Compressive and tensile meridian points
UHPC, separated test points: (left) tensile meridian + (8 = +30°) and compressive meridian + (8 = -30°) ;
(right) all 3D test points are marked by o (hoop ring, (8 # ,+, - 30°)), visualizing to be located at different
meridians

Fig.24-8 outlines modelling ideas for UHPC.

As could be still recognized for Normal Concrete, the failure body possesses inward dents for I; > 0 and
outward dents for I; < 0 in contrast to porous concrete stone, where it is also inward, see Fig.24-9. Due
to Fig, 24-7, the dents become smaller with increasing negative I;. This is to consider by the envisaged
correction function.

CV Cuntze_Research Findings_7jul25 * carbon-connected.de/Group/Prof.Ralf.Cuntze 161



http://www.carbon-connected.de/Group/Prof.Ralf.Cuntze

I
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Points: compressive strength l and point @ for assessment of size parameter ¢1  and friction or shape parameter ¢2
bi-axial fracture stress point X for assessment of non-circularity parameter
X0 ¢ for assessment of hydrostatic effect parameter ¢ , preliminary approach

Fig.24-8 Ultra-High-Performance-Concrete (UHPC):

[Test data: Dr. Speck, IfM, TU-Dresden]. From this general data set as sub-sets the meridian data sets (constant
Lode angles) have been extracted by the author

47, -0F —17/3+1
) Ef =, . B th 1
denting Compressive
DR M o o v i -LP+12:cF 37, -67
. EfFSF &2 (G & 2
surface |4 ik F
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compressive strength _///
~ point , — S
(-R=0.0)
/ -f
- Eff =[(EF) +EFT]" =1=100%
= fracture surface definition
bi-axial » 3 -« B\ Y- = equation of surface of 120°-symmetric
Conn‘?r)e(ss've strength non-circular fracture body
poi \
(-Re<, -Re< 0) Remind : R°=160MPa
— o. : Gtncnn= (61, O, o) = (=160, 0, 0) — 100 %
shape
cls. becomes Ciincion = (=230, -6, —=6)" = 100 %
|£ circular

» The size of denting reduces with negatively increasing /,.

] : est data: Dr. Speck, IfM, TU-Dresden].
» The cross-section becomes more and more circular. g e 4

Fig.24-9, UHPC: Fracture body showing decay of denting with a negative I;
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Fig.24-10 shows a graph the bi-axial compressive strength over the uniaxial compressive strength. It
turns out that with increasing uniaxial strength the bi-axial strength approximates the uniaxial strength.
The author tries to explain this: The effect of redundancy under hydrostatic loading can be interpreted as
an out-smoothing of stress concentrations. In the case of Normal Concrete this effect becomes more
chances according to being more roughly grained than UHPC. This explains why the bi-axial strength
capacity increase of a roughly grained Normal Concrete is higher than for UHPC.

ﬁ“ '\’\ 2 ﬁ“
12 1 + 200
10 A
Black Curve L 150
8 =
6 A + 100
4 -
T 50
2 7 1 L
LN s e s e MO
0 : : T 0

0 50 100 150 R® 200

Courtesy Dr. Speck/ Prof. Curbach, TU-Dresden

Fig.24-10: compressive strength capacity ratio of concrete R / R¢ (R = 1),
R / R® (Normal Concrete) > R®/R® (UHPC)

In Fig.24-11 are depicted the 2 mode domains and its transition zone obtained with the interaction
formula. This task concentrated about performing an interaction in the principal plane I; > - 2R*.
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Fig.24-11, UHPC: Principal stress plane with measured test data and evaluated strength points
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24.4 3D-Visualization of 2D compression test data: Porous Foam Rohacell 71 IG
With the Rohacell Hero (Evonik) a PMI (Poly-Methacryl-Imide) structural foam of an increased tensile

fracture strain a light material is available which may replace the expensive honeycombs. Given is
‘only’ a 2D-Test Data Set and therefore just a realistic mapping in the Principal Stress Plane is possible
data set used (thanks to Dr. Kolupaev for the test data set) reads:

R'=1.8, R" =1.25; R™ =1.0%; R® =1.65; R* =1.4; R** =1.53, max |, = 3.03;

minl, =-4.58, d"¥ =-0.71; d°F =0.21, ¢c“F =1.03,s™ =-0.27; s" =0.87,

I =-057; 3T =052, O =1.2; " =1.07,m=25.

The Figs. 24-12 and 24-13 show the application of the respective SFC for the given Rohacell.

normal fracture TG" (RY,0,0)
2

|
interaction ..---—A\ m=3.9
domain/

o [

7 7 T~

+cap _ |
H=0 i (R®, R®,0)
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t N
N\ |
crushing = }R 0,0}
l \\ AT G
1 -1 1 -0 ds s T p
\ i
5 [
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1 - B
3 : :
S / H
~is
i e n +
bottom — e \
1 + i N interaction
" domain

iz £ % \
cc cc —
(-R*;-R%. 00 ¢ -R%,0,0)  crushing fracture

Fig.24-12, Foam Rohacell 71 IG: Mapping of 2D-test data in the Principal Stress Plane.
MathCad plot [test data: courtesy V. Kolupaev, LBF Darmstadt]

The SFC-model for porous Foam Rohacell including the cap model is applicable for Concrete Stone
material, too. On top a bottom is now to model.

Usually, for structural parts of high stiffness, honeycombs are used. With the new Rohacell Hero
(Evonik) a PMI (Poly-Methacryl-Imide) structural foam of an increased tensile fracture strain is
available which may replace the expensive honeycombs. In order to apply this material in structural
parts Structural Integrity must be proven. This requires reliable multi-axial strength test data as well as
reliable Strength Failure Conditions SFCs (criteria) for an optimal Design Development process. Given
is ‘only’ a 2D-Test Data Set and therefore just a realistic mapping in the Principal Stress Plane is
possible. To apply is the 2D subversion of the 3D SFC.
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— From this follows: Validation of the 3D SFC is ‘just’ 2D-based.
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Fig.24-13, Rohacell 71 IG: Fracture body with its different meridians (left) and view from top (right).
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Fig24.14, Rohacell 71 IG: Meridional cross-section of the fracture body.

The test points in Fig.24-14 are located at a distinct Lode angle of its associated ring o, 120°-symmetry.
Cap and bottom are closed by a conical shape, a shape being on the conservative side, + bi-axial.

CV Cuntze_Research Findings_7jul25 * carbon-connected.de/Group/Prof.Ralf.Cuntze 165



http://www.carbon-connected.de/Group/Prof.Ralf.Cuntze

Table 24-3: Derivation of model parameters (fcr should read 9,, )

Re=136 Réc=135 mmll=308 —t —2057 € _ 006 B =052 Ocroc =052 Ogosc =0
V3Rt V3Rt
. oIt Ite )
Rt=162 Rtt=125 minll =367 = 0.642 - 0801 Bot=052 Bott=-052 Bottt=0

3Rt 3Rt

\,‘212 ( 3 - 1

Rt yeap = mai] + scap-l _4212_\]3\“ - dU-sin(SGU)) T 3Rt
3Rt . Rt

Vorgabe Cap: maxlI1 > I1t
scap =1 do =04

:
(TR f3 \ ]
I a2 MR do-sin(390t)) Ut Wl | VT
V3Rt 3Rt \ Rt \|{_3'Rt- 3Rt P Rt

\

Acap = Suchen(scap.da) _ ’/ ‘0-506) 5 3
Acap = \ . scap = .-\.capo do = .-\.cap1 scap = —0.51
T > do =0.17
’4.12-00 = S ||
Fo= clOo- 2 =1
2Rt
Vorgabe 100 = 05
3 | ) NF: 11t> 11
J4-J2t-\,‘l + do-sin(360t) — —-I1t" + It
c100- = =
2Rz A0 = Suchen(c100) Ao =0885 100 =
. T % c100 = 0.88
vbot = + sbot-'x-J i{l + der-sin(368cr) ’
Rt
Vorgabe sbot =1 decr=-1
\2 SF: 0> 11c
Il m.inIl 212
< = sbot-| ‘J : \’\(1 + der- sm(aectc)J 1 minl1 555 \2
AR PR\ cc [ 2 f3 =0
NE + sbot-! Y1+ der sm(aecrcc)}
3Rt \.G-Rt \ Rz
; e 0.977
sbot = Snchen(sbot, ficr) Abot = .!/ i sbot = .'-\.I:>ot0 der = Abot
{ —0.558 1 sbot = 0.98
TG, der = -0.56
4120cr - - 11" - 11
Fer = c10cr- = =1
2Rc

Vorgabe cl@cr =1

-~ l 2
Juzc-i{l + der-sin(30crc) — —Ilc” - Ile
]

c1Ocr- =1 Bottom: I1c > minl1
2-Re

Acr = Suchen(c1Qcr)
Acr=10809 clOc = Acr c1Bc =081

Since there are no 3D test data and three-axis tensile fracture data are practically impossible to measure,
the cap value can only be estimated probabilistically. According to Awaji-Sato [Awa73], a Weibull-based
estimation of the 3-axis breaking stress value R™ results from measured values for R' and R". This type
of estimation is adopted for the bottom. For R, a surcharge of 10% is applied because of the support
effect.
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Table 24-4: Estimation of hydrostatic points

Rt=18 Rit =123 Bc=16 Roce= 133
b Fc
Mt = 22 Rett = Me = 22 Reeel = ——  Rece= Reeel 11
() 1 o E) *
\ Rit Mt \ Ree 3 Me
mayll = 3Ritt madl=305 T20 _ g minll = —3Reced  minll=-367 Ml __,
NIRRT \EEI ‘.‘EEI
Table 24-5: Determination of the turning point of F,,
1.2
432 - ;-Il +1 Turning point of Fa (index w)
Fo= =1
2Rt
- d (1.2 2 2 .
= 1.112 —I1-Rt+ th derivation =] - II"-11-Rt + Rt ) —IIW-Rt=0 IIW = 15-Rt
3 \ 3 3
1 2 2 2 : QD
2W= —-(15Rt)" — L5Rt-Rt + Rt 2W = 25-Rt minl2 := 0.25-Rt
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A 05 - TS
Z AN
/ / Avee L ; \
R ‘ ‘\ ezl
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&\ y \ M// Caps: No test data,
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Lode-angle, S In(30):
tenslle merdion ode-angle, here set as sin(3 8) -+

-

with characteristic uni-axial and bi-axial strength points

crushing 11 = 0, interaction domain: Is about a circle.

shear merldian angle = 0°
tensile meridian +30°
compressive meridian -30°

Fig.24-15: 2D Test Data and Mapping in the Orthogonal Stress Plane (brittle, porous)
Caps were taken away to better visualize that the dent turns for this material along the hydrostatic axis.
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The following figure in Table 24-5 proves that in the performed modelling no gap exists between Cap-
and Fo-domain at the axial coordinate x including the tensile strength point and between Ft-domain and
Bottom at the compressive point including coordinate x.

Cap and Bottom equations have to be resolved for xcap and xbot.

Table 24-5: Proof, that no gap exists between the differently modelled fracture body domains

Qo =3{1 do-sin[30 2 2 2
m & sg3 m> = It -c100™ — 3-¢c100-I1t-Rt + 3-Rt

~

;
maxl1 (R - X' 3-00 _-c100”
yeap = + scap-| XCap-J l‘l + do-sin[30_ || = m
\[{_SRZ \ lnl m),’ XO’Fm Rt
2 2 2 3 T3
JI1c™c1@er” + 3-c1@cr-TlcRe + 3-Re Ocr = |1+ der-sin[38 )
2 = A
3@cr_-cl@cr” minl1 e 3 N
T m ybot= + sbot-||xbot JJI'I + der-sin(39 ) |
m_ \]FSRt \ m//
Rt

g9 B O I e s T 1 N )
wrroa R o o
xbotF,0.6
x0F 4, 13
X X 04
xctFy 03
g
0.t 6m
0 0314 0628 0942 1257 1.571 1.885 2.199 2513 2827 3.142
™ 180°

24. 5 Grey-cast Iron

Fig.24-16 presents an old evaluation (about 1995) of a data set for Grey-cast iron.
Of interest is the meridional cross section, which depicts a curvature change in the tensile domain,
before the intended cut-off. Drucker ‘Stability postulate’ problem, like for PMMA in §9.

24. 6 Isotropic Glass C 90 (window pane of ISS, Mathcad 13, 2014)

A glass fiber S10; (E, S, R, AR) is made by blending raw materials, melting them at 1720°C in a three-
stage furnace, extruding the molten glass through a bushing in the bottom of the fore-hearth (Vorherd),
cooling the filaments with water (to prevent the crystallization to quartz and obtain a amorphous,
randomly ordered atomic structure we know as glass) and then applying a chemical sizing. The
filaments then are gathered to rovings and wound on spools. Commercial glass fiber can be made from
silica alone, other ingredients are added to reduce the working temperature and impart other properties
that are useful in specific applications such as making alkali-resistant (by ZrO,) for use in concrete.
[Source OCV].

Fig.24-17 presents a 2D-SFC-visualization in the principal stress plane and a 3D-Visualization in the
meridional cross-section.
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Fig.24-16: 2D-application to Grey-cast Iron [Coffin]. Principal stress plane and meridional cross section
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Fig.24-17, Glass C 90: [Kow83], 2D and 3D-visualizations
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As still mentioned, F' =1 or Eff = 100% mathematically defines the surface of the fracture failure
body. Such a body is rendered here using the Haigh-Lode-Westergaard coordinates with /; / V3 as y-

coordinate and /2 - J, as x-coordinate. Fig.5-4 depicts the stress states belonging to a tensile

meridian and to a compressive meridian. These are those axial cross—sections of the failure body
(right) along most of the compression tests are run.

Mechanical strength behavior shows up: Different structural materials

- can possess similar material behavior
- can belong to the same class of material symmetry.

Welcomed Consequence is:

The same strength failure function SFC can be used for different materials. The Foam SFC is
exemplarily applicable to Concrete Stone offering the advantage:

— For a concrete stone material more information is available for pre-dimensioning and modelling in
the case of a newly applied material from available foam experiments as a still being tested
similarly behaving material.

LL:

* 120°-rotational symmetry is inherent for isotropic materials

* RClies on the CM, R'on the TM and R in the transition zone between the two modes F” and F". This
indicates, that an estimation of R’, obtained by just an extrapolation from R ¢, will be questionable

* The failure body possesses inward dents for I; > 0 and outward dents for I; < 0 in contrast to porous
concrete stone, where it is also inward. These dents become smaller with increasing |I4].

* There is a pretty large scatter of the compressive strength data in the 2D-figure

* Mapping of the course of test data with the SFCs worked very well

* Fracture body shows a decay of denting with increasing negative I,
* The higher the strength ratio SR = R/R" becomes, the more the Cohesive Strength value narrows R'I
* The strong influence of IFF1 is fully demonstrated.

An extrapolation from the compression strength - just applying F*- cannot be accurate !
* A smaller p value is more conservative.

CV Cuntze_Research Findings_7jul25 * carbon-connected.de/Group/Prof.Ralf.Cuntze 170



http://www.carbon-connected.de/Group/Prof.Ralf.Cuntze

25  Improved Mohr-Coulomb Curve and Cohesive shear Strength R" of Isotropic materials

Aim: Enabling a correct understanding of the cohesive strength value R” as a bi-axial fracture quantity.

25.1 General (work in 2025)

As the author had to design with all three basic material families isotropic, transversely-isotropic and
orthotropic for him a conflict comes up, if the used index-letters are not material-dedicated, not self-
explaining and not generally used in mechanics. This caused him as civil engineer to publish a Glossar.
In order to not disturb the co-working engineering family in construction the practiced fiber-reinforced
polymer matrix-linked terminology (world-wide applying the suffixes |, ) should be also used with fiber-
reinforced mineral matrix-linked Carbon Concrete (another field of the author). Further, the following

analogous letters will be intentionally proposed touse ¢ —>R", 0, > g, .

As some researchers in construction still began, when investigating Mohr-Coulomb friction, according
to general mechanics they attribute usually positive marked compressive stresses a negative sign. Hence,
the positive direction is to display rightward, Fig. 25-1 (left). (Historically, civil engineers basically were
more faced by compression and mechanical engineers by tension. This explains the different sign choice).

Fig.25-1 outlines at the left the Mohr entities and right the transformation matrix for transforming
principal structural stresses into Mohr stresses.

gD, ™ {maxtn o,] [1 0 0 0 0 0] (o
AP o {Tn® o,| |0 ¢& s 2s¢c 0 O o
““]_ o| |0 s ¢ -2s¢ 0 0] |o,
R—. z,| |0 -sc sc (c*-s®) 0 O] |O
f l z,| |0 0 0 0 ¢ -s| |0
= “ : =n 0 0 0 0 0
-R° 0SR® G o ful L > Cl
With n =0, -0, and o,, 7,,, 7,, =0, the used addition theorems read: 7, =,
c,—o,=cn-s"-n=C-n, S=y1-C?, C=¢’ -5’ =2¢*-1=1-25",
o,to, =0, +o, =1, o,=0, _C'(O-n — Oy ), n =0, oy,
r,=-5-C-0, +s-C-0,, =-05-41-C* -(5,, —0,, ) with c=cosd, s=siné,
(C+1)-0, +(1-C)-0 . o 0
o, =c*-0,+s8* 0, = . > L 2:04,°=90°+¢°.

Fig. 25-1: Transformation of Principal Structural Stresses into Mohr Stresses and helpful Addition Theorems
outlining the fracture plane angle measure C(6y,). (bar over due to model mapping)

Assumption of Otto Mohr:
Mohr’s basic assumption was: “The strength of a material is determined by the (Mohr) stresses on the

fracture plane”. This means for the linear Mohr-Coulomb (M-C) formulation 7, = R —u- oy, -

Herein, the value p is the intrinsic friction value of the material and R the so-called cohesion strength.

The other two shear stresses 7,7,

the transformation process but will finally have no influence, which has to be proven when following

in Fig.25-1 are zero. The normal stress o, must be accounted for in
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Mohr and this must be proven. According to Mohr, the stresses o, and t, are the only fracture-
responsible stresses, the normal stress 0, can be set zero.

On the history of the Mohr-Coulomb (M-C) curve = ‘Mohr Envelope’: Otto Mohr did not commit himself to the
intersection of the envelope with the g,-axis. A. Leon was probably the first to use an envelope, taking a parabolic
one.

A stress analysis with Mohr stresses is principally simpler than with structural stresses, however the

fracture plane angle 6y must be known and this makes it difficult. Let’s begin classically:

Linear M-C approach delivering a relationship C(u) to friction value u and Touch point coordinates

T

Finv-c = R L : =1.  Implicit differentiation (minus sign) of the SFC F.\, ¢
H- Oy
HOy)_ u, _ and /‘anzrl
dO-n (RT—/I'O'H) dTn R —H-O
HT,
dr dFz/do (Rr_ﬂ‘o'n)z —U-T,
finally gives a friction relation n—— L= - = L= .
do, dFz/dz, 1 R —pu-o,
R —H- 0O,

The Touch point coordinates from a given fracture angle aip or the related friction value £ : bar skipped
(z;",0,") — (7, =R",0, = 0) applying c=coséy,, s=sinog,

n !

=G (R) L se(R) mingo g =x ol

Note on the Mohr-Coulomb (M-C) criterion (also see § 26.1):

In a paper, recently published in Scientific Reports (2024) nature portfolio [Stress-dependent Mohr—
Coulomb shear strength parameters for intact rock [Li24], a critical assessment of the M-C criterion is
performed. This report shall be not scientifically reworked here. However, my summarizing private
elaboration at hand shall give some discussion points. It just tries to inform about my procedure to
derive an accurate Mohr-Coulomb Envelope including Cohesive Strength.

Basis of my procedure is the knowledge, that the M-C Envelope, practically spanning from the Touch
point (z1*,06°) — (z, =R",0, = 0), is affected (Fig.25-1) by the shear failure mode together with

the tensile failure mode and thus belonging to a transition zone, as a mode interaction domain.

SFCs regarding the material-inherent 120°-rotational symmetry of the isotropic fracture body % =@

When using for the determination of the cohesive strength - for an extrapolation from the compressive
strength point - just the SFC F*—F", then the isotropic material-inherent 120°-rotational symmetry of
the fracture body is to consider, as shown below, where both the SFCs FN' —F° and F" are displayed in
the next box together with the required invariants and non-circularity parameter ®" .

The cohesive strength point lies in the interaction zone of the mode regimes, see Fig.25-2. Therefore, a
generation of a realistic, decaying Mohr-Coulomb curve 7,(0,) requires the determination of the slope
along the realistic curved M-C curve up to 0, = 0 at least, not a constant value C = C° in the
compressive strength-linked Touch point only, being sufficient for the determination of the friction value
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u. This means, instead of the single F> -formulation the SF-NF-interaction managing Eff-formulation is

to apply when moving from the structural stress formulation to a Mohr stress-based one.

To search is an equation for the unknown fracture angle measure C(pr), linked to the growing fracture

angle 0, . This is performed by equating the slopes in the so-called Touch point:

o - ¥* _2I1;t/ 3+, O"=1) and F’=c. L +cF -26'%]022 O
I, =(o, +0, +0,,), considering Mohr-Coulomb skip o,
6J, =(o, —0o, )? +(oy —oy )? +(oy — o )?
—6J, = Juz +(oy —oy, )? +Gulz)’
213, =(20, -0, —0oy) (20, —0, —0},)- (20, =0, —0})
- 2713, =(-o0, —o,) (20, -0) (20, —0,)
I, =(o,+0,+0,), considering Mohr-Coulomb skip o,,7,,,7,

2 2
— 0,'0,-T,

l,=0,-0,+0,-0,+0,-0, -1, —7,," T,
l,=0,-0,-0,-0,-7,°~0,7,,'-0, T, +2-7, 7,7, — 0
6J, = (o, _Gt)z + (o, _0-/1)2 + (o, -a,)° +6'(7n12 +Tn/12 +Tt/12)
—6J,=(0,-0,) +0’+0,°+6-7,°
273, =2-12=9-1, -1, +27 -1,
—27),=2(c, +5,)°-9-(0, +0,) (0, -0, —1,°)

® = Y1+d¥ sin3Y) = Y1+d¥ 15.43-3,-3,%°, 0, =, -C (0} =0y ).

A first slope equation dz,/ do, is given by the transformation of structural stresses into Mohr stresses.

The fracture angle differentiation of the Mohr stresses in the Touch point delivers:

r, =-s-C-0, +S:C-0,, 0,=C"-0, +s° -0, with c=c0sd, s=siné,
d(—s-c~a£j,9+s-c'a,,, ) =(-c*+s%)-0, —(-¢* +s?)-0,, and
d(c’ -o,,d;sz Ou) _ ~2sc- (o, —oy)
dr, _ (-¢*+s)-0, = (-C* +5°)-0, _C*-5° _C - dr, _ C
do, -2s¢c-(o, —oy, ) 2sc S do, J1i-c?
and cotan(26y, ) :%:Z::)) = % ,C° :cos(z-afpo.é) ; tan(p) = -cotan(2- Gy, ° -

V4
180°

).

Secondly, one has to find a further tangent equation by the differentiation of F* or physically accurate F*

with F°. Table 25-1 depicts both the SFCs.

On the classical way ‘Extrapolation from the compression strength point’, represented by the touchpoint

in the Mohr diagram, Fig 25-1, just the SFC F" is required.
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Table 25-2 will later show the full procedure C(6’fIO ) of the different ways of an extrapolation.

Table 25-1: Formulation of Mohr stress-based Effs.

FNF =Fo =Eff NF = ¢F . \/4‘]2 0" — I12 13+ I

, for Normal Concrete can be set ¢c"©,0" =1,

2-R
EENF - J4-1(0, —)* +o2 +(-0,)? +6-7,)1-1/6 (0, +7,) I3+ (0, +0,)
T 2-R' '
Using the concept of ‘proportional loading":
- | 6-J I, / Eff 6-J,/Eff?
FSF:F :CZSF‘ﬁ_];:_FClSF.ﬁ_@SF = CZSF' 1§C +C15F.22.T‘®SF

Eff 5 = Ve L)’ 112653007 6 h o oo =+ dT (),
2-R° 2-R°
Eif F _ Je (o, +0)t et 07 2:[(o, —o) +0 +(-0,) +6-77] re, OtO
2R° 2R°
with ¢ -@M=1+c, , @M =0F =§1+d¥ -sin39) = Y1-d¥ and
® non-circularity function, d non-circularity parameter, ¢ Lode angle.

Fig.25-2 displays the 2™ quadrant of the bi-axial failure curve in structural stresses. This fully represents
the Mohr-Coulomb curve domain. The joint mode situation of the Mohr-Coulomb curve - capturing the
transition zone between the pure mode domains NF and SF - requires the application of the interaction

equation Eff "= (Eff “")™ + (Eff )™ =1 (material stressing effort 100%) and it spans over the ordinate

regime 0 < o, < R, the transition zone of the modes, and covers Lode angles —30° < 9 <+30°.

If the full M-C curve and the associated fracture angle are of interest up to o, = R, then both the

modes are to employ with their Effs.

e Improved Mapping of Failure Stress data to obtain a more realistic pr °(9), Fig.25.2

As still experienced with the UD-materials in a chapter before, also here it is to face that a SFC is
‘just’ a practical approach and therefore cannot sufficiently well map all domain parts in detail.
Therefore, when searching a local fracture angle @g,° in the transition zone a correction is to be
material-dependently applied to numerically determine a better value for @,°, if really desired.

CM NM ™
¥ = 13N i
90
= T - _‘ ]
§‘t '| _
(_F—QC 0 0) \ “. O (R“' R".O)
interaction | “‘ bi-axial
domain i‘. v tension
MPa
160 =50 7-140 |30 <20 10 0
/ o)
£ I
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Fig.25-2: Second quadrant and associated stress states, transition zone between the 2 mode domains SF, NF.
Tensile Meridian (TM), Compressive Meridian (CM)

According to the fact that the compression strength point is located on the compressive meridian and the
tensile strength point on the tensile meridian the different Lode angle 4 is to consider in order to achieve
a locally necessary more accurate SFC-model. This requires to consider inherent ‘/20°-rotationally-
symmetry’.

The pure shear point in Fig.25-3 is a point on the Neutral Meridian (6 = 0, © =1, I; = 0) and also a
characteristic point of the transition zone between the tensile domain and the compressive domain is
when the first invariant becomes zero (see the bias grey line in Fig.25-2), meaning pure shear:

_ _ c _ t
L=0+o0,+0,=0 — o, =—o9y

A physical demands is given with g °=90° at o, = R' (is 0, coordinate) and Eff = 0 foro,, =0. The
shear material stressing effort £ff* must physically become zero at the tensile strength point (0, RY).
Fig.25-3 outlines the local shortcoming of the FMC-based choice of the SF-formula.

As simple correcting function f , being just a crutch of-course,

oo + Bt (Ce + 1)-0ll+ (1~ Co) Rt |
6 | onTp + Rt —

{onTp + Rt—ond )" _ . 2

fo=1-

| U-'nTpl |UnTp |

was taken. This correction function is decisive in the low negative oy and ,,-domain.

' t
oy Sy Oy
R — — —_— - — o
c.!
' Gm ' olll
3 A
5
3 1}
43
oy
= ‘*7
pe— 3 p—
0 55 /_a-f
m—
w3 /
Rt 1
EE 05{/ Gy
- L
940 -33 -30 =23 -20 -13 -10 -3 0 )
-R¢ oIl,., Tl — Re.Rt. 0 R

Fig.25-3, ©-considered: Visualisation of the course of the original and the corrected gy, (ay).

Note, please:
In any case, the given SFC F* calculates a conservative Reserve Factor, based on both the modes.
The SFC is on the safe side and Design-Verification as well.

The next sub-chapters will outline:
e extrapolation approaches
¢ atrial on the physically accurate, much more complicated two modes approach and finally
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e a guess of the cohesive strength R".
At first the simplest way: There are three ways gone, each one an approximation.

25.2 R°-extrapolation-based estimation of cohesive strength R*, M-C curve t,(c,) and angle t9fp °

1 Linear Mohr-Coulomb, C = C® constant, Gfp °=constant, classical path

Th

—H 0O,

*This basic approach delivers the highest cohesion strength value and a straight M-C line.

I:IinM-C = R° =1 = (M-Ccurve) T, = T:p —u-o, and R" = T:p +,u-a:p

2 Use of Shear Mode F'only, 6 °grows with C, ¢y > ¢, =¢, +1 C°= Cos(z'etfzpo.l;;o)

Two variants are possible to obtain an alternating fracture angle measure C(6y, °) and thereby R".

If just performing an extrapolation from compression strength point no interaction of modes is needed:
The simpler F* can be used instead of Eff*. Tauble 25-2 summarizes the relations for the derivation of

Table 25-2: Estimation of R*, 7,(c,) and fracture plane angle ©0,° considering the F*only

- l, 6-J, o, +0, (6,-0,) +0°+0°+6-7,°
T e R TA R TR Y 2 R

inserted |, =0, +0, , 6J,=(0,-0,)*+0°+0,”+6-7,° and resolved for
¢, Rc (o, +O't)—RC2 +C '(O'nz -0, 'Oy +c7t2)
T =4
3-¢,
d d dFz/d
C__% i 7,(o,) andlor c % T "%

H-c do, H-c? do,  dF:/dr,

The latter will be taken: ®° =1

=1

c  —-R+c (0,-20,) —¢,-R® +¢ (0, -20,)
ﬁ 6-7,-C 6-7,-C
o =(C+1).05-0, +(1-C)-05-0,, 7, =—05-J1-C? - (o, — ),
(0,-20,)=-05[(o, +0,,)+3-C-(0, —0,))].
R _ \/—F_Q‘:2 +¢, R0,y +¢C, -0y
3-¢

Guess with &,y =-C°-(-R°).

Tnt(cn) and 6’fp° from oy (oyy). It 1s to consider the change of the fracture plane angle ¢9fp° with the
Lode angle 9 from pro at 9=-30° on up to a value < 90° (maximum at oy; = R'), which the model

permits. The table shows the M-C formula 7,(0,,), the C-equation and the transformation of the Mohr
stresses into principal structural stresses for determining C.

*This approach delivers an intermediate and lower value for the cohesive strength and the M-C curve.
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3 Improved Estimation with F® and correction function f_

In the M-C-calculations the mode-linked ®" and correction function f_ (‘crutch’) principally should
have been differentiated within the SFC F°. However, this makes no sense if Fis employed only.
Therefore, in order to take their influence into account at all, the respective quantity is treated as being
fixed, being a constant. Hence, this variant just applies the correction 7, f

o

*This approach delivers the lowest value for the cohesive strength but more accurate R* > R".

(¢]

25.3 Accurate Mode-interactive determination of R™, M-C curve, fracture angle pr °> prc

A physically accurate determination of above quantities may be possible by applying the jointly acting
SFCs, F, with F;_ Table 25-3 collects all relevant relationships. It displays the final differentiation-

Table 25-3: Determination of R, 7,(c,), considering modes, ©°

* Task: Known o,,0,,; R', R®; searched o,, 7,, 6,°(C), C=cos(2-6,°-7/180°)

* Interaction equation, 2 modes are activated: (Eff 7)™ + (Eff 7)™ =100%

n!'

Eff o = \/4'[(O'n -0)+0’+0 +6:7°116—(c, +0,) I3+ (0, +0,)
2-R'

¢, (o,+0,) s \I(CZ (o, +(71))2 +2-C, -0O[(o, —O't)2 +0't2 +0'n2 +6~Tn2]
2-R° 2-R°
* Solution of the task means: Equalizing the 2 slopes at each stress state o, (o)

Eff* =

- Slope 1: Differentiation of the structural stresses-linked Mohr stresses delivered before
dTnt _ (52—02)'77 _E_
dO'n -2-5-C'7 S 1-C?

, valid uni-axially and bi-axially , n = o, — o,

- Slope 2: Differentiation of the interaction equation, abbreviation 7, =20, —-C-n

Eff° = {\/4.[(0-77)2 t(o.-C-p)f+o? +6.fn2]/6—nm2/3+nm}/2-§‘, OV =1

Eff ° :{cw y +\(€ m +2-Co -0 -[(C-m) + (0, ~C ) + 0, +6~rn2]}/2-F_2°

O (9 = 3+d sin3F) = Y1+d7 -15-43-3,-3,*°
Eff™ = (Eff°)" + (EffT)™  with  dEff /do, and dEff /dx,.

Equating the 2 equations, considering the implicit differentiation by a negative sign,

with ¢ __ GEff/do, , a huge formula for determining C is obtained.

Ji_ct  dEff /dz,
This formula is to be re-transformed from Mohr stresses into structural stresses
c,=(C+1):05.0,+(1-C)-05-0,, 7, = —0.5-\/]?-(0'” —ou)
The altering C depends on the bi-axial fracture stress states o, " (,), achieved,
when inserting o, into the failure criterion Eff = 1 along the span between Mohr's Touch

point and Cohesive Strength point, providing. the fracture angle measure C(6;, °) and R*(C)

C=Co,,0,") = cos(2-6,), 6, = 05-arcos C, 6, ° =6, - 180°/ 7.
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equations and solution procedure. Naturally this huge ‘improved’ solution procedure is very challenging
for a mathematical code concerning the necessary symbolic differentiation.

25.4 Application on Normal Concrete - computation data input

* Basic Data set

T
180°

65, =51° or frictionvalue 4 =0.208, C° =cos(2-04,°-——)=—-pu

C, =(3:C°-1)/(3-C°+1) = (1 +3-u)/(1-3- u)=4.32.
6-J,

2Rt 0 7

. . . |
Inserting the compressive strength point into F* =c, F_z_lc +Cp -
. -R¢ 2.R%? c, +1 _
gives c, -?—i—cl@ W@ —>Cp = 2@7 (c, is not dependent on C).

* Determination of the missing parameters Cjo . .d

In order to capture the 120°-symmetry requirement a 2-parameter approach is to employ. Its two missing
model parameters are calculated in Table.25-4.

Table 25-4: Determination of SF-model parameters C,g , d;

E 2
Ile =-Rec  Jlc = < Ilec = —2-Rec Bec
froan PRI 3 fra) Do =
faoorodt 3
v
orgabe clB =2 dr =06 2=432
AP A
2 .2 3
2 2.J2c-c10-31 = 1- 2 .
JII:: c2” + 12-12¢-c10-3{1 - 1-d1 + lec2 _ strength point on CM
2-Re
] ]
JIL:-:‘-:I + 12-T2cc-c10-1 + 1-d7 + Ilce-c2 _ bi-axial compressive failure stress
1Re - point on TM
AT = Suchen(c10. d) (6727 c10 = A1 dr = AT
Ar=] | AR 0 P 1
\0-507) cl8 = 6.7 dr = 0.51
c, +1
®" =1l:c, —>cC =C,+1 =532 and O #lic, =—*—=6.73.

o' = 31+ d_ (tensile meridian T™) =1.15, 3 =+30°;

©° = 31— d, (compressive meridian cm) = 0.79, & = —30°.
Touch point: 7,” =19.6 MPa, o," = -15.8 MPa.

Final task is equalizing the two slope angles along the full domain, generated by the joint action of the

two modes and considering the correction function fo. Focused are the uni-axial classical procedure and
a realistic ‘bi-directional mode’ procedure.
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25.5 Results: Extrapolation Solution Path Variants ©@y,°(F")
Fig.25-4a ,b display several M-C failure curves and the course of the altering fracture plane angle
@fpc’(FT). The angle changes from 51° up to 90°. Figure (a) presents the entities in Mohr stresses and (b)

in structural stresses. This involves the Mohr-Coulomb fracture curve an F'-based M-C
curve Ty(oy) and an assumed, fo-corrected one. The 3 Mohr half-circles are incorporated.

Fig.25-5 presents model-dependent cohesive strength values R', the interaction-based 1,(c,)-curve,
topped by the course of the increasing fracture angle, factored by 10. Datensatz Check + angle

t?.07) | R
43 -
40
35
30
g ] e
20 —— S,

MPa 2|
15 /l

10 ~ | SF mode-based
) assumed estimation

: /P (corrected SF mode)
MPa
) = 1\.

-

M-C extrapolations:

=45 —40 —33 -30 —25 -20 —13 -10 -3 ETE
R = .R" o.?l
A compressive half circle tensile half circle
shear
half circle

Fig.25-4a, Normal Concrete: R”, 7,(0,).
Mohr-Coulomb extrapolations with fracture angle increase 6,°, scaled by two.

First Lessons Learned from Fig.25-4a and viewing Fig.25-5:

*Classically, employing Fz only, the angle &fp is linked to the slope of the plane M-C-curve.
*Realistically, employing Fr with Fo, the angle 6fp is linked to the slope of the fracture body
surface. This makes the task still much more difficult.
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’ Je 0=0
O 7 ... \
_.8:::::....‘./0.05‘.‘.‘.0... OO0 00O OB |DOESOSOLSDS I B R R R R . LB R R R RN )
4 4 Rt
i
. _’/
- Eff=
/ 100%
v > \
1 /
Gy
MPa o
-40 -35 -30 -25 -20 -15 -10 -3 0 i

-R¢
Fig.25-4b, Normal Concrete: R”, o, (5,,)
Joint display of the (fo-corrected) failure curve in principal stresses, 120°-rotational-symmetric model.

Above figure leads to the result “With decreasing oy an extrapolation of 6,°(F°) soon comes to its
end. An estimation of values in the lower o;-domain is not possible. Both the modes have to be
applied”.

In this context, Fig.25-5 presents the span of the M-C curve on the 120°-rotationally-symmetric
isotropic fracture body, outlining that it belongs to two modes the Shear Fracture mode (SF) F* and

Normal Fracture mode (NF) F’ The envisaged accurate way consists of the following two paths.
I

(o]}
"

(R%, 0, 0)

CM
Compressive
Meridian

30

™

Tensile
Meridian

+30

nna _/’

L ISESRSEE

7 (-R%,0,0)

(-R,-R*, 0)

shear meridian
or Neutral Meridian NM

Qo- 0

Fig.25-5, Normal Concrete: Visualization of all M-C-linked quantities
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25.6 Results: Accurate Mode interaction Solution Path Og,°(F", F°).

25.6.1 ®" and fo simply applied as constants, not differentiated in Eff = 1

Values for ©,°(F") are fictitious information values if just F* is applied, thereby the 120°-rotational
symmetry of the fracture body not considering. This will be now executed beginning with a
mathematically and mechanically simpler version by not considering ©" and f; in the differentiation

process. Its results are collected in Table 26.

The final formulation for C can be found after using the abbreviations below in the necessary re-
transformation process of the Mohr stresses back to structural stresses. This is supported by using
addition theorems and by inserting the well-known structural stress invariants /;, J>, J;.

Re-transformation

fon=(C+ )oli+ (1—_C)ol [ot=o0n- C(ol—omm| [2on— ot=05-(oll + olll) + 1.5-C-(0ll — oTI)

on= —-[{C+ 1)-0ll + (1 - C)-olll] Ut=;1-[0']1-[1—{3}+0']]1-[1+{3}] m= -3 1—{32-[011—0111}

2-gt 4-gt
- 2-on+
3 3

b |

1 L]
A2-ot-6on+ 40tj= —-{2.0t - 6-0n + 4-0t) = (0t - on) = -2C-(01l - U’]I[}:|
2

3

=
]
|

pl ol 2 ol
.| 200" (ot+ on)” 2 2ot 24on - ot}
ai= - 4T —

o
2 2 2 2

1 2 2 2 2 2
= —-[20n" - (Ot+on) + 12" + 2.0t + 2{on- ot}
2
aj=
2
a3= C (o1l — oll)

2 2 2 2 blesfi & '|2 (pp2 2 2 2 3 2 2)
ad=12Tn + 2.0t +2-0n + 2lon- otl" =12/ -05+1-C (ol - ol | +13-C"-0ll" — 6C -oll-0l + 3-C -0l + oIl + 2-gM-oll+ oIl

2 2 2 2 2 1,2 2
(200" - (ot + on)” + 12" + 2.0t + 2{on- ot} |= —-3-C7-(0ll - oll)
2

[

5

5 - 5 4 5 5 4 4 4

= 12-[—0.5-\ 1-C ol - cr]]D—I + |.3-{3‘-0']]‘ - 6-C-gll-olll + 3-C"-olll + oll + 2-ol-olll + U]]]‘:'
2

3 2 23
al= 120541 - C (oIl - oll)| + [3-(: +(oll - oI~ + a1:|

|2 3
|a4-= 4\or’ - of.om + cr]]]'“ﬂ

ai=[8-on- 4-ot=4-{20n - ot) = 4-[0.5-(0Il + olll) + 1.5-C-(oll — oI]]

[23 = 4-[05-(0l + oIl + 1.5-C(oll - oll)]

Applying ‘Mathcad 15 Symbolic Differentiation’ on the interaction equation Eff = 1 results for

d(Eff)/do, (numerator of the formula for C) and for d(Eff)/dz, (de-numerator) are obtained in
Mohr stresses. Then, in order to achieve a practical equation for the final computation of C, an effortful
manual evaluation by the determined re-transformation formulas above had to be performed.
However, this improved solution path, requiring the consideration of the 120°- rotational symmetry by
capturing O for the determination of cohesive strength R* and for the changing fracture angle 65, could
not be gone to its end: The solver Mathcad found no solution. So the author had to 'suffer' that an
elaborate, physically more accurate mathematical solution is not passable. The question came up,
whether the fully accurate path below may change this unpleasant situation. Despite of the fact, that this
path is even more risky, it 1s almost always worthwhile to present it viewing Lessons Learned (LL).

25.6.2 Physically and mathematically improved ®" and fo , now also differentiated
Applying Mathcad Symbolic Differentiation on d(Eff)/do,,, the numerator in Mohr stresses, leads to

the extremely long equation in Zable 27. And, for the more complicated differentiation d(Eff)/dz,, the
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de-numerator, no applicable result was presented, only the citation ”7he returned result is too large to
display”. Trying to be physically and mathematically fully accurate this was a frustrating result.

However, due to the mountain experiences, one does not actually give up,
but only gives in to the unsolvable problem.

25.7 Results: Guessing a Cohesive Strength value R considering fo

After the failure to follow the above accurate path, the task remains to offer a practical estimate.
Formulas, see Table 25-2. This approach consists of the following steps: Eff "= (Eff "¥)" + (Eff )" =1

- Guess of a value for R*, employing Fig.25-4a and see Table 25-6

- Guess of a value for 6p°, using the knowledge that it must lie much below the 90° but

significantly higher than Gfpc°= 51° — taking 71° = (51° + 90°) / 2 here
- Insertion into the relationships for the structural stresses
- Checking, whether the material stressing effort meets Eff =100%, considering fo-correction.

Rri=10 ©HRF =71 . mOPRrY
oo~ | cre<em
-{ -1 {1 + )
olIRT:= SR OlR7= -20 ollIRT:= Lo bl
] - |i ) olllRT= 3.4
hege L o1l .= ollRy oIl .= olllRr
bl ¢ bl bl - -flﬁf.l ﬂ
{om? + (ol - om}? + {om)? (om+ om)f | (CEr= 1)l + (1 - CEy-
j_‘_ oll)* + (ol 6cmn oll)” (ol ‘om- R | cn'rp+Rc-‘m 1cn1 1 - CFi-Rt] (b +
J Fe l— -
2Rt J |onTe| 1]
E PR - 13
{ 29 [ A2 2 1) . .05 {2-0llI - oll}{2-01I - olll)-{—oll - o) | 2-olI" - 2-gll-oll + 2-01" [
(o + om)22? + 2{(om)? + (o - om + (om)T]-c10. l‘dr»J:l.>~3°~ Cal s = ?‘ - o f J—(onoom'-d

-Imiz‘.t

- 1.03

2Re

*The guess looks very satisfying. R"= 10 MPa is a good guess !

LL from interpretation of the results including the Summary Table 25-6:

v" The modes F', F” and the interaction equation Eff - representing the surface of the fracture body in

structural stresses - can be transferred into Mohr stresses and ‘Addition Theorems-based’ re-
transformed in order to make a solution possible

With the extrapolation approaches it was not possible to determine the full alteration of the nonlinear
M-C curve (envelope), of the fracture plane angle 6;,° and of R". Just employing the SF mode F* cannot

lead to a full course of the M-C curve and its quantities 6;,°, R
Due to the not locally full representing the course of the &, (o, ) test data the mode F" is to correct by

fo in order to simply obtain an approximation for a more realistic (‘uni-axial’) M-C curve
©O" must be considered, if the material is not ductile under compression. And (“bi-axially’), complete
failure danger is the result of both the portions Eff*" and Eff*" , interaction is to consider
For Normal Concrete it is the conclusion that R" is about 11 MPa and 6;,° is approximately 70° at the

cohesive strength point, compared to 6;,° = 51° at the Touch point, representing R .
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v Keep in mind: The presented results are averaged quantities and remind scatter!

Applying - instead of the present Modal SFC - a so-called Global SFC, which globally maps by one single
mathematical equation all test data with its two different modes, the same bottlenecks for the execution of
this specific task would be found, too!

Note, please:

In the context of the chapters 24 and 25, before going into further investigations on isotropic concrete

and later rock material, this is a good place to remind physics by stressing again the author’s FMC-based
failure mode thinking. This meets the action ‘confining pressure’ and the action ‘bi-axial compressive
stress’:
Designing to hydraulic borehole fracturing ‘Jaeger et al.” are still writing in 2007 (cited in [Youl5])
“Tensile strengths predicted by both the Coulomb criterion (onset-of cracking, solid mechanics) and the
Griffith criterion (cracked, fracture mechanics) are much higher than the measured magnitudes of almost
all rocks, although the two criteria have clear physical backgrounds”.

This facts-neglecting citation is unbelievable for the author:
Each mode NF and SF is dominated by one technical strength R. And, it is also known that the cohesive
(shear) strength is the result of two acting modes, namely SF with NF. Both these facts lead to the
mechanics-based conclusion:

t oy

“A Shear Failure-based criterion cannot give a prediction for a tensile strength R .

Table 25-6: Summary of all cohesive strength—linked calculation results.
Lode angle 9, fracture plane angle measure C, fracture plane angle 6;,°, normalizing strength R,
(right) Haigh-Lode-Westergaard coordinates of the fracture body {c'}

| 2.
. cls l90 Ct1CC T GT GT .
oints c Orp° 9,0 e = on, T Bt St
p C1® 2 CT p \/5 R R
(RY,0) | - - +30 -1 90 | 1.15 - - 0.6 0.8
linM-C R? 532 | 432 | -6.9 -0.21 | 51 | 1.06 |-20.2,13.2 0,16.3 -1.0 5.9
Fr R |532|432]-116|-035 | 55 | 1.09 | -18.7,89 | 0,129 | -1.15 5.0
Fz, fo R® |532 432 11 | -077 | (70) | 1.24 | -30, 4 0, 11 - -
1,=0 -3.8,3.8 0 1.34
+ _
Fe )l‘:; O, R? 6.75 | 4.32 Accurate solution was mathematically not possible
Fr+Fo,©, | =, ) . ;
1 (quess) R =10 | 6.75 | 4.32 079 | 71 29,34 0,10 2.3 5.3
(—R°,0) | 532 | 432| 30 | 021 | | o079 | -40,0 |-158196| -58 | 8.2
. . Mises cylinder:
ductile St o, =—Oy horizontal | varies,
U=0 Ry 2 1 0 0 45 1 M-C curve 1
J,constant
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26 Mapping 3D Test Results of Concrete and Rocks obtained on the Meridians TM and CM

Aim: Provision of a test data evaluation formula for the test meridian, being a cross-section of a physically to be
defined fracture body surface. Optimum mapping both in 2D- principal stress plane and in3D-stress space.

A value for R"was the aim of § 25, here it is aimed at a good mapping in 2D-plane and 3D-space.
26.1 General

Sufficient strength of tunnels and dam slopes are vital Design Verification requirements in geo-
engineering. In order to achieve this, the course of the measured fracture data on Tensile (TM) and
Compressive Meridian (CM) is to map. For this design task several SFC approaches are applied:

“ Classical, linear Mohr-Coulomb shear curve”

Shear stresses below the curve mean ‘No fracture’, or ‘Stress states’ below the 7"- curve are not

dangerous. In civil engineering this well-known simple SFC reads: 7"(o,,0,,) =0 -tang + C.

— values for cohesive shear strength ¢ and friction angle ¢(u) are required.
This is an extrapolation from the compressive strength point.

“Linear Mohr-Coulomb criterion in geo-mechanics”

In order to achieve Design Verification in several numerical Rock mechanics Codes the use of the
widely applied ‘Mohr-Coulomb (M-C) Criterion’ is recommended in order to map the course on that
meridian where the tests have been run, on TM or CM. The criterion below says that a stress below the
M-C curve is conservative.

o, = 0, -tan’ (®) +2-c-tan (®), applying ® =7/ 4+¢ /2

where ¢ = cohesive shear strength = R”, ¢ = internal friction angle, and

o, = most negative principal stress — o, ,0; = most positive principal stress — o, ,

which are transferred due to the mathematical principal stress convention o, >0, >0, .

The final formulation reads: &, = o, -tan’ (®) +2-c-tan(d) .
However in application, a difficult to be answered question arises: Which parameters are to insert? This
concerns the fracture angle ¢ and the cohesive strength R”.

— values for cohesive shear strength ¢ and friction angle are required.
This also is usually done as an extrapolation from the compressive strength point.

In Fig.26-1 the derivation of the associated input data set is provided. Concerning R" it is referred to a
previous chapter where the cohesive strength has been investigated.

“Cuntze’s FMC-based SFCs regarding the common acting of SF and NF”

The SFC model, spanning up the isotropic fracture body, is shown in Table 26-1, too.

As still described before, the first part of the SFC in Table 26-1 represents the shape change, the second
the friction effect, the third the volume change and ®7 the 120°-symmetry of isotropic materials.
Mapping the test data in the very high negative compression domain of UHPC could require a fifth part,
which may be dedicated to a further effect: discontinuous densification including at first a failure body
hoop reduction and later widening.
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Fig.26-1, example Normal Concrete, 52°: Basics

The SFC contains five un-known parameters. For their determination, mathematically at minimum,
five reliable test points on the surface of the fracture body are to provide by tests along the TM and CM.
Better fitting procedures could be applied, of course.

Good Mapping requires to capture physics and to apply SFCs being as simple as possible.

Cuntze’s approach includes a multifold mapping task, which can be a compromise, only:

(1) Mapping the 2D test data in the principal stress plane, considering here the friction effect.
(2) Mapping the 3D test data along tensile test meridian (TM) and compressive test meridian (CM)

along these two axial (180°-opposite) cross-sections of the fracture body with
(0,04 =0y)—>0,(20,) andCM (o, =0,,0,,) > 20,(0,).

All subfigures, principal stress plane and meridian cross-sections must be able to be derived from the
well mapped fracture body and this with sufficient precision.

— cohesive shear strength ¢ =R” and friction angle ¢ are not required.
Points on the fracture body surface are used to fix the model parameters.

Reminder: All isotropic materials possess a more or less significant 120°-rotational symmetry of the
fracture body most often depicted in Haigh-Lode-Westergaard coordinates, see Fig.26-2. Thereby, the
well-known invariant J3 is an excellent function to map this type of rotational symmetry (caused by
R® =R or R" < R") and to determine the Lode angle 3. Well-known is that the tests are run on the
CM and on the TM, meaning that data sets are given for CM with 3 = -30° and for TM with 9 = 30°.
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For the chosen Model, depicted in Zable 26-1, the tricky procedure how to obtain the required model
parameters ¢; is shown in Jable 26-2 by three steps. For the cohesive strength, required by the
extrapolation approaches, numerical values are determined in the third step. Different models deliver
different values improved models deliver a lower value, because these consider both damaging modes
SF and NF.

Table 26-1: UHPC-SFC model

friction volume change

.0 | L) LY
l,<0: FF =F = —2 __— + CZSF(;1)~|$—1C + c3-(§—1cj + 04-(§—1Cj = 1
Above SFC is here normalized by the compressive strength R°. J, isthe 'Mises' invariant.
l,=(0, +o, +o,) =f(0), 6J,=(0, -0, )? +(oy, —oy, )? +(oy —o, )= f(7)
213, = (20, -0, -0y, )-(20,, —0y, -0y ) (20, —0, -0} ),
3.0,,=0,+0,+0, ; 91, =6),=4-(7,°+7,°+1,°), 7, = maxz(mathem.)
o,,0,,0,are principal stresses, o, > o, > o,, are mathematical stresses (> more positive )
with I, =(o, +o0, +0,,) , 6-J, =(0, _Gn)2 +(oy, _GIII)Z + (o _G|)2
Consideration: 120°-rotational symmetry of isotropic materials: d* = d, later
0% (3,,3,) = 31+d% -sin(39) = Y1+d* -15.43.3,-3, "
with the non-circularity function ® including d* as non-circularity parameter.

Compr. Meridian: ®* =31-d*", Tensile Meridian: @ =31+d*, Neutral Meridian: ©* =1.

| E®
| 712
compressive meridian Rf
h\te‘s‘ il Fig.26-2, example UHPC:
A .
Compressive + and
# . . - .
CM tensile meridian +test points.
+
10 \ -
+ ﬂ Intentionally depicted on the positive abscissa
. ™ + . + to outlne the difference
-15 stemming from the brittle isotropic material’s
+ Ht . o .
+ % inherent 120°-rotational symmetry of the
tensile meridian + fracture failure body
test points + +
-20 u -
2 -~
=25
5 10 15 20
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Table 26- 2, example Normal Concrete: Procedure to obtain the model parameters.

1 Relationship of friction parameter and value considering the simple Two Parameter Model

6-J,-0%F o o -R°® 6-R?/3.0%
W =1 < insertion of the compression point C, - —— . =1

R e 2-R%
(¢, =C,, because the friction parameter does not depend on 120°-rotational symmetry)

1+c,

@CM

|
T 1
F —Cz._c_|_cl®

= Cg = with non-circularity function @ =3/1—d, (if rotationally-symmetric, d* =0, @ =1),

Estimation of C, , by a guess of the friction value I, from C, = (1+3-u)/(1-3-u).

With a guess ¢ =51° = friction value # =0.208 and C° = cos(2- pr"-é) =—u follows

C, =(3-C%-1)/(3-C°+1) = (1+3-u)/(L-3- ) =4.32.
2 Combined Determination of non-circularity parameter d' and C,o (Mathcad Coding)

If no test value is available, this would require an estimate for R® > R°(lies on the TM).

R 2
llc = Re Jlg = — Ilec = —2-Rec Rec
et et ] Errtrct) Tlee =

2 Prrtroty 3
.
orgabe cl® =2 dr =08 ) =432
AAAAAAA Ay

2 .2 3

o7 1.7cc10371 - 1. o2 .

JII:: c2” + 12-12¢-c1@51 - 1-d1 + Ilec2 _ “ strength point on CM
2-Be

L ]
JII:::‘-::I + 12-Ncc-c10-3T+ 1-dT + Tlce-c2 _ “ bi-axial compressive failure stress

1Re point on T
AT = Suchen(cl®.dT) {6727 1D = AT 4T = AT
Ar=] | e T Pt |
\0.507) c10 = 6.7 dr = 031

3 Estimation of the Touch point and Cohesive Strength for application of the Mohr-Coulomb Criterion
From §25:
Touch point: z-rT]p =19.6 MPa, agp =-15.8 MPa.

pc2 DC 2
-R*™ +c¢,-R" -0, +C, -0y

3-c

Cohesive strength: R’ :\/ with o,y =-C°-(-R®).=12.9 MPa

26.2 Ultra-High-Performance-Concrete UHPC (relatively dense)

UHPC principally behaves similarly to Normal Concrete unless the normalized hydrostatic
compression does not become larger than /1/ R \3=-10 (>-300 MPa), see Fig.26-2.
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Then however, in contrast to Normal Concrete with usually relatively low hydrostatic pressure loadings
the UHPC experiences a hydrostatically activated effect, ‘densification with volume shrinkage’.
Therefore, the volume change must be considered by 7;%. This explains why for the less ‘dense’ Normal
Concrete R*/R° is higher than with UHPC according to the possible higher densification. Combined
with this a ‘healing’ of the flaw effects is principally faced.

The fracture body of a theoretically dense concrete matrix possesses in the high hydrostatic
compressive domain (/; < 0) an open fracture surface due to the densification. Practically however, the
fracture body does only exist once according to the final spatial micro-crack state and cannot be loaded
a second time after deloading.

Further, the bi-axial compressive strength R (= f°, internationally used letter in construction, stems from the
German term Festigkeit) may be not only linked to SF but also to NF due to the Poisson’s ratio activated
tensile strain in the axial direction despite g, = 0.

An SFC-model validation requires reliable test results. These have been provided as original data sets
by the IMb Dresden (many thanks to Prof. Curbach and his co-workers). Hence, the author had to
search out of the huge test data package which test points belong to TM and which to CM. Therefore,
the full bunch of obtained 3D test data had to be processed. Such a separation bases on the use of the
Lode angle (meridian angle) 9 values: Which test point belongs more to the tensile meridian sin(39) = 1

or to the compressive meridian sin(33) = -1, see Table 26-3 and Fig.26-4. For the shear meridian
(neutral meridian NM) angle is valid sin(3$) = $ = 0.

Considering all physical aspects, cited before in Table 26-1, the basic F* -SFC reads (in MPa):
2 3
F'= ¢ % + cz(,u)-l—l + C, (%) + C, (%) = 1 with
5 unknowns, which at least require 5 fix stress state failure points on the failure surface
(o}=(,, ) : (-R*,0,0), (-R*,-R=0,0), (o™ ,0,",0), (R®,0,0), (R*,0,0).
The values in MPa = N/mm’are: R® =175, R® =183, o, =-195, ¢, = —50 (Fig.26 - 5),
Points: o, =-40, o} =o', o)) =-375; /" =-61, ;" =™, o} =-420.
As proven mode interaction coefficient is taken again m = 2.7.

Note, please: In order to meet the aim of optimum 2D-3D-mapping the parameter ¢, is also determined in the
complete parameter computation process of Table 26-4 and not computed due to Table 26-2.

Table 26-3 presents the essential numbers of some measured failure stress states. The table indicates the
Lode angle 9°, too. On basis of redundancy effects it may be concluded that with increasing hydrostatic
pressure both the meridians run into a common scatter band, ending with a circle shape of the hoop.
Then, the effect of flaws generating micro-damaging in this heterogeneous material reduces. Thereby,
the fracture failure body becomes more and more cylindrical.

Fig. 26-4 links multi-axial stress states to the Lode angles 9= -30° (CM) and +30° (TM). Only stress
states on the two meridians can be really depicted in the cross-sections. All other test points lie on the
fixed hoop radius on a Lode angle different to ¢ = +30° and -30°. These points are marked by o.
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Table 26-3: Characteristic material data from evaluated UHPC fracture tests.
E = 20000 MPa, V= 02, Tmax= O-| - O-|||

cl= ,c2= ,c3= ,c4= ,d=
R' =16 MPa, R° =160 MPa, R" =14 MPa (assumed), R* =175 MPa
|
Stress state LA3 J2°72| Tmax (Chvd: Cax) | 9° | &, 4 remarks
in MPa /R SR | in MPa in MPa in 107
Rt (14, 14, 0) 1 0.7 - - 30| 06 two-fold NF
RF (0,0, -160) 58 8.2 80 ( -0;-160} | -30 -8 Effsr
(-6, -6,-230) 8.7 114 111 [ -6;-224) |-30 | -11
Carppr (-16,-16,-272) 11. 131 128 (-16;-256) |-30 | -13
essive | (-35-35.-350) 152 16.1 157 (-35;-315) | -30 | -17
(-83.-83, -490) 3 208 | 204 | (-83.-407) | -30 | -23
comput T33.33,-305) 7] 134 | 141 | (-23.-282) |-30| -15
e ( 0-175,-175) 2 8.9 88 (0:) +30| 3.5 | two-fold SF
Tensile (-2,-210,-210}) 152 10.6 104 (-2:-) +30| 4.1
(-24,-310.-310) | -23.2 14.6 143 (-24;-) +30| 5.0
Rt (-54-388.-388) | -30 17 167 (-54:-) 30| 5.1
(16,0, 0) 0.6 0.8 - - +30| 0.8 Effr
shear (9,-9.0) ] 0.8 9 ] 0.5 Effir = Effsr
change (0,-52.-193) 8.8 83 97 A5 51
I, T ;
_3 ; ﬁt ah)_,d -axis
" - RS0,0)
193 L o I160
s ] s |
=i s \ ——fﬂ"fﬁ
(0,-R°,-R%) -3 f 1
\ 5 : comp(;.essivc | 230
R menaian <+
175 Z R g Eg’ — 1|'6
6) [ ———
;é;:"\\ 6 5
o2 : ;3 o™ | 305
T < ‘Q\ [~ 1|_
Vi 20 | + 2 | )=
210 = s ov g ‘oclas’ op -
+24 * tensile g N ™ ! 35r
¢ meridian o
il I e 2 T35
VA 310 o & 8 o 35
310 & o \
490
5a | = ;e 2 !
=23 =2 =15 -10 =5 5 10 15 20 25
— bl 4—83
388 83
388

Fig.26-4, UHPC: Compressive and tensile meridian of the fracture body with associated stress states. (left)
mirrored TM test points + with CM ones +; (right) all 3D test points are marked by o (hoop ring), visualizing to
be located at different meridians 9.
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Fig.26-5 displays the mapping quality in the principal stress plane. For comparison the elliptical curve,
as the bias cross-section of a cylinder is included. The figure indicates that there is no Mises cylinder
given, 120°- rotational symmetry acts.

Fig.26-6 (left) displays the mapping of the TM and the CM data course on the cross section of the
fracture body in the traditional Haigh-Lode-Westergaard coordinates.

Fig.26-6 (right) depicts the mapping of the TM data set in a diagram using the ‘rock mechanics
coordinates’ (o,,0,,)for TM and (20,,0,,)for CM. How the effortful programming has been

performed is compiled in Zable 26-4. Unfortunately Mathcad did not compute the CM curve. The

‘Mohr-Coulomb (M-C) Criterion’, using the calculated UHPC-parameters, produces a straight line.

The author could not find any explanation for this unacceptable mapping.

According to the 180°-material symmetry the TM curve could be mirrored from the CM curve by
o CM ™

switching from 4~ to 4 .

c, 1 pure failure
. curves SIS
0 T i _
N eJ |~ (RIE, R,0)
A NF e compressive
G g meridian point
. -
-350 - — b5 _b s — 5 .
/ 30 00 4 30 100 30 0 G"
_f' +| + NF
y - AR sof
v -
-100 = . / [4S o
o’ #++

E - E =1
- 150 : 1 ++J et interacted failure
_-# s . [ curve
-R' + -
W ¥ & | = _w (Rooo)

-+ =15
- 4 5 & * ? compressive
i i g7 ¥ (0,-Re-Re°) . i meridian point
- + * otk 0°=-30

E
tensile meridian i':____i*_,_....— +F =2 G| > O = Gy
MPa point ge = 30° . * ' SF
-250 - - | =0y > gy
- 200 - 130 - 100 -30
Fig.26-5, UHPC:

(left) Mapping the course of 2D test data in the principal stress plane. The blue fix point serves for friction
quantification, mapping course of test data in the SF-domain only (normalization by R®) considering the alternating
Lode angle 9
(right) Full principal stress plane view, mapping interaction NF with SF in their transition zone (normalization by
RY).

LL:

* Reliable mapping requires an approach which shall be physically-based and ‘practical’. Such an approach

should equally well map (1) the course of test data fixing the 3D fracture body, (2) the course of test data in
the Principal Stress plane (bias 2D cross-section of the 3D fracture body), and (3) of the test data course
along the two 3D-test meridians TM and CM.
In this context: Engineering mapping has basically to capture physics, must be simple and understandable
and shall use measurable parameters. Therefore, concerning all part figures 2D and 3D, these show that SFC-
models applied for mapping can be good compromises, only. All theoretical approaches have their
applicability limits and the very difficult 3D-testing as well
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* Fracture initiation in solid mechanics is given, if the multi-stress state vector touches the surface of the fracture
body which represents the surface of all failure 1D-, 2D- and 3D-failure stress vectors. The fracture body
surface is defined by a material stressing effort Eff = 100% = 1.

* A display using a confining stress (TM: o= ou , CM: 6,= oy;) as coordinate leads to another mapping figure
than the Haigh-Lode-Westergaard coordinates give.

* Using just TM or just CM test data cannot result in a reliable physical fracture body.

* Of course, general 3D-failure stress states may not lie on TM (30°) or CM (-30°) but on another Lode angle
around the hoop.

* The fracture planes of TM and CM are different.

* Both, the different course of the test data points compared to the also incorporated ellipse in the principal stress
plane and the difference of the TM and the CM-curve document the inherent 120°-rotational symmetry of
isotropic materials.(360°/3= 120° is given, because all 3 principal stresses are of equal mechanical
importance, see Fig.14-9.

* The fracture body of a dense isotropic material has an open bottom fracture surface!

(0,05 =04)>0,203) p g, (6,=05.04)>20,(0y)
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Fig. 26-6, UHPC: (left) mapping display of the two test data sets in Haigh-Lode-Westergaard coordinates. (right)
Display using confining stress coordinates.

]
CV Cuntze_Research Findings_7jul25 * carbon-connected.de/Group/Prof.Ralf.Cuntze 193



http://www.carbon-connected.de/Group/Prof.Ralf.Cuntze

Eventually, Table 26-4 presents the determination of the 5 UHPC model parameters.

Table 26-4,UHPC: Determiantion of the SFC model parameters

1-612-© Il \
Fr= il E + c2-— +c3-‘f — | +cAl—
]

2Rc

2 bl bl
ne - oll)” + (oIl - olll)” + (oIl - oT)”
2 5

Il=cl+ oll + olll

i (2-01 - oll - olll)-(2-c1l — ¢l — olll)-(2c1Il - ol — oll)
=
27

3 05, —15_3
or= Jl +dr153 302 7= T+ dr-sin(30)

O1TM = 1+ dr-sin(300) = 1+ dr  OTCM= 1+ dr-sin(30¢c) = 1 - ar

\— 1.5
/ bl 7Y
o Lo 5303 201~ ol)Q2oll - o)-(-oTl - o) { 2-0T" = 20l-oll + 20 |
- -3 - -
3 27 \ 6 J
Vorgabe Sl=2
3 2 W3
v 3 -) g = . ' /
g 2N o lle, af ) s eaf i) =y
Rcz c L Rc} \Re }
3 2 / \3
3.2 .”‘ A { /
e il J2ecyl+ T -+-<:2~Ilj + ¢34 %) +C4;_Ilcc1 =1
2 Re \ Rc , \ Re }

Re™

a 3 — Fo D Fiiis
IF1 + 1-dr- B
PR 2f-{1 + 1-dr-sin(36f) , 1f c3-;! Ilf) | Ilf)

Rcz Re \ Re \ Re

= -
_Tvel 3 Hvel _ (Itvel)” {Tvel Y’
cl-3 = -Jl — 1l-dt + c2- + ¢34 } + ¢4 } =1

Ro> Re \ Rc | \ Rec |

= =
v 3 v (Iiv)" (Iv Y
cl-a—jw,‘l +1dr + 22— +c3|{ — | + c4 ——-} =1

Re2 Rec \ Rc / \ Rc |,

AT = Suchen(cl.dr.c2.c3.cd)

Table 26-5 follows with the derivation of the mapping curves in confining stress coordinates from the
model parameters for the full UHPV fracture body.
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Table 26-5: Relationships to derive mapping with the confining stress coordinates

™ Transfer to confing stress coordinates CM
b b 2.
GTi= oll} D= (o1 - ol)” + (o1l - olll)”~ + (1l - o)
6
2 2 2 2 2 2
(clt - ollIt)” + (0) + (clllt - clt) same function 0" + (ollc - olllc) + (olllc - olc)
Reyt n= L(o1 - ot + (ol - oD ] for TM and CM equal !
R= ‘ 6
. 2 2
2 [(O'I - oll)” + (oIl - &) :|

I1t= /3-Re-y s 5

3-Re”
=0l +oll + olll It olt + 2ot —_— gl edollic

yim === V3Reyt olt - e IR
\f;-Rc \ﬁ-Rc clllt= T - 7 \;G c
. 7 2 .
Molt = -@ = OTRH +{ @ = "T“ = O'Kt) —:-|3-0'It - BRey)
M= |[= y 4 i - = - 2 = |-
2 2
3-Rc” . 3Rc

WCM =

<

- 2 (= ale i -
-[olc - (3Rey - 20lc)]” + L\ﬁ-Rc-_v -20le- — - olc) J ) 2(3.0c - iRey)
3-Rc2 3-R<:2

Values for x are given by inserting the y-coordinate into the SFC

; 7, .
-0‘40 S E e - Py
) > y runs negative
2 3 2 3 2 3 2 3
2-tc2-Rc I1. - Re™ + c3-Rc-(ll.' + c4-(I1.) J 2-Lc2-Rc Il = Re” + 3-Re(IL )" + c4~(ll-) J
- J J/ ] i ] ] ]
ATM, = M, =

3Re-¢1-OTTM 3Re-¢1-OTCM

Finally the y-value is inserted into the confing stress version of x xTM, xCM are known

Vorgabe gt = ~100 g 2 Pac 2
olt - | ’R‘:’-"—“ﬂ +[ 3R°)-°'—"-on]

p)
xIM= = y

L\ 2 2 2
2
3-Re
V(xTM.y) = Suchen(clt o V3Rey olt
A(XTM.Y) ) g =™y e . |
J 2 2
Mathcad did not compute lg; however the formula can be simplified and o1 extracted
J6RexTM.  \f3-Rey. \ﬁ-Rc-yj Ji\,fé-xc-xc-.\j
] 3 3 V3Rey. ot ] 3 6
ofllt, = — - T’ ollle; = 3-Rey, - 2elg,

25.3 Rock Material, example Sandstone
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As for concrete the properties for Underground Rock Failure Stress Analysis are also provided by tests
on the tensile and the compressive meridian.

Tensile domain:

Also in rock materials in the vicinity of excavations and boreholes tensile stresses will occur. Further,
an undesirable brittle sudden failure is to prevent when a bore-hole is drilled. Therefore, a tensile
strength proof requires a tensile strength R' for the distinct rock material.

An estimation for the tensile strength value delivers the Brazilian splitting test (indirect tensile strength
test) because a classical tensile test specimen is merely to obtain. A solid cylinder or disk (short
cylinder) test specimens is used for the initially crack-free (intact) material, see Fig.26-7. The evaluation
is performed via the formula f, o Ri= 2-q/(m-d-A), from [The constructor.org].

Note: This ‘indirect” measurement caused researchers to predict a value by using a Mohr-Coulomb-based SFC
but the determined value must be wrong. In this context the author fully supports Mingging You [Youl5] that a
tensile strength R' is a separate parameter and cannot be estimated by models working in the tensile-compressive
transition zone. A real value for R s only to obtain by a uniaxial tensile stress test

{o} = (cK=F'/A, 0, 0)7

Compressive domain:

Usual test series for concrete material (see the concrete applications before) are most often performed

along CM and not so often along TM. For the general demonstration of the strength capacity, however,
the full fracture failure body is required because all mixed 3D-compressive stress states are principally
possible and their failure stress vectors determine the surface of the fracture body.
In rock mechanics the stress situation seems to be normally just linked to stress states along the
compressive meridian. This explains why no bi-axial strength R is provided in rock literature an
entity that enables to describe the 120°-symmetry. Mapping just the course of test data along a meridian
simplifies the task: Just the functional description of the test meridian remains of interest.

A stress state in a material, formulated in Mohr’s mathematical stresses, reads

T . : . .
{(7 } = (o 1 Oy Oy ) with 0, becoming the smallest failure stress (most positive)
O, >0, >0, mathematically and o, the largest compressive failure stress (most negative).
Tensile stresses must be signed positive in this context, otherwise confusion becomes extreme!

For the tensile meridian follows {G } = (o,, 0,, O, =0y ) with o, :G;x ~ Prya
and the compressive meridian {O‘} = (o, =0y, 0,, Oy )T with o, =ng ~ Prya -

TM  captures R (and R', in the domain of the Normal Fracture mode) and CM  captures R°

(and principally also R™ in the domain of the Normal Fracture mode).

In rock mechanics, being one part of civil engineering, hydrostatic pressure is used, when testing
concrete and UD material, but is to replace by the term Confining Pressure CP. This makes to introduce
some definitions of rock mechanics terms: In construction, tensile stress is usually still negative, but not
always. This makes literature interpretations difficult!

» Multi-axial rock compressive strength capacity [ Youl5]
(the stress-sketch in Figure 1 of [Lan19] must be corrected. It does not fit to the provided failure stress
states. In Fig.26-7 this is corrected)
o, =0g =0 termed here min Or principal stress
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» 1D uniaxial strengths: UTS = R ,UCS =R°
Unfortunately the author found different meanings: In engineering design dimensioning UTS means
Ultimate Tensile Strength and not Uniaxial Tensile Strength and UCS ultimate compressive strength (still
also applied in ‘geo engineer’! Why is it not generally used in rock mechanics?) and not for instance
Unconfirmed Compressive Strength [Wikipedia]. UCS stands for the maximum axial compressive stress
that a specimen can bear under zero Confining Pressure (compressive stress), which means it is nothing
else than the usual simple standardized technical compression strength R® in engineering.

v' Confining pressure CP: maximum level of hydrostatic compression applied in a tri-axial
compression test of a concrete, a rock material or a neat resin test specimen defined by

{o} = (cu'- CP,-CP,-CP) orwith o,y (tensile meridian)
{o} = (ou'- CP,-CP,-CP) (induced by test rig brushes in case of concrete)
v" Confining lithostatic pressure: CP = ppyq + overlying weight.
The author would like to conclude: Using usual mathematical stresses it reads

» Sealed, polished dog-bone test specimens deliver the failure stress points
(-RC -R®® -R““) no pore pressure, (-R, 0, 0), (RY, 0, 0) and
further multi-axial compressive failure stresses on the compressive meridian.

« A bi-axial compressive failure stress ( R -, 0) is obtainable by the dog-bone test specimen for

0= 0 or Uaxt =— CP . However, the author did not find one single bi-axial strength value R

in the papers he examined! However, the UHPC
fracture stress data set, thankfully left by IFM Dresden, brought a statistically good base which
should have a similar tendency as rock material

» A bi-axial tensile failure stress (ﬁtt, R, 0) can be obtained by cube test specimens prepared by
a good gluing in order to load the needed bi-axial tensile stresses.

Test procedure: The confining pressure CP is achieved and then kept constant during the test. The
axial stress o 1s increased at a certain rate until the test specimen fails at maxo;. It is to consider whether
the porosity of the rock or the soil material and the moisture saturation plays a role.

Fig.26-7 presents fracture pictures of the investigated Berea sandstone. Essential is that the fracture
angle increases with CP.

__ _ 1
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tensile meridian compressive meridian
G > Oy =G Cy =Cn > G

Fig. 26-7: Brazilian cylinder or disk (short length) for an indirect estimation of R' and dog-bone (sealed,
highest preparation effort, grinding from solid block with axial bedding layers) test specimen for direct
measurement of tri-axial fracture stress states along compressive meridian including the tension-
compression domain.

(A depicts the differential stress entity causing shear stress with shear deformation)

Similarly to other brittle materials the task always is the full (onset-of-fracture) body surface capturing
NF and SF and not by SF just /; < 0 and thereby not regarding the intrinsic 120°-rotational symmetry.
The TM and CM test data points are two oppositely located cross-sections of the body. The classical
type of visualization is to use the Haigh-Lode-Westergaard coordinates count equally in all directions.
Visualization by using a confining stress cannot lead to the same mapping curve (see Fig. 26.6).

LL:

The interpretation of the concrete-diagrams above leads to the following results for rock materials:

» Using just TM or just CM test data incorporates a bottleneck concerning the achievement of a reliable
physical fracture body

» The use of the geo-Mohr-Coulomb Criterion leads to a straight mapping of the course of test data
along the tensile meridian. The model of the author captures the curved course

» Engineers in other disciplines become pretty stressed because we civil engineers unfortunately use
construction design tools which still call tensile stresses negative stresses. This completely disturbs the
logic of the well-known ‘civil engineer’ A. Mohr in context with his use of mathematical stresses!
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Fig.26-8, Sandstone: Fracture pictures of Berea sandstone from [Lan19].

Personal experience

A dangerous cohesive shear strength with an associated critical sliding angle
lead to a land slide at the West-East Main road of Bhutan.
A video clip taken by me would show how huge rocks were ‘travelling’ down.

Eastern 2012
7.28 o'clock

There was the
East-West
Main Road

of Bhutan
until 30 min
before arrival

This dramatic situation, depicted in the figure above, led to my most dangerous car trip, on gravel
roads, along gorges up to 1000 m deep, from the Central Himalaya down to the plain and back up into

the high mountains. AND, there was the same driver who had to drive from 7 until 23 o’clock on these
roads, unbelievable.
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27 UD-Strength Failure criteria: Which one should | take?
Aim: Assisting the user not to follow the FE Manual recommendation: ”Take the worst result of all”.

In the future, we will be forced to compute 3D-based reserve factors in static component Design
Verification. The 2D-based Classical Laminate Theory for unidirectional fiber-reinforced matrices is not
sufficient for this. For these reasons, the author has tried to compare those SFCs that were 'contributing'
to the World Wide Failure Exercises (WWFE) for UD materials, namely Tsai-Wu, Hashin, Puck and
Cuntze. The comparison carried out (generally too little test data is available) looks at the necessary
input, shows the received failure envelopes for three 2D stress combinations and tries to evaluate the
results, so that FE Manual recommendations "Take the worst result of all" is not to be followed
anymore!

Regarding the chapters before, the SFCs of Hashin and Tsai-Wu will be presented, only, and some
missing things of Puck’s SFC.

27.1 SFC Hashin
* Hypothesis 2, valid for Cuntze’s FMC-bases SFC-formulations:

"For UD-material the SFCs should be invariant under any rotation around the fiber direction.”

Hashin with the Hypothesis 2 also proposed an invariant-based global quadratic approach with two
different stress invariants:

— _ _ 2 2 _ 2 _ 2 2
=01, l, =0, 40y, l3=15" 47y, |, =7p" =0, -0y, |5 =4757317p =0, " Ty” —03-7,").
Table 27-1 compiles the four SFCs of Zvi Hashin.

Table 27-1: Four SFCs, for FF1, FF2, IFF1 and IFF2

{0} =(01,0,,04,755,75,72) ", {ﬁ} = (RI.Rf,RL,RS,Ry; Ry)™ 5 6strengths, principally
Interaction of the 4 modes necessary.
Hypothesis 1: F ({o-A} , { §A} , efp) =1, Puck's way
Hypothesis 2: F ({0'} , {ﬁ}) =1, Cuntze's way, below
2, ., 2
FF1, o, >0: {ﬁj Jmtt. R 6o<0: (_—01] -1

2 5C
] I

2 2 2, 2
(0, +03) (723 — 0 '(73) (731+721)

IFF1, o, + 0, >0: = + — +-— =1,
RJ_ R232 RJ_||2
[ R} (0,+03) (0,+0; )2 (7232 -0, -0-3) (f§1 - 1221)
IFFZ, 62+U3<0. W— . ﬁc 4§ > + ﬁ > ﬁ > :1,
23 1 23 23 1l

2 2
Interlaminar failure: o, >0: G—f =1 o0,<0: _0;3 =1.
Ry Ry

* Hypothesis 1, valid for Puck’s Action Plane IFF formulation:
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"In the event that a failure plane under a distinct fracture angle can be identified, the failure is
produced by the normal and shear stresses on that plane”.

Hashin proposed this modified Mohr-Coulomb IFF approach but did not pursue this idea due to
numerical difficulties (4. Puck succeeded on this way).

Question: What about the determination of F_€23 # F_€273? See Technical Terms, please.

27.2 SFC Tsai-Wu, global SFC

A general anisotropic tensor polynomial expression of Zakharov and Goldenblat-Kopnov with the

parameters Fj, Fj as strength model parameters was the basis of the Tsai-Wu SFC
6

6 6
dY(F-o)+), > (Fij o7 'o-j):l. From this tensor formulation, Tsai-Wu used the linear and

i=1 =L =l

quadratic terms, see Table 27-2:
Table 27-2: 3D SFCs of Tsai-Wu

{0} =(01,0,,05 Ty, T3, Tp1) ", {ﬁ} = (ﬁ“t Iif R!,R?, Ii”; R,,)", 6 strengths
F ({a}{ﬁ}) =1. The interaction is global SFC —inert
F-o,+F 0 -0;,=1 with (ij=12.6) or executed
F,-0/+ F-0,+2F, -0,-0,+2F,-0,-0,+F,, -0, +F,-0, +
+2F,, -0, 0,+F,-0.+ F,-0l +F,-0, +F, 15+ Fy -t} + Fy -7y =1
with the strength model parameters
F =1/R'-1/RS, F,=1/(R'-RY), F,=1/R] -1/R¢, F,, =1/(R, -R}) =F,,
F.,=F,, Fs=F,=1/R?%, 2F, =2F,, -1/R%, F,=2-(F, +F,)
and - in order to avoid an open failure surface - the so-called interaction term
F,=F, R F, Wwith -1<F,<1; usuallyapplied F, = - 05.

Question, again: What about the determination of F_€23 and the value for F, for 3D applications?

27.3 SFC Puck

Some history:

*As early as 1969 A. Puck recognized to separate FF from IFF (not Hashin as is sometimes said). Since the mid-
eighties Puck from Uni Kassel, Cuntze from MAN and colleagues of the DLR-Braunschweig looked together
for an improved IFF-SFC.

* H. Schuermann, Uni Darmstadt, found the article [Has80] with the Hashin Hypothesis 1 which Puck could
successfully execute. Cuntze recommended to use the matrix formulation to mathematically simpler convince
the reader, which was more successful than his excellently written model description.

* Beside several dissertation works, Puck’s IFF model was further developed in a founded research project 1994.
Results were published in VDI Progress Reports Series 5 Vol.506, VDI-Verlag, Disseldorf, 1997, [VDI97].
The investigations for this book gave valuable results for Puck’s book, 1996.

* Due to the still highly established Puck IFF model Cuntze invited Puck to put his SFC into the [VDI 2014]
German Guideline, Sheet 3, Development of Fibre-Reinforced Plastic Components, Analysis.
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Puck’s so-called Action Plane IFF Conditions (1991) base on Mohr-Coulomb and Hashin.

In his interaction approach for the 3 IFF modes Puck interacted the 3 Mohr stresses o , 7

> T, 0on the

IFF fracture plane, see Fig.27-4. He uses parabolic or elliptic polynomials to formulate a so-called
master fracture body in the (¢ ,  , 7 ) space. Thereby he assumes that a compressive ¢, cannot cause

fracture on its action plane and that the stress o; does not have any influence on the angle of the IFF
fracture plane. The stresses on the fracture plane are decisive for fracture: A tensile stress 6, supports the
fracture, while in contrast a compressive stress makes the material ‘stronger’. In other words: A
compressive o, impedes IFF which is caused by the action plane shear stresses 1, and t,;, or — in other
words - cannot cause fracture on its action plane. Fracture-responsible are only those stresses which act
on a common action plane.

Fig.27-4, UD-composite element: Lamina and action plane stresses at an inclined failure angle 65, (from [Lut05,
SAMPE])

Fig.27-5 presents Puck’s 3 IFF modes: mode A (= IFF1), mode B (=1FF3), mode C (=IFF2. The
modes A and B lead to transversal fracture planes with 6fp =0, whereas in mode C inclined planes

occur  O° < 6, < 55° (for CFRP). The determination of the unknown IFF action plane angle &; is

Mode B

n

(G: ,T5,)— fracture curve
1 G‘)

Fig.27-5: Master fracture body with Puck’s IFF modes and action plane stresses (on, tnt, tnl). (left) Lamina
stresses and main IFF cross section of the fracture body in lamina stresses (o2, t21) [courtesy H. Schiirmann]
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performed by a search process in the domain -90° < pr < 90. For the in-plane stress state z,,(o,)which

is dominant in many structural components, Puck found an analytic solution for the angle of the fracture

1 RA Y ?
plane [Puc02]: cosé, = NS ) (ﬁze} [%} 1l
LN 1| 2

In Table 27-3 Puck’s Action Plane Mohr-Coulomb-linked (global) IFF SFCs discriminate 3 IFF
domains and are completed by the simple maximum stress modes FF1 and FF2. Two IFF fracture plane
resistances (superscript *) directly are technical strengths.

Table 27-3: SFCs for FF1, FF2, IFF1, IFF2 and IFF3

{0} =(01,0,,05. Ty, 751, Tp1) " {ﬁ} =(R[,R/,RL,R,R,; Ry)", 6strengths, principally

In Mohr's action plane stresses the IFF-SFC reads F (an Tno Ro R G5y ) =1,
F({JA},{ﬁA},pr) =1with {R}=(R},R.R} =RI, R, R =R,)"; Puck 1 R}y # R,,!

9 2
FF1, o, >0: (%} ; FF2, o, <0: {%—?J =1, (maximum stress criteria)
1 1|

and due to the IFF hypotheses, two different egations are provided [Puc 96, p.118]

2 2
IFF: o0,>0: &= (I;”/i] +[;_-”ﬁ J +(%}=L N
23 1] 1

. : Tht 2 Tne 2
IFF: o,<0: ¢ = (F_ng T 'G,J +( §ﬁ| Y 'O'n] =1, [Puc96, p.143]
= from originally assumed 6 material strengths down to 5 action plane resistancies
which capture all 3 sub-modes IFF1, IFF2 and IFF3.
The following transfer relationship is to apply above (fp = failure plane)

0,
o, (0) ¢ s 2s¢ 0 0| |o,
7,(0y) t=|-sc sc c®—=s® 0 0|47, , C=cosdy and s=sing, .
70, (0y) 0 O 0 S C| |7y

n
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+50°

mode C

54°

294
= o A t
R, Ris R,

Fig. 27-6: Fracture modes of the (o, 71)-failure envelope; index ® marks the touchpoint between mode
B and C, [Lutl3, Puc96]

Table 27-4: 2D-IFF [VDI2014]

— 2
R
Mode A (= IFF1) : pm—t. =l Pl | -0+ + Py oy
LI RJ_
Mode B (= IFF3) : gzﬁi-,/pjnz -0," + Ty + Py 0y
L
T2 R -0,

Mode C (2 IFF2): ¢= — + =
_ R
4-(Ry+pfy-Ry) 9 R
¢ isalso termed f. [Lut05, VDI2014]
Tég = ﬁj.ll y1+2: P23 G;p: _ﬁz/; ' Iiz/; =|:§J_II '\/1+2' Pl §i / ﬁJ_II _1}/2' pin'

* The action plane resistance Iiz’z depends on the chosen fracture body model such as the

parabolic Mohr envelope and not just the linear Mohr approach.

* Assumption on coupling the inclination parameters: p§3 = pj” . I§2A3 / Ii”.

Ry, is found in the horizontal cross-section of Puck’s Master failure body. It is a IFF-Mohr model-
linked quantity and consequently a given model strength parameter and not a technical strength. It
finally did vanish therefore as a measurable technical strength. Puck’s Rj is a model parameter and
defined by Puck’s Mohr-Model using two strength and the so-called inclination parameters p, depicted
in Fig.6.

Practically, 5 independent failure activing stresses are left, which would support Cuntze’s material
symmetry-based ‘generic’ number of 5 he elaborated for UD materials.
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Of course, an interaction of IFF with the two FF modes is also with Puck mandatory in order to capture
the combined (joint) failure danger. This procedure is documented in detail in the VDI 2014, sheet 3.
One reason to do that is that experiments demonstrate micro-damage activation at the ends of broken
filaments. Puck terms this ‘weakening of the matrix’ and uses a so-called weakening factor. Applying
Cuntze’s interaction equation Eff = 1 this is automatically performed in the foreseen comparison.

27.4 Comparison of the obtained different SFC Failure Envelopes

In consequence of the rare test data sets just 2D-models of Tsai-Wu, , Puck and could
be numerically investigated.
A comparison is only possible if the interaction can be equally performed for each model and the same
interaction. This could be realized for the 4 models by a transfer to the single 2D-Eff-formulation,
example Tsai-Wu:
o, 2JEff? oy _ 1 1 " 2F;,- 0y -0, /Eff? o [Eff? | o ) 1 1 +f%2/_Eff2=

. = = - = = = = 1
R”tR”C Eff R”t R” th'Rlc Eff th RJ_ Rl"

-t - ¢ -t - ¢
\/R” R -Ry -R;
The investigation focuses mapping of the curves of test data by SFCs. In these formulations each single
strength is an average strength consequently indicated by a bar over.

The following figures present the failure envelopes of investigated three plane stress combinations.

SFC Failure Envelopes

Fig.27-6 visualizes, how the four models map the most interesting cross-section of the UD fracture
body, namely T,;(55).

A 2'21
150
Tsai-Wu
Puck
100
50 ¥
MPa oy,
—0350 -200 - 130 - 100 -350 0 30 100 L

Fig. 27-6: CFRP test results (MAN Technologie research project with A. Puck, IKV Aachen et al.)
{R} = (1280, 800, 51, 230, 97)"MPa, 11, =0.3 [VDI 97]

Fig.27-7 depicts the failure envelope 65(G1), being the WWFE Test Case 3. In this test case below, just

C
the 4 strength values were provided together with the not R, -matching test data of a Russian test data
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provider showing a test discrepancy (passed away, no request possible) in the fourth quadrant of Fig.27-
7. However, the tendency of the two different (assumed) test sets can be carefully used for validation.
The global Tsai-Wu SFC lies fully outside, which would be of high effect for stability analysis. The test
data set in the quadrant 111 was provided by M.. Knops, IKV Aachen, [Kno03].

Mapping tells, that modal modelling is the better choice.

‘ G-‘
100 T
MPa
modal FMC IFF1 I
50 P [ ——
I /\L—"" /__,d-—"' y
/// //
R |l|: / L~
v 2
FF2

LA !

A T 4 g,
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Fig.27-7, WWFE-I, TC3: Hoop wound tube lamina. E-glass/MY750 Ep.

{R}=(1280, 800, 51, 230, 97)'

In order to be able to generate above different envelopes the author had to harmonize terminology and to
make them to apply his interaction formula for the modal SFC ones.

This limited the amount of further numerical comparisons. T,1(0;) could be investigated.

From Fig.27-8 can be concluded that the envelope of Puck and Cuntze lie upon another. Modal Hashin
and Global Tsai-Wu are lying inside.

27.5 Computation of a SFC-linked Reserve Factor

Principally, in order to avoid either to be too conservative or too un-conservative, a separation is
required of the always needed ‘analysis of the average structural behavior’ in Design Dimensioning
(using average properties and average stress-strain curves) in order to obtain optimum structural
information (= 50% expectation value) from the mandatory single Design Verification analysis of the
final design, where statistically minimum values for strength and minimum, mean or maximum values
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for the task-demanded other properties are applied as Design Values. There it is to demonstrate that ‘4
relevant Limit State is not met yet’.
T T2

NS
nY
/

\'

MPa O

—0i600 -1400 -1200 -1000 -—-800 -—-600 -—400 -—200 0 200 400 600 800 1000 1200 1400

Fig.27-8: {F‘a}z(lzso, 800, 51, 230, 97)"

A very simple example of the Design Verification of a critical UD lamina in a distinct wall design was
depicted as RF-calculation procedure in $13. The certification—relevant load-defined Reserve Factor RF
corresponds in the linear case to the material reserve factor fge. Its value here is RF =125>1 —
Laminate wall design is verified!

The multiple Lessons Learned and conclusions are incorporated in the following list:

LL

v Considering FE-results and necessary properties: We must more and more 3D-design! However properties,
especially for composites is 3D-property data test sets, are seldom sufficiently available

v So-called global SFCs couple physically different failure modes whereas the modal SFCs describe each
single failure mode and therefore will better map the course of test data

V' First-Ply-Failure (FPF) envelopes are searched by these SFCs, which means determination of ‘Onset-0f-
damage’ and includes both Inter Fiber Failure (IFF) and Fiber Failure (FF). Last Ply Failure (LPF)
usually requires a non-linear analysis, which can be used to save a design

v Material symmetry seems to require for UD materials a ‘generic’ number of 5, valid for strengths and
elasticity properties and the distinct SFCs.

v" In this context: The Standard 3D SFCs of Tsai-Wu and Hashin employ the so-called cohesive (shear)
strength R,3and regard it as a technical strength and not as a general strength quantity. The mystery
behind the various interpretations is tried to be unlocked by the author. Because most of the published
applications are 2D-ones the employed SFCs do not require R,5 and its determination by tests needed not

to be presented

v Often, SFCs employ just strengths and no friction value. This is physically not accurate and the undesired
consequence in Design Verification is: RF may be not on the safe side

v SFCs are ‘just’ necessary but not sufficient for the prediction of strength failure. Basically, due to internal
flaws, also an energy criterion is to apply. The novel approach ‘Finite Fracture Mechanics (FFM)’ offers a
hybrid criterion to more realistically predict the stress-based crack initiation in brittle isotropic and UD
materials.
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v" The physically clear-based quantity Eff gives an impressive interpretation of the failure envelope or what
100% strength capacity in 3D stress states physically really means.

v" From the nevertheless well performed WWFEs the author had to learn that provided test results can be far
away from the reality like an inaccurate theoretical model. Theory creates a model of the reality and one
experiment shows ‘Just’ one realization of the reality. Test article analysis is mandatory to interpret the test
results and for a simulation-based improvement of the design. Only well-understood experiments can verify
the design assumptions made!

v' Assuming 6 strength quantities seems to violate material symmetry. Cuntze’s SFC set just employs 5
measurable strengths and 2 friction parameters.

This is a good place to make the reader aware of the World-Wide-Failure-Exercises on UD-material.

Many thanks to the QinetiQ-team, UK, the organizers Mike, Sam and Peter for setting up and survive
such a long lasting effortful world-wide exercise.
The SFC models of Puck and Cuntze are most probably those SFC models, which are best validated by
2D and the few 3D UD experiments.

The author did not participate in WWFE-III, the part Micro-damage Theories.
Where are the practical results of this WWFE presented ??

itd
We are goind o again

FAILURE CRITERIA IN
FIBRE REINFORCED
POLYMER COMPOSITES!:
The World-Wide Failure Exercise

Reviewers

A Composites Science and
Technology Compendium

The 'Olympic Games'
on
UD Fuailure Theories

§. Schneider/ K. Cunize

Organizer: QinetiQ , UK, since 1991
[Hinton, Kaddour, Soden, Smith, Shuguang Li]
Aim: For UD materials, only!

Editors: ‘Testing Predictive Failure Theories for Fiber—Reinforced
i e e Polymer Composites to the full !

]
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A specific UD-composite Failure mountain

Begriffe: Faden, Draht, Filament (= endlose Einzelfaser ! ) beim Mortel sollte es  Strang heiffen
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et =1
LU RJ.
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\ 5 @ softening __|
\ h = hardening
5
Foii]

Fig 16-1, example UD ply: Full stress-sivain curve with load-controlled hardening and deformation-
comirolled sofiening of the layer (ply) embedded in a laminate
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Design verification procedureof a laminate
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28  Technical Terms, Laminate Description, Material Stressing Effort Eff

Aim: Bridging mutual understanding between engineering disciplines.

28.1 Terms (see Glossary-Cuntze)
Some terms for a better common understanding and for the application of SFCs comparison shall be
added. This is the more necessary for composites:

Beschichtung und Beschlichtung
« Analysis: Computation that uses fixed model parameters, such as of the final design
* Fracture body: smoothed surface of the ends of the multi-axial failure stress vectors
« Failure condition: Condition on which a failure becomes effective, meaning F = 1 for one limit state
« Failure criterion: Distinctive feature defined as a condition for one of the 3 statesF<=>1

* Failure Mode Concept (FMC): invariant, failure mode-based general concept to generate strength failure
conditions (SFCs) for single failure modes. It is a ‘modal’ formulation in contrast to ‘global’ concepts
where all failure modes are mathematically linked and a concept for materials that can be homogenized

(smeared). Applicability of a SFC ends if homogenization as pre-requisite of modeling is violated

* Fracture body: smoothed surface of the ends of the multi-axial failure stress vectors

» First-Ply-Failure (FPF): usually First Inter-Fiber-Failure IFF in a lamina of the laminate. FPF failure
envelopes are searched by the SFCs. This means determination of ‘Onset-0f-damage’ and includes both
Inter Fiber Failure (IFF) and Fiber Failure (FF)

* Isotropic material: material with identical properties in all directions

 Lamella:

 Lamina: Designation of the single UD ply as computational element of the laminate, used as laminate
subset or building block for laminate modeling. It might capture several equal plies

 Laminate: multi-ply-composed structure (stack)

» Last-Ply-Failure (LPF) in the laminate: usually requires a non-linear laminate analysis, which can be
used to save a design

* Material Stressing Effort o = R-Eff (not material utilization in the usual sense of manufacture waste

minimization): artificial term, generated in the UD World Wide Failure Exercises in order to get an
English term for the meaningful German term Werkstoffanstrengung. The SCF is stress-based and not
strain —based. In the linear case it is directly valid fres = RF = 1/ Eff. (in his book Puck originally used
the term effort € and further exposure). Effmax = 100% = 1

* Macro-Damage: technischer Schaden):

* Micro-Damage (Schidigung):

» Parameters: usually scattering design parameters including material properties

* Ply, layer: Physical element from a winding, tape-laying process etc

* Properties: ‘Agreed’ values to achieve a common and comparable design basis. Must be provided
with average value and coefficient of variation

* Reserve Factor RF" load-defined value RF,, = final failure load / design ultimate load (DUL)

» material Reserve Factor fres: fr,, = Strength design allowable / stress at distinct design load

* general strength R: strength design allowable for Design Verification;
» average strength R: in model validation for mapping tasks, marked by the statistical ‘bar over’

* Simulation: Process, that consists of several analysis loops and lasts until the system is imitated in the
Design Dimensioning process. The model parameters are adjusted hereby to the ‘real world’
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» Strength quantities: {R} =(R|,R/.RL.RT,Ry; R, < (XX'Y,Y'S,;S,,)" Tsai

» Stress tensor components: They should not read ‘stress components’ (only a shear stress can be
composed of a tensile component jointly acting with a compressive stress component)

« Technical strength, standard-measurable: for UD-clarity symbolically indexed R, °, Rlll . R',R®

* General strength quantity: indexed by numbers like R, |, — R,5.

It seems necessary to again cite for the two different composite domains two long-time used terms:
Material composite (Werkstoffverbund): structural-mechanically a composed ‘construction of
different materials.
Note: A not smearable ‘conglomerate’ is usually the Fiber-grid-Reinforced-Concrete.
Composite material (Verbundwerkstoff): combination of constituent materials, different in
composition.

For the strength properties it is to discriminate in the English language:

Yield stress (unfortunately termed yield strength, despite of the fact that it is not set as a strength property for
Design Verification): material property corresponding to the point at which the material begins to deform
plastically (in German Streckgrenze Re), is end of proportionality Gprop

Proof stress: point at which the material exhibits 0.2% of plastic deformation, known as stress at 0.2% strain-
offset and set as yield strength property Rpo.2. (in German FlieRgrenze or 0.2% -Dehngrenze).

Repetition: Shear Strength Quantities in Spatial Analysis of isotropic and anisotropic materials
These are an essential input with UD materials however also with isotropic mineral materials.

For 3D-analysis two specific shear strength quantities are applied, see Fig. 28-1:

* An approach-formalistic 7,s/Rys linked shear fracture stress 7pe-""®= R,, <R',
used with Tsai-Wu and in the invariant approach of Hashin  and further
* A Mohr-based approach linked so-called cohesive strength R;, =7, (o, =0), used within an

Hashin approach and in consequence, principally also with Puck. Since Puck formulated a full IFF-
SFC R}, = R}, defined by all 3 IFFs interacting approach , he could model-associated de-dicate his
action plane resistance a relation with other model parameters.
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Fig. 28-1: (up) Difference of transversal shear fracture stress and cohesive strength. (below) Mohr-Coulomb
curve characteristics
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28.2 Indexing and Material Notations

Indexing is a chaos in the disciplines: It seems to be that the author could find (some years ago for the
planned novel ESA —Material Handbook) a physically clear indexing system for the 3 material family
models isotropic, transversely-isotropic UD and orthotropic materials (fabrics etc.). This indexing
captures all material properties and allows a switching between.
The author’s Glossar on ‘Technical Terms’ (Springer) hopefully shall be a contribution to a better mutual
understanding of 'constructive' engineers from the building industry and engineers from mechanical
engineering and further, of engineers from the textile, manufacturing and material discipline as well in
order to better manage the more and more interdisciplinary future project tasks.

Notes on designations: As a consequence to isotropic materials (European standardization) the letter R has to be
used for strength. US notations for UD material with letters X (direction 1, |) and Y (direction 2, L) confuse with
the structural axes’ descriptions X and Y. Ry := ‘resistance maximale’ (French) = tensile fracture strength
(superscript ' is usually skipped because in mechanical engineering design runs in the tensile domain, which is
opposite to civil engineering, where fiber reinforcement is coming up viewing carbon concrete). See further
[Cuntze Glossar].

In the following Table, on basis of investigations of the VDI-2014 Working Group and on
investigations for above Materials Handbook, Cuntze proposed internationally not confusing terms for
strengths and physical properties. These self-explaining symbolic designations read for UD- materials:

Property type UD guantities ‘r%slr;e;iecr,
fracture strength properties {R} = (Rtl R R ,R{,R lII)T , 5
+ friction properties Hoyps My 2
elasticity properties {E}=(§,.E..Gy,.Viy Vo)) 5
hygrothermal properties | {a} = CTE (¢ .} ) ; CME (¢ ,x)") 2;:2

Notes on composites and matrices:

(1) The constituents retain their identities in the composite; that is, they do not dissolve or otherwise merge
completely into each other although they act in concert. Composite materials provide improved
characteristics not obtainable by any of the original constituents acting alone.

(2) Normally the constituents can be physically identified, and there is an interface between them.

(3) Composites include fibrous materials, fabrics, laminated (layers of materials), and combinations of any of
them.

(4) Composite materials can be metallic, non-metallic or a hybrid combination thereof. Carbon concrete is one
example.

(5) Approximately homogenizable to a smeared material are short fiber-reinforced FRC, SMC, UD-ply = UD-
lamella. The lamella is smearable and therefore it can be modelled as a ‘composite material’.

(6) Layered materials and foam materials are also forms of composite materials.

(7) Cement-based mortar is a ‘smearable’ composite material (the construction organization RILEM has a
problem here, because they do not discriminate ‘material composite’ from ‘composite material’)
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Table 28-1: Notations of material properties

general t P z z 2 :
2 orthotropic L R, R, R; R; R; R, | R, R,

c| UD,Znon- [RF | R RE[RS | RS| R R0 R | R

crimp fabrics |y | NF | NF | s | SF | SF | SF | NF | SF

6 fabrics Ry, | R | R, | Ry | Re | R: | Ryr | Rps | Rys

9 fabrics

general " R;' R, R, R;' R, Ryr | Rps | Bus

5 mat

Ry | Biw | Ry | Riye | R | Ry | Ry | Ry

deformation-limited R’

[ =]

isotropic
Ry | R, |[BEE R | RS | R | RS | R

~

NF| NF [ SFE| sF | sF | nF | NF | NF

R
Ry
ductile R, R, Ry,
SF
brittle Ry
NF

9 general E | E E; G.

otk y _ G, | G Vio Vaz | Vi3 comments

43 3 4 12 3 d

G, .=E /(2+2v,

o E G G : v, =v,E /E.3
7 ‘ / Voo = Lo
* "}’al;‘lizs“p E'L E; i G"" - - Viu y is perpendicular to
quasi-isofropic
2-3-plane
6 | fabrics Ey E: | E; Grr | Gws | 6 wi |l Ve | vz | virs Warp = Fill
abrics | E G G . :
? {g‘enleral "| Er | E; LT Grs | Vi | Ves | Vims Warp = Fill
Gy = Ey/(2+2vy)

1 is perpendicular to
quasi-isofropic mat

h

mat E A E W E3 G‘ Ve G‘ug G_\ 13 Vi Vs Vags

plane
2 | isotropic | E E E G G G v v v G=E /(2+2v)
eneral

9 or%hompic ar; | 92 ar; | Ohg | Az | Xus

UD =
5| non-crimp Xy | Opo | Aro | Fuy | Cage [ Cage

fabrics Table of

: structural properties

6 fabrics QA (24013 Qrs gy | Cagr Cygs

fabrics
9 general QG | O | O | Cgr| Oy | Eus
5 mat Oy | Ony | @ns | Char| Chps | @os
9 isotropic
“ | for comparison Or Ur ar Qg g Oy

Strength properties: NF:= Normal Fracture, SF:= Shear Fracture, R:= strength, o,7 := indicate the fracture
responsible normal or shear stress acting on the fracture ‘plane’.
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Hygro-thermal properties: T:= Thermal, M:= Moisture and Mat. 7, ¢ : not listed.
Elasticity properties: E:=Young’s modulus, v.=Poisson’s ratio, G:=shear modulus. ||:= parallel to the fiber, 1

:= transversal to the fiber direction; W:= Weft, F:= Fill, M:= Mat . V. = (here!) larger Poisson’s ratio. 1:=
lamina fiber direction, 2:= lamina transverse fiber direction across the width or the plane, 3:= through-thickness
direction; x ,y := principal in-plane laminate directions, z:= thickness direction (interlaminar)
28.3 Upcoming construction standards in Germany with comments
Standards in Germany are finalized, see Fig.28-2:
e polymer matrix: BUV 10 update
¢ mineral matrix: novel DAfStb-Richtlinie “Betonbauteile mit nicht-metallischer Bewehrung™.

BUV-Empfehlung
g 2017
perarDeit D 36 DATStb UA
voe e
Tragende Mische 0
Kunststoffbauteile
im Bauwesen [TKB] DAfStb-Richtlinie
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und Konstruktion - é\ rung
Stand 08 / 2010 5“’
q? Entwurf 19. August 2019
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— d 3 L ser Richtirue penannten Normen, anderen Untedagen und technischen Anforderun-
Scostsung V12101 200 o f O e e S e
[~} ten anderer Mitghiedstasten der Europlischen Union oder der Turkes oder einem EFTA-Staat. des Ver-
~ ragspaniel des EVWR-Abiommens (st entsprechen, sofem das geforderte Schutniveau in Bezug auf
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5
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Fig.28-2: Guideline work ahead in Germany, BUV10 update and D 36 novel

Comments of the author after a careful investigation of the two standard proposals, about 2020:

The DAfStb guideline “Concrete components with non-metallic reinforcement” is intended for fiber-
reinforced components with concrete matrix.

*For engineers it is confusing not to clearly say which fiber material group the guideline is for. The fiber type
CF, GF sets the limits of application.

*QOriginally for the open fiber grid the name lamella for a dense non-crimp fabric was used. The lamella
however was still intensively used in construction repair of corroding steel-concrete ceilings (see Fig.28-3)

*The suffix ,, could be replaced by the indices of the polymer matrix world, namely for the pure fiber; and the
cured fiber strand .
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*Why sticking further to the old German-originated letter f (strength). Still at the GruSiBau-time (about 1985,
development of the excellent partial safety factor concept) the author used the international letter R for the
resistance entity strength in construction. Using the letter R — internationally and partly nationally still
started - makes life of engineers over the technical fences simpler, internationally at least.

The BUV-recommendation for load-carrying composite parts in construction is intended for fiber-
reinforced components with polymer matrix.

*Above two upcoming standards are not harmonized regarding the designations amongst themselves
and w.r.t. terms half a century internationally used in timber construction and also with polymer
matrices. This is all the sadder for the author, because he edited the VDI 2014, sheet 3 guideline -
initiated by civil engineers !- but not used in construction. The European Codes hopefully will
improve this unfortunate situation.

LL: Harmonization of denotations remains an urgent on-going task .

Production of optimal structural components:
It firstly requires an optimum design
which includes connections / joints and possible materials.
Then the locally best materials are to determine and to sort out - regarding production -

to ensure the required optimum component properties considering sustainability.

Fig.28-4 presents a proposal for an ordering scheme.
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Fig.28-3: Basic fiber-reinforcing products in Engineering
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Fig.28-4: Ordering scheme proposal for Fiber-Composite Materials FCM, construction-linked such as Fiber-
Reinforced Polymer FRP, Fiber-Reinforced Concrete FRC, CFRC:= CarbonFiber—Reinforced Concrete, Bi-
Directionally Reinforced Concrete BDRC, UHP-(short)Fiber-Reinforced Concrete, HPFRC. Green couloured

are still fixed notions.Matrix types of the Reinforcements FRPm = Fiber-Reinforced Polymer matrix, Fiber-
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Reinforced-Mineral matrix FRMm. International subscipts f = filament, m = matrix; superscripts t = tension,
C = compression

29  Miscelleaneous
In this chapter some results of the author’s works are collected, which have been discussed in his
various working groups (WG).

29.1 WG Construction-linked Additive Fabrication AF

Classification of fabrication processes: Subtractive processes (waste), Formative processes and
Additive processes (automatically digitized fabrication now) [VDI 2403]. The term manufacture is not
accurate: Manus and facere — means made by hand.

1. In Subtractive processes, the geometry to be created is created by defining the removal of

individual volume regions. Typical representatives of this group of manufacturing processes
are machining processes such as turning, drilling or milling. (timber construction etc.)

2. Formative processes refer to the production of geometries by forming in compliance with
volume constancy. Formative manufacturing processes are deep drawing, forging or primary
forming.

3. Additive fabrication processes create a geometry by joining together volume elements (so-
called "voxels"), such as the standard processes concreting, bracketing, plastering a wall etc.

__ _ 1
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Fig.29-1: Particle-bed technique (up left), Mortar strand depositing technique (up, right);
(below) Peri GmbH, building a two-story house in Beckum, 2021

Additive fabrication processes have been an essential part of my CU Construction WG "Automated
Fabrication in the Construction Industry including Serial Construction".

Any material that can be glued, welded or melted can be used in AF. For industrial purposes, metals,
plastics, sand and ceramics are common materials, but the process is to adapt. The engineer’s desire
is to obtain accurate process names in the additive fabrication point 3, the term 3D-print does not
give a clear process information. Therefore some basic definitions are provided for construction.
The two basic digitized additive fabrication processes in construction are to term:

(3a) Powder bed process: true original 3D horizontal slice printing in construction
Total cross-section including the 'openings' is produced in a powder bed layering process.
Layer thickness is usually << 1 mm. (for formwork production, usually). Technique
Selective Laser Sintering, does pretty well correspond with the printing definition
‘Procedure, to apply something by pressure like printing a book’.
In mechanical engineering, Fused Layer Modeling (FLM) is probably the most widely used
3D printing process. For copyright reasons, Fused Deposition Modeling (FDM) or Fused
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Filament Fabrication (FFF), a freely usable name for the 'melt layering process' used, has
been established. The layer pattern is then the distinguishing feature for FFF-printed parts.

(3b) Extruded (fine) mortar-strand deposit process: is no 3D printing in the original sense

. %S D ol 3a): Technigue Extruded mortar
Nozzle Cement end Concren Research 133 (0000 306000 (3a) q :

strand deposit. Total cross-section

(courtesy: Joseph J. Biernachs, Tenncssoo including 'openings' is produced in a

AN —— 'path  tracking operation'. Layer

thickness is several mm, depending
AA on the strand thickness.

A ()
Shape of Layer printed att, ate, C 1)

e ol lvec printed sty tt, C - D

' This picture shows very clearly the
problem that the mortar has to solve
in terms of curing at different times t

& = G 8

Future task will be “Rethinking construction and relearning”.

Part of this will be "Automated construction with additive fabrication processes"”, so that we can build
cheaper, more sustainably, with better quality, and even faster in the future”. The aim is to obtain a
force-path-oriented placement of minimal concrete quantity including possible fiber reinforcement
(short, long, endless) and thus also to reduce the huge CO, backpack of the huge amount of concrete
caused by cement production!

LL: It is often written that entire buildings are produced with a ‘3D concrete printer’. The correct wording
would be: (only) the walls and other compressed load-bearing building structures are made with the
special process ‘Extruded mortar-strand deposit’. Cost-effective conventional ceiling slabs are still
required.

29.2 Buckling analysis versus Strength analysis

This chapter provides introductory information about buckling of columns (beams), plates, panels and
shells. It shortly addresses just essential features in stability analysis (speaking stability is more positive
than buckling).

This chapter is just dealing with static stability problems. It covers a very basic background in order to
guide the practicing designer to better understand the manuals of commercial analysis software.

The following contents basically stems from the creation of the ESA Buckling Handbook, ECSS-E-HB-
32-24A. Cuntze was first convenor and founder of the team as well as a co-author of the later prepared
HSB 40100-04] from R. Cuntze and J. Broede.

Noteworthy: In the HSB, section 40000, for a wide spectrum of columns, rods, rings and deep beams
design sheets are found. The same is given in the chapter plates where the available design sheets on
anisotropic plates provided by J. Broede and colleagues are outstanding sheets.
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structural element endangered by buckling
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Different levels of analysis complexity are treated in the literature above. Going in steps from the
lower level of complexity to the higher level of complexity (which will be denoted as a “hierarchical
approach”) the structural analyst is able to carry out and finally to successfully interpret analyses at the

columns & beams flat plates & panels| | curved panels shells
I 1 £ 1 I 1 Y Y
i1Sotropic COMposHe isotropic composite isolropic composite isotropic cComposite
stiffened & un-stiffened
Pl —— R
Structure

Fig.29-2: Breakdown of buckling of endangered structural elements [Cuntze, ECSS]

highest level of complexity, typically finite element computations (see [ CUN22]).

In structural design the following subjects must be demonstrated: Material Strength, applying SFCs,
strength criteria, and Structural Strength, applying buckling resistance conditions. Fig.23-3 compiles

these subjects.
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Fig. 29-3: Visualization of the (actually) required deterministic input demands.

(from handbook tables), MoS:=Margin of Safety
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Using such an engineering procedure the engineer is able to analyze the stability of (large) structures
composed of structural elements, also referred to in literature as structural components or structural
items. The term structural element includes typical elements such as columns and beams, plates, panels,
and shells. In practice these structural elements often contain structural details, e.g. shells containing
openings or reinforcements. The associated “basic” structural elements, the elements without structural
details are denoted in the ECSS as “Typical Structural Elements”.

Non-axial symmetric shells and truss systems are not addressed in the book.

29.3 Some Final Notes from Personal Experience

v Mechanics remains one very essential basis when developing light-weight structural components
and Artificial Intelligence (AI) with its algorithms is a helpful supporting tool

v Only System Engineering with experienced engineers using mechanics and the necessary other
disciplines - together with Al - enables to produce qualified products

v’ At the end someone has to sign that the developed structure will work and by that will take over
responsibility. This experienced person is the absolutely necessary ‘plausibility checker’ for the
obtained analysis and test results including generic Al-supported results.

v" Bridge disciplines and materials by showing up similarities to simplify engineering life!

v" In the present multi-physics applications product development is the work of several experienced
engineers. Otherwise one does not deliver qualified ‘Multiple function structural products’.

v In the case of bending of FRPlastic- and FRConcrete-parts carbon fibers can be only exploited
using pre-tensioning and thereby compressing the tension-sensitive matrices Plastic or Concrete

v’ Viewing SFCs, one must be careful with conclusions reported in literature (unpleasant personal
experience): SFC model modifications - created by another author - are used under the name of the
originator and then poorly rated, however, the modification was not reported!

v’ Experienced engineers know: “Check your test together with test data evaluation. Check your
analysis including assumptions.”

v’ There is a rationale to take a distinct o — ¢ curve: From risk analyses and decision theory the best
prediction will be achieved by applying the mean(o,g)-curve = 50% probability !

v “Certification by Analysis, only”: Here, simulation can optimize the output of the usually only
permitted minimum number of physical tests, and enabling to better manage risk and improve
prediction.
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30 Glossary Book
“Technical terms for composite components in civil engineering and mechanical engineering”

The construction industry is an industry in which the topic of high-performance fibre composites is
not yet established on the one hand, but where there is enormous application potential on the other.
Against this backdrop, Carbon Composites e.V. (CCeV) in Augsburg has founded a specialist
department in civil engineering "CC Bau (construction)".

For CC Bau, this repositioning meant that Fibre-Reinforced Plastic (FRP) - and the various fiber-
reinforced concrete matrices had to be covered. i.e. ‘fibre-reinforced concrete'. The latter envolves
endless ‘(roving)-Reinforced Concrete’ (RC) as well as ‘(short) Fibre Reinforced Concrete’ (FRC).

The following matrix applications must therefore be captured: (1) Polymer matrix-related, such as
Glass fibre plastic pipes and containers, wind rotor blades and pedestrian bridges in GlassFRP and
CarbonFRP as well, and (2) Concrete matrix-related, such as textile ‘fibre grid’ (mat) -reinforced
concrete bridges and machine foundations, overhead line masts, industrial floors, multi-storey car
parks, silos, prefabricated garages, transformer houses, offshore applications, tubbings, sandwich
facade panels, un-tensioned and tensioned bending panels, FRP shells and bridges.

Further, a big topic is the rehabilitation with FRP-‘lamellas’ (tapes, strips) such as the reinforcement of a
ceiling plate (slab), because of increased moments, using CFRP-lamellas applied by surface bonding,

Carbon Fibers in the construction industry reduce the concrete amount, which is positive for the CO,
footprint due to the reduced clinker production required and are sustainable due to their non-corroding
behaviour in contrast to steel.”

Purpose of this Glossary:

Borders between engineering disciplines are disappearing,
more and more. It can also be noticed that in the different fields
of the fiber-using industry there are different "speeches™ and that
technical terms are sometimes used very differently. Several

groups of engineers would therefore have to be connected Ralf Cuntze

conceptually so that they understand each other correctly when '

making decisions. These are ‘constructive’ engineers from Fa(hbegriffe

building industry and mechanical engineering and further, fuir Kompositbauteile —
engineers from the textile and material range as well as from Technical terms
manufacturing. for composite parts

This glossary focuses especially on carbon fibers CF and
concrete matrices. At the beginning it presents a first scheme of
order for the different, interconnected disciplines. At the end, a
picture gallery illustrates technological details and applications.
This gallery just includes carbon applications from construction
industry because these are less known.

EBOOK INSIDE €) Springer Viewsq
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The CV at hand is to some extent only an excerpt of the document [CUN22].

However, some specific chapters therefrom shall be mentioned below for probably interested readers.
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31.2 Annex on other Works of the author

If one might be interested one can find information on the following subjects in the author’s
compilation [CUN22] especially on various projects at MAN the author was involved.

12 Structural Vibration and Work Cases et e e e 386
18.1 General on Oscillation VIBTRIIOIL. ..o e e e 586
182 Dampmg and Danmped VIBIatomS oo e e e e 391
183 The Influence of Dead Mass and Elastic Clamping on the Bending frequency of 2 slender
Towrer with linearly reducing Thickness (10607 e 304
184 Nataal Frequencies of Thin Inclined Isotropic Plates (Crrrze, J969 0 e, 398
185 Natual Frequencies (eigenfrequencies) of Orthotropic Deep Beams (Dissertation, 1962603
186 The Influence of Crosssectional Shear Flexibility and Fotatory Inertia on the Natural
Frequencies of Beams with Uniformly Distribuated Mass (19837 e 616
187 Amnalysis of the Natural Frequencies of Lammated Beams of low ‘Shearngidity™........... 624
188 Influence of low Cross-sectional Shear Rigidity and Fotatory Inertia on the Critical Speeds
of Shafts with Uniformby Distibuted Mass (JO840 627
180 Natual Frequencies ofa Cradced Beamn for Production Quality-testing of Eotor blades 637
1810 Equivalent Sirmsoidal Acceleration comresponding to an Excitation by Fandam Vibrationg41

19 Some Flywheels and Botoms. ettt e e e 643
121 Metallic Energy storage Flywheel for the floating crane ship Swartow (19820 643
192  ANew concept of a Composite Flywhesl due to novel fiberremforced matenals (1988640
193 AnAxial Energy Storage Eotor, the "EnWheel (2013 633
194 Increasing the Lot of Usability of CFEP Tubes by Bunlt-in-Stresses (1993 ... 664
195 The Large Windmill GroWiAn GROWIAN (1977-1982), development and buld ... 678
1946 Design of a Fiberremforced GasUltra-Centnfuge Cylinder, GUZ (1971-1986)............. 696

20 Some Wnding Theory of Filament Wound Pressure Vessels ... T02
200 TEETOAUIEHIOIL ..o e e e et e e e s o2
202  Geametry of the Eotation Shell with Bottorn Equilibrium Equations.....oeveeeeeeecenceeeeeee T04
2053 General Fiber Net-shell ..ottt et a7
204 Mendian Shape (contour) ofthe Vessel Bottom wnder Intemal Pressure T10
205 Contour of the Fiber Net-shell Bottorm under Centnifugal Loading (Fig 37 oo 715
206 Theoretically Possible and practically Feasible Winding Contours......ooooooeeccciceceee T18
207 WIRAINE PaIBIFIS oottt e et et 723
208  Applcations of Winding Theory at MAN Technologie ..o 125
209  Application of winding techrnolo gy, re-calculation of above AFEP tank (1975 729
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a great calculation program has such shortcomings and errors are incorrectly noted or it doesn't
calculate and doesn't give a suspicion of error. Sometimes, another solution way could be gone.
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31.4 Resume

Life philosophy, experience

A lifelong close friend of Konrad Zuse and my father-friend once told me Zuse's retrospective:

"Looking back on my career, I can only hope that in the future there will be room not only
for the specialist in his field, but also for the universally gifted. I believe that versatility in
particular is the prescriptive for ideas that are out of the ordinary. Such an idea, an
'infidelity’ of technology, if you will, was ultimately the computer”.

In this context what I learned.:

“Without versatility, I would never have been able to see the invisible bridges between the
materials and their disciplines. Test results of related materials provide valuable information
for the pre-dimensioning of novel materials”. This saves time and money.

As far as new ideas are concerned, T.A. Edison is right: 1 % inspiration, 99% transpiration.

This was about the same with my FMC. Never stop if people want you to give up or my mathematical
codes Mathcad.

Further, with my FMC it basically looks similar to the outstanding scientist Max Planck experiences,
who said:
"It is one of the most painful experiences of my life that I have never succeeded in bringing a
new assertion, for the correctness of which could provide a compelling theoretical proof, to
general recognition. New scientific work prevails after the extinction of the opponents”.

Where are the discussions in the contact-simple computer time?

Karl Poppers has summarized what is still very close to my heart in his 12 principles for a new
professional ethic:
"It is impossible to avoid all mistakes or even all mistakes that are avoidable in themselves.
Since we must learn from our mistakes, we must also learn to accept gratefully when others
draw attention to our mistakes."

I hope I've always been very grateful for bug reports.

Much Experience is required in Design! But what is experience?

“Experience is not what happens to you; it‘s what you do with what happens to you”.

%ﬁzm Z?ix/e]
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Final note:
Above non-funded work mainly addresses the author’s working life in industry with the intension to
transfer theory into engineering application.
This ‘single authored’” work includes:
*Idea finding,
*idea exploitation to generate the FMC-theory,
*text writing of this document,
*extensive numerical analyses with rendering of results like fracture bodies using the
programs Mathcad 13 and 15,
*typing of formulas,
*difficult visualizations of the calculation results, sketches, diagrams etc.
All these works have been performed by the author himself.

And, facing the program crashes of Word (twice, per day at least) presumably due to the large document
and Mathcad 15 due to complicate computations. And that word corrections were indicated to have been
executed but in reality not performed.

A final shock in 2015 was Windows 11, making Mathcad, formula editor (signs vanished like ||, however not
regularly!), paint etc not working anymore.

Many thanks are given to those who believed in my work [ W. Becker] and had some discussions with
me on several topics [ Wolfgang Brocks with Fracture Mechanics, Andreas Freund with Mathcad 13 and
UD mapping etc, Martin Grimmelt with Statistics, Probabilistics.]. This thankyou includes the WWFE
organizers within the performance of WWFE-I and —II from 1999 through 2013 especially Sam
(Kaddour) and those that peered my WWFE-contributions. Not to forget are all those which delivered a
basis for some body texts. B. Szelinski helped not to despair of Mathcad versions.

To my wife Maria: “My heartfelt thanks for allowing me to devote so much time of ‘our time together’
to my time-consuming hobby .

Dedication to all the people who have guided me to the wide variety of technical fields during my 60-
years working life.

This was challenging but also difficult and at the same time beautiful. Never giving up was the motto.

Personal desire of the author:

“It were good for both the dicsciplines mechanical and civil engineering to act side-by-side
such as croco and hippo document below”.
Surprising picture, Sambia 2011.
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